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Abstract. This book is intended to provide a quick introduction to 
the subject. The exposition is scheduled in the sequence, as possible for 
more understanding for beginners. The author exposed a K-theoretic 
approach to study group C*-algebras: started in the elementary part, 
with one example of description of the structure of C*-algebra of the 
group of afHne transformations of the real straight line, continued then 
for some special classes of solvable and nilpotent Lie groups. In the 
second advanced part, he introduced the main tools of the theory. In 
particular, the conception of multidimensional geometric quantization 
and the index of group C*-algebras were created and developed. 
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The main idea to create this book is to provide a quick introduction to 
the subject from the lowest level of beginners up to the actual research work 
level of working researchers. Certainly, we can not collect all together. So 
that we must do some choice. Our main choice is based on experiences with 
our research group on "K-theory, Harmonic Analysis and Mathematical 
Physics" . From the teaching experience with postgraduate students in our 
group, we decide to expose the material in such a sequence that, any time 
the reader can stop over to take out the corresponding research problem. 
This means also that in the introduction, which is reserved to the experts, 
we introduce the main ideas. Perhaps these readers need not to read in 
detail the rest of the book. Other readers are the beginners. They need 
to start from some very concrete examples to illustrate the main ideas. So 
they should read from the part one. They could stop at the end of this part 
to do by themselves some research for other classes of examples. The third 
possibility is reserved to the readers who need to known only the results, 
what are new in the general theory. They could read the introduction 
chapter and then go directly to the part II of the advanced theory. And 
finally, for the fourth class of readers who want known all in the subject. 
They should read the chapters in the same sequence as scheduled in the 
book. We hope that many of readers could take contribution in perfecting 
the theory to solve the problem which is very important from the point of 
view of theory and of applications in physics and in mathematics. 

The author is very much indebted to his teacher, Prof. Dr. A. A. 
Kirillov, for introducing him to the subject. Prof. Dr. G. G. Kasparov 
discussed with him many times on the subject during 1977. After returned 
from Moscow University (in 1977) he was happy to meet Prof. Dr. P. 
Cartier, who has totally supported him to develop research in this domain 
and arranged for him a one-year visit (1983) at IHES Bures s/Yvette France, 
where he could work with Prof. Dr. A. Connes. Discussions with Prof. Dr. 
A. Connes were not so much, but by which the author has believed some 
close relation of the subject with Non Commutative Geometry. Prof. Dr. 
A. Bak and Prof. Dr. J. Cuntz provided him a possibility to work in 
Germany as a Humboldt fellow (1991-1993). By the way, he could work in 
the nice conditions of Alexander von Humboldt Foundation and German 
universities Bielefeld and Heidelberg. Prof. Dr. K. H. Hofmann arranged 
for him some visits to Technische Hochschule Darmstadt as visiting C3 
professor and completely supported him in research. During this time and 
especially during the time when the author prepared 3 invited Lectures 
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for annual session (Summer 1993) of the "Seminar Sophus Lie", the idea 
about a book on the subject was appeared. The International Centre for 
Theoretical Physics has agreed to provide him a scientific stay (August - 
October 1996) to support his project to complete writing this book. 

It is a great pleasure for the author to express the deep and sincere 
thanks to them and the institutions for these important, effective and pro- 
ductive help and support. 

Author 
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CHAPTER 1 



Introduction 

The main problem we are interested in is how to characterize groups 
and their group algebras. This problem is well solvable with the complex 
representation theory of finite or compact groups. It seems to be quite 
difficult for locally compact groups. We focus our attention, in this survey 
only on the topological method of characterizing the group C*-algebras. 

1. The Scope and an Example 

1.1. The Problem. Let us first of all consider a finite group G, \G\ < 
oo. It is easy to see that the group G can be included in some (co-) algebras, 
more precisely some Hopf bialgebra, for example in its complex group (Hopf 
bi-) algebra, G ^ C[G], 

geG ^Y,W)g' eC[G\, 

g'<=G 

which consists of the formal linear combinations of form X^eG c fl#> an< ^ 
where 5 g is the Kronecker symbol corresponding to g. It is well-known that 
the group representation theory of G is equivalent to the algebra represen- 
tation theory of C[G}. The last one is practically more flexible to describe. 
With each representation n of this group one considers the Fourier-Gel'fand 
transforms of the algebra C[G] to the matrix algebra, corresponding to rep- 
resentation 71, 

gee 9 eG 

Let us denote G the dual of G, i.e. the set of equivalence classes of ir- 
reducible representations of G. We normally identify it with some set of 
representatives of equivalence classes. It is well-known that : 

a) The set G is finite, i.e. there is only finite number of nonequivalent 
irreducible representations, say 7Ti, . . . , n^, 

b) Each irreducible representation is finite dimensional, say of dimension 
rii,i = l,2,...,N, 

7 



8 



1. INTRODUCTION 



c) This algebra C[G], by using the Fourier-Gel'fand transformation, is 
isomorphic to the finite Cartesian product of matrix algebras 

N 

C[G] = JjMat ni (C). 

i=i 

This means that the structure of the group algebra C[G] and therefore 
of the group G is well defined, if we could for G do : 

1) a good construction of all the irreducible representations 7Tj, i — 1, . . . , n 
of G and 

2) the Fourier-Gel'fand transformation, realizing the above cited isomor- 
phism. 

The problem is to extend this machinery to infinite, say locally compact, 
topological groups. 

Let us from now on, consider a locally compact group G and consider 
some appropriate group algebras. The group algebras C[G] for G as an 
abstract group is not enough to define the structure of G. We must find a 
more effective group algebra. 

It is well known that for any locally compact group G one must in place 
of the general linear representations consider the unitary ones. It is related 
with the fact that in general case one must consider also the infinite dimen- 
sional representations, which are not every time completely reducible. The 
unitary representations however are completely irreducible. In case of a lo- 
cally compact group G there is a natural left- (right-) invariant Haar measure 
dg. The space L 2 (G) := L 2 (G,dg) of the square-integrable functions plays 
an important role in harmonic analysis. If the group is of type I, L 2 (G) 
admits a spectral decomposition with respect to the left and right regular 
representations into a sum of the direct sum (the so called discrete series) 
and/or the direct integral (the continuous series) of irreducible unitary rep- 
resentations. The space L l (G) = L l (G, dg) of the functions with integrable 
module plays a crucial role. With the well-defined convolution product, 

<P,*p e L\G) ^ y?*^ e L\G)\ 

(ifi*ip)(x) : = / (p(y)ij(y~ 1 x)dy 
Jg 

it becomes a Banach algebra. There is also a well-defined Fourier-Gel'fand 
transformation on L 1 (G), 

if G L}(G, g) i-> <p, 



<p(tc) := n((p) = / 7i(x)ip(x)dx. 
Jg 
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There is a one-to-one correspondence between the (irreducible) unitary rep- 
resentations of G and the non-degenerate (irreducible) ^representations of 
the involutive Banach algebra L l (G). The general theorems of the spec- 
tral theory of the representations of G are then proved with the help of an 
appropriate translation in to the corresponding theory of L 1 (G), for which 
one can use more tools from functional analysis and topology. One can also 
define on L}{G) an involution (p \— > tp*, 

<p*(9) ■= via' 1 )- 

However the norm of the involutive Banach algebra ^(G) is not regular, 
i.e. in general 

||a*a||x,i( G ) 7^ IHIli(g) • 
It is therefore more useful to consider the corresponding regular norm ||.||c*(G), 

|M|c*(G) := sup ||7r(y?)|| 

ttGG 

and its completion C*(G). The spectral theory of unitary representations of 
G is equivalent to the spectral theory of non-degenerate ^representations of 
the C*-algebra C*(G). The general theorems of harmonic analysis say that 
the structure of G can be completely definite by the structure of C*(G). 
One poses therefore the problem of description of the structure of the C*- 
algebras of locally compact groups. This means that we must answer to the 
questions: 

1) How to realize the irreducible unitary representations of the locally 
compact group G. 

2) How to describe the images of the Fourier-Gel'fand transformation 
and in particular, of the inclusion of C*(G) into some "continuous" 
product of the algebras C(Tt n ), n G G of bounded operators in the 
separable Hilbert space Tt n of representation ir. 

To see that this is a good setting the problem for finite group to the lo- 
cally compact groups, let us consider these questions for the compact group 
case. Consider for the moment a compact group G. For compact group, all 
representations are unitarizable, i.e. are equivalent to some unitary ones. 
It is well-known also that : 

a) The family of irreducible representations is not more than countable. 

b) Each irreducible representation is finite dimensional, say n^i = 1, . . . , oo 
and there is some good realizations of these representations, say in 
tensor spaces, or last time, in cohomologies. 
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c) The Fourier-Gel'fand transformation gives us an isomorphism 

C*(G) = H Mat ni (C), 
i=i 

where the prime in the product means the subset of "continuous van- 
ishing at infinity" elements. 

This means that in compact group case the group C*-algebra plays the 
same role as the group algebra of finite groups. 

Let us now return to the general case of locally compact group. 

The main problem is how to describe the group algebra in general , and 
in particular the C*-algebra C*(G). 

In general the problem of describing the structure of C*-algebras of 
non-compact groups rests open up-date. This review outlines only the well- 
known cases, where is a nice interaction of the methods from noncommu- 
tative geometry, say Orbit Method, category O, KK-theory, deformation 
quantization, cyclic theories,... We restrict mainly onto the case of Lie 
groups. 

1.1.1. Analytic Method. The first nontrivial example is the group SL 2 (C) 
Its C*-algebra was studied by J.M.G. Fell in 1961 in |[Fel|| . He described 
exactly the Fourier-Gel'fand transforms of C*(G) as some C*-algebra of 
sections of a continuous field of operator algebras over the dual. Many 
other mathematicians attempted to generalize his beautiful but compli- 
cate analytic result to other groups. Nevertheless, until the moment the 
only groups, the structure of whose C*-algebras were explicitly described 
are: the Abelian or compact groups and a few semi-simple Lie groups, say 

SL 2 (M) and its universal covering SL 2 (M), the de Sitter group Spin(4, 1) 
and recently a family G(p,q,a) of two step solvable Lie groups (see [De], 
[F], [M], [KM], [BM] and ||Wanl|| ). A fair amount is known about the C*- 
algebras of nilpotent Lie groups (see [P]), including the Heisenberg groups. 
The C*-algebra of the Euclidean motion group were studied by Evans | )lilv| 



Also P. Green | |Gr| | proposed some another analytic method for studying 
the C*-algebras of several solvable Lie groups. The result are given very 
slowly and spectacularly. 

One need therefore to develop another method, say to obtain some topo- 
logical invariants, which will be described in the rest of this paper. 

1.1.2. K-Theory Approach. The very useful K-functor for our approach 
is the operator KK-functor of G. G. Kasparov |[Kasl|| , generalizing the BDF 
K-functor [|BDF1| , which characterizes the isomorphic classes of short exact 



sequences of C*-algebras. 

We are trying to decompose our C*-algebras into some towers of ideals 
and step-by-step define the associated extensions by KK-functors or their 
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generalizations. The resulting invariants form just our index 
was proposed in |pi|| and developed in [[D2| 



This idea 
for a large class of type I 
C*-algebras. Hence, there are two general problems: 

(1) Find out the C*-algebras which can be characterized by the well- 
known K-functors, say by the operator K-functors. 

(2) Generalize the theory of K-functors in such a way that they are ap- 
plicable for a large class of C*-algebras. 



a general construction 



Concerning the first problem, we propose 
and some reduction procedure of the K-theory invariant Ind C*(G) of group 
C*-algebras. Using the orbit method |[Ki|| , |p4|| - ||D7|| , we reduces Index C*{G) 



to a family of Connes' foliation C*-algebras indices Index C*(V2 ni , ^2nJ, see 



Ulj]-[ |C2j ], by a family of KK-theory invariants. Using some generalization 
of the Kasparov type condition (treated by G.G. Kasparov in the nilpotent 
Lie group case ||Kas2|| ), we reduces every 

IndexC*(V2 ni , J~2m) to a family of KK-theory invariants of the same type 
valuated in KK(X,Y) type groups. The last ones are in some sense com- 
putable by using the cup-cap product realizing the Fredholm operator in- 
dices. 

To demonstrate the idea, we consider the C*-algebra of the group of 
affine transformations of the real straight line, but first of all we need some 
new K-functor tool. It is described in the next two subsections. 



1.2. BDF K-Homology functor. Let us recall in this subsection the 
well-known BDF K-functor Ext. The main reference is [PDF1||. Denote by 



C(X) the C*-algebra of continuous complex- valued functions over a fixed 
metrizable compact X, 7i a fixed separable Hilbert space over complex 
numbers, C{Ti) and fC(TL) the C*-algebras of bounded and respectively, 
compact linear operators in 7i. An extension of C*-algebras means a short 
exact sequence of C*-algebras and *-homomorphisms of special type 







JC{H) 



£ 



C(X) 



0. 



Two extensions are by definition equivalent iff there exists an isomorphism 
■0 : £oo — > £ e and its restriction i/j\k(Hi) '■ K-CHi) — ► JCCH2) such that the 
following diagram is commutative 







£1 



C(X) 







— > JC(H 2 ) — > £2 — > C(X) — > 
There is a canonical universal extension of C*-algebras 







K{H) — ► £(H) — > A(H) 



0. 
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the quotient algebra A(TC) — C(7i)/JC(7i) is well-known as the Calkin al- 
gebra. By the construction of fiber product, there is one-to-one correspon- 
dence between the extensions of type 

— ► K{H) — > £ — > C{X) — > 

and the unital monomorphisms of type 

(p : C(X) ^ A(H). 

Thus we can identify the extensions with the inclusions of C(X) into A(7i). 
Because ||Ki|| all separable Hilbert spaces are isomorphic and the automor- 
phisms of K,(7i) are inner and 

Aut/C(W) =VU(H), 

the projective unitary group, where U(H) denotes the unitary operator 
group, we can identify the equivalences classes of extensions with the unitary 
conjugacy classes of unital inclusions of C(X) into the Calkin algebra: Two 
extensions T\ and r 2 are equivalent iff there exists a unitary operator U : 
Tii — > H2, such that r 2 = ay o n, where by definition ay : A(Hi) — > 
ACH2) is the isomorphism obtained from the inner isomorphism 

U.(-).U- 1 : C{H X ) — ► C{H 2 ). 

Extension r : C(X) "—>■ A(7i) is called trivial iff there exists a unital in- 
clusion a : C(X) £(H) such that r = n o a, where n : C(TC) — >■ 
A(TC) = £(H) I tC(H) is the canonical quotient map. This inclusion r cor- 
responds to the split short exact sequence. The sum of two extensions 
7j : C(X) Ai,i — 1, 2 is defined as the extension 

n © r 2 : C(X) A{H X ) ® A{H 2 ) ^(^i © W 2 ). 

This definition is compatible also with the equivalence classes of extensions. 
In [ PDFlf the authors proved that: 

1) The equivalence class of trivial extension is the identity element with 
respect to this sum. 

2) For every metrizable compact X, the set Sxti(X) of the equivalence 
classes of extensions is an Abelian group. One defines the higher 
groups by Sxt^X) := £arti(S n A X), n = 0, 1, 2, . . . , 

3) £xt* is a generalized K-homology. In particular, the group £xt\(X) 
is dependent only of the homotopy type of X and there is a homo- 
morphism 

Foo : Ext^X) — > Hom z (K- 1 (X),Z) 
which will be an isomorphism if X C M 3 . 
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This K-homology is well developed and fruitfully applicable. It has 
many application in operator theory and in our problem of characterizing 
the group C*-algebras. Let us demonstrate this in the first example of the 
group of affine transformations of the real straight line. 

1.3. Topological Invariant Index. Let us in this subsection denote 
by G the group of all affine transformations of the real straight line. 

Theorem 1.1. Every irreducible unitary representation of group G is 
unitarilly equivalent to one of the following mutually nonequivalent repre- 
sentations: 

a) the representation S, realized in the space L 2 (M.*, where WL* : = 
R. \ (0), and acting in according with the formula 

(S g f)(x) = e^ bx f(ax), where g = J 

b) the representation Z7|, realized in C 1 and given by the formula 

U{(g) = |a| v/3TA .(sgna) e , where A 6 E; e = 0, 1. 

Proof. See [jGNj . □ 

This list of all the irreducible unitary representations gives the corre- 
sponding list of all the irreducible non-degenerate unitary ^representations 
of the group C*-algebra C*(G). In |[D1|| it was proved that 

Theorem 1.2. The group C*-algebra with formally adjoined unity C*(G)~ 
can be included in a short exact sequence of C*-algebras and *-homomorphisms 

— ► K — ► c*(Gy — ► CiS 1 V S 1 ) — ► 0, 

i.e. the C*-algebra C*(G)~ , following the BDF theory, is defined by an ele- 
ment, called the index and denoted by Index C* , of the groups £^xt(S 1 V 

S 1 ) = z©z. 



Proof. See [Dl . □ 



The infinite dimensional representation S realizes the inclusion said 
above. Since 

^(S 1 V S 1 ) = Hom z (7T 1 (§ 1 V §\ Z) 

it realized by a homomorphism from 7r 1 (§ 1 V S 1 ) to C*. Since the isomor- 
phism 

Foo : ^(S 1 V S 1 ) S Hom z (7T 1 (§ 1 V S 1 ), Z) 
is obtained by means of computing the indices and because the general type 
of elements of 7r 1 (§ 1 V S 1 ) is gkj = [go,i] k [gi,o\ l , k,l G Z, we have 

Ind (g k) i) = k. Ind T(g lfi ) + I. Ind T(g 0A ), 
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where T is the the ^isomorphism corresponding to S. It is enough therefore 
to compute the pair of two indices Ind T(gi ) and Ind T(g ,i)- The last 
ones are directly computed by the indices of the corresponding Fredholm 
operators. 

Theorem 1.3. 

Index C*(G) = (1, 1) G Sxt^ 1 V S 1 ) = Z © Z. 
Proof. See pD. □ 



Let us now go to the general situation. To do this we must introduce also 
some preparation about, first of all, the construction of irreducible unitary 
representations, we mean the orbit method, then a method of decomposing 
the C*-algebra into a tower of extensions and lastly compute the index with 
the help of the general KK-theory. 



2. Multidimensional Orbit Methods 

Let us in this section consider the problem of realization of irreducible 
unitary representations of Lie groups. There are two versions of the orbit 
method; one is the multidimensional quantization, the other is the infini- 
tesimal orbit method, related with the so called category O. 

2.1. Multidimensional Quantization. The orbit method can be con- 
structed from the point of view of the theory of holomorphly induced repre- 
sentations and also from the point of view of the ideas of quantization from 
physics. 

2.1.1. Construction of Partially Invariant Holomorphically Induced Rep- 
resentations. Let us consider now a connected and simply connected Lie 
group G with Lie algebra g := Lie(G). Denote by qc the complexification 
of g. The complex conjugation in the Lie algebra will be also denoted by an 
over-line sign. Consider the dual space g* to the Lie algebra q. The group 
G acts on itself by the inner automorphisms 

A(g) : g.{.).g 1 : G - G. 

for each g G G, conserving the identity element e as some fixed point. It 
follows therefore that the associated adjoint action A{g) if maps g = T e G 
into itself and the co-adjoint action K(g) := maps the dual space 

g* into itself. The orbit space 0(G) := q* /G is in general a bad topological 
space, namely non- Hausdorff. Consider one orbit Q G 0(G) and an element 
F G g* in it. The stabilizer is denote by Gf, its connected component by 
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(Gp)o and its Lie algebra by qf := Lie(Gp). It is well-known that 

G F ^ G 



is a principal bundle with the structural group Gf- Let us fix some con- 
nection in this principal bundle, i.e. some trivialization of this bundle, see 
||SuW|| . We want to construct representations in some cohomology spaces 



with coefficients in the sheaf of sections of some vector bundle associated 
with this principal bundle. It is well know ||SuW|| that every vector bun- 



dle is an induced one with respect to some representation of the structural 
group in the typical fiber. It is natural to fix some unitary representation a 
of Gf such that its kernel contains (Gp)o, the character xf of the connected 
component of stabilizer 

XF(expX) := exp (2icy/=l(F,X)) 

and therefore the differential D(ctxf) = p is some representation of the Lie 
algebra qf- We suppose that the representation D(pxf) was extended to the 
complexification (qf)c- The whole space of all sections seems to be so large 
for the construction of irreducible unitary representations. One consider the 
invariant subspaces with the help of some so called polarizations. 



iff 



Definition 2.1. We say that a triple (p, p, o"o) is some (cr, F)-polarization, 

a) p is some subalgebra of the complex Lie algebra (g)c, containing g F - 

b) The subalgebra p is invariant under the action of all the operators of 
type Ad gc x, x G Gf- 

c) The vector space p + p is the complexification of some real subalgebra 
m = (p + p) n fl . 

d) All the subgroups M , H , M, H are closed, where by definition M 
(resp., H ) is the connected subgroup of G with the Lie algebra m 
(resp., f) := p fig) and M := G F -M , H := G F -H . 

e) do is an irreducible representation of Hq in some Hilbert space V such 
that : 1. the restriction a\o F nH is some multiple of the restriction 
XF-v\ GF nH , where by definition XF(expX) := exp (2ny^T(F, X)); 
2. under the action of Gp on the dual H , the point cr is fixed. 

f) p is some representation of the complex Lie algebra p in V , which 
satisfies the E. Nelson conditions for Hq and p\^ = Da®. 

Let us recall that R. Blattner introduced the notion of mixed manifold 
of type (k,l), see for example |[Ki|| . We consider the fiber bundle, the base 



of which is some type (/c, I) mixed manifold and the fibers of which are 
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smooth m dimensional manifold. We say that this fiber bundle is some 
mixed manifold of type (k, I, m). 

Theorem 2.1. Let us keep all the introduced above notation ofQp, a, 
Gp,etc. and let us denote xf the character of the group Gp such that 
D\f — 27T\/— 1F\ BF . Then : 

1) On the K-orbit Qp there exists a structure of some mixed manifold of 
type (k, I, m), where 

k = dim G — dim M, 

/ = ^(dimM - dimH), 

m = dim H — dim Gp. 

2) There exists some irreducible unitary representation o of the group H 
such that its restriction o~\g f is some multiple of the representation 
Xf.o and p\^ = Da. 

3) On the G -fiber bundle £ a \ G = Gx Gp V associated with the representa- 
tion o~\g f , there exists a structure of a partially invariant and partially 
holomorphic Hilbert vector G -bundle £ CTiP such that the natural repre- 
sentation of G on the space of (partially invariant and partially holo- 
morphic) sections is equivalent to the representation by right transla- 
tions of G in the space C°°(G; p, p, F, o~ ) of V -valued C 00 -functions 
on G satisfying the equations 

f(hx) = a(h)f(x),Vh eH.'ixe G, 

L x f + P (x)f = o,vxep, 

where Lx denotes the Lie derivative along the vector field £x on G, 
corresponding to X . 

Proof. The first assertion is clear. The second one can be deduced 
from the remark that the formula 

(x, h) i-> I V i <g> XF-&)(x).cr (h) 

defines an irreducible representation of the direct product Gp x Hq which 
is trivial on the kernel of the surjection 

Gp X Hq > Gp-Hq. 

This point is essential in the sense that with the assumption about fixed 
point property of o"o we can ignore the Mackey obstacle, appeared when 
we take the representations which are multiple of some representations a\F 
at the restriction to some normal subgroup. M. Duflo |[Dulj| considered 



two-fold covering to avoid this obstacle. See [D5|. □ 
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One can than apply the construction of unitarization £^ p to obtain the 
corresponding unitary representation, which is noted by Ind(G; p, F, p, cr ). 
One can define also the representations in cohomologies with coefficients in 
this sheaf of partially invariant and partially holomorphic sections, which 
will be noted by (L 2 — Coh) Ind(G; p, F, p, a ). 

Remark 2.1. One introduces some order in the set of all (a, F)- polar- 
izations 

(p, P, Co) < (p', P, cr' ) p C p', a' \ Ho ~ a , p'\ p ~ p. 

To have some irreducible representation, one must take the maximal polar- 
izations in this construction. It is interesting that this representations are 
coincided with the representations appeared from the geometric quantiza- 
tion. 

2.1.2. Multidimensional Geometric Quantization. Let us now consider 
the general conception of multidimensional geometric quantization. Con- 
sider a symplectic manifold (M,cu), i.e. a smooth manifold equipped with 
a non-degenerate closed skew-symmetric differential 2- form u. The vector 
space C°°(M, lu), with respect to the Poisson brackets 

become an infinite dimensional Lie algebra. 

Definition 2.2. A procedure of quantization is a correspondence asso- 
ciating to each classical quantity f G C°°(M) a quantum quantity Q(f) G 
C(7i), i.e. a continuous, perhaps unbounded, normal operator, which is 
auto-adjoint if / is a real-valued function, in some Hilbert space H, such 
that 

Q({/i,/2}) = ^[Q(/i),Q(/2)], 
Q(l) = Id H , 

where h := hjln is the normalized Planck constant, and h is the unnormal- 
ized Planck's constant. 

Let us denote by S a fiber bundle into Hilbert spaces, T a fixed con- 
nection conserving the Hilbert structure on the fibers; in other words, If 
7 is a curve connecting two points x and x', the parallel transport along 
the way 7 provides an scalar preserving isomorphism from the fiber £ x onto 
the fiber £ x r. In this case we can define the corresponding covariant deriv- 
ative V^, £ G Vect(M) := DerC°°(M) in the space of smooth sections. 
One considers the invariant Hilbert space L 2 (£ Pi(7 ), which is the completion 
of the space r(£ PjCr ) of square- integrable partially invariant and partially 
holomorphic sections. 
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Suppose from now on that M is a homogeneous G-space. Choose a 
trivialization T of the principal bundle G x >— > G -» M, where G x is the 
stabilizer of the fixed point x on M. Let us denote by the Lie derivation 
corresponding to the vector field £ G Vect(M). Let us denote by /3 G f2 1 (M) 
the form of affine connection on £ , corresponding to the connection T on 
the principal bundle. It is more comfortable to consider the normalized 
connection form a(£) = -/=|/3(0> the values of which are anti-auto-adjoint 
operators on fibers. One has therefore 

see for example [puW|| for the finite dimensional case. 



For each function / G C°°(M) one denotes £/ the corresponding Hamil- 
tonian vector field, i.e. 

i(£/)u> + # = 0. 



as 



Definition 2.3. We define the geometrically quantized operator Q(f) 

W) ■= f + -7=Ve, = / + -i=L C/ + afo). 



THEOREM 2.2. The following three conditions are equivalent. 
1) 

£a(r}) - rja(£) - a([£, rj\) + — ^[«(0> "fa)] = _a; (£> v £> *7- 

2) T/ie curvature of the affine connection V egwa/ to —^^-u(^rj).Id, 
i.e. 

[V e , V,] - V Ki77 ] = ^uj(t,ri).Id;V£,r}. 

3) T/ie correspondence f i— > is a quantization procedure. 

Proof. See JD§. □ 

Suppose that the Lie group G act on M by the symplectomorphisms. 
Then each element X of the Lie algebra g corresponds to one-parameter 
subgroup exp (tX) in G, which acts on M. Let us denote by £x the corre- 
sponding strictly Hamiltonian vector field. Let us denote also Lx the Lie 
derivation along this vector field. We have 

[Lx, Ly] = L[x,Y], 

and 

L x f = {fx,f}. 
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Suppose that f x depends linearly on X. One has then a 2-cocycle of 
the action 

c(X,Y) : ={f x J Y }-f [xx] . 

Definition 2.4. We say that the action of G on M is flat iff this 
2-cocycle is trivial. 

In this case we obtain from the quantization procedure a representation 
A of the Lie algebra g by the anti-auto-adjoint operators 



X 



h 



-QU 



X, 



and also a representation of g by the functions 

If the E. Nelson conditions are satisfied, we have a unitary representation 
of the universal covering of the group G. 

Theorem 2.3. The Lie derivative of the partially invariant and holo- 
morphically induced representation Ind(G; p, F, p, o"o) of a connected Lie group 
G is just the representation obtained from the procedure of multidimensional 
geometric quantization, corresponding to a fixed connection V of the par- 
tially invariant partially holomorphic induced unitarized bundle £ a ,p, &.e. 



Lie x (Ind(G;p,F,p, cr )) 



h 



-Q(fx). 



Proof. See [Dlfl. 



□ 



Remark 2.2. The multidimensional version of the orbit method was 
developed independently by the author in language of multidimensional 
quantization |p4|| - |P7|| and by M. Duflo |[Dul|| 



see also, I (Kill in the lan- 



guage of Mackey method of small subgroups. The result show that for the 
most connected Lie groups the construction gives us at least a quantity of 
irreducible unitary representations, enough to decompose the regular rep- 
resentations of G in L 2 (G), i.e. enough to prove the Plancherel formula 

ncnnn. 



Remark 2.3. There are some reductions of this multidimensional quan- 
tization procedure to the radical or nil-radical of stabilizer of type Gp, see 
[ D V | , and lifting them to [/(l)-coverings | Vuil j - |Vm3], | Dol | 



OCT 



REMARK 2.4. In [piO|| the author proposed some method for common 
quantization for foliations, the fibers of which are the K-orbits, and its 
relation with the integral Fourier operators. 
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2.2. Category O and globalization of Harish- Chandra modules. 

The construction of irreducible unitary representations 
(L 2 -Coh) Ind(G; p, F, p, a ) in the Hilbert space L 2 {£ p , a ) = L 2 (G; p, F, p, a ) 
can be in restricted case considered as some globalization of some so called 
(q, iT)-module, i.e. L 2 (£ p>aQ ), K , itself is some (q, i^)-module, where K is 
some maximal compact subgroup of G. It is therefore interesting to consider 
these (g, K)-module as some infinitesimal version of the orbit method. Let 
us see this in this subsection. 

2.2.1. Admissible representations. Let us in this sub-subsection recall 
some result about the Borell-Weil-Bott-Kostant theorem and the construc- 
tion of admissible representations of finite dimensional semi-simple Lie groups 
as ( fl , fO-modules, ilWofl , ]5E2|. 



If G is a compact connected Lie group, and F G g* is a well-regular 
integral functional on its Lie algebra, then the stabilizer is a maximal torus 
T, (If the Harish-Chandra criterion for existence of discrete series holds, 
it is a compact Cartan subgroup.) and a choice of positive root system 
$+ = $+(0,1) defines a G-invariant complex manifold structure on G/T 
in such a way that J2ae§+ 0« represents the holomorphic tangent space. 

The character xx-i ^ := "^tt"-^ 1 can ^ e extended to a character of the sta- 
bilizer Gp = T, if the orbit is as usually supposed to be integral. Let 



us denote in this case the induced bundle £ Pj(7 simply by E A as in |[Wo |. 
It is the associated homogeneous holomorphic hermitian line bundle. One 
writes 0(E\) — > G/T for the sheaf of germs of holomorphic sections of 
Ea — > G/T. The group G acts every where, including the cohomologies 
H q (G/T; 0(E\)). One denotes by p := \ J2 a e<f>+ a ^ ne half-sum of positive 
roots. We cite from |[Wo|| the Borel-Weil-Bott-Kostant theorem 

THEOREM 2.4. IfX+p is singular then every H q (G/T; (D(E\)) is trivial. 
If A + p is regular, let w denote the unique element such that 

(w(X + p),a) > 0, Vet G $ + 

and let £(w) denote its length as a word in the simple root reflections. Then 

i) H q (G/T; 0(E X )) = for all q ^ £(w), and 

ii) the action of G in H q (G/T; 0(E,\)) is the representation with highest 
weight w(\ + p) — p. 

This result was then extended for realizing the discrete series repre- 
sentations of general semi-simple Lie groups. It is well known that one 
can induce from these discrete series representations of reductive part of 
parabolic subgroups to obtain the tempered admissible representations of 
G. It was then remarked that the representation of G in L?[£, p a ) can be 
considered as the globalization of some (g, i^)-module , namely, L 2 (£ Py0 )(K)- 
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Lastly the tempered admissible representations are described in the co- 
homologies corresponding to P-modules [|Mi2| . 



2.2.2. Discrete Series for loop groups. Let us now consider the loop 
groups associated with compact Lie groups. With the help of the Zuck- 
ermann's derived functor, we can construct the infinitesimal version of the 
"discrete series" for loop groups, |)D9|| The algebraic realization of these 



representations are described in | |D9|| as a version of the Borel-Weil-Bott 



Kostant theorem. It is very interesting to develop a theory of "tempered 
representations" for loop groups. 

3. KK-theory Invariant IndexC*(G) 

3.1. About KK-Punctors. We now recall some essential points of the 
Kasparov's setting of the KK-theory. It is an analogy of the Brown-Douglas- 
Fillmore theory, but settled for the general case. 



3.1.1. Definitions. The main reference for this sub-subsection is ||JT |. 
Let A, B, E to be the C*-algebras, /C the ideal of compact operators in 
some fixed separable Hilbert space. Let us consider the extensions of type 

— ► B®K, — ► E — ► A — ► 0. 

Two extensions are said to be equivalent iff there is some isomorphism 
ip : E — ► E' such that it induces the identity isomorphisms on the ideal 
B ® JC and on the quotient A, i.e. the following diagram is commutative 

— ► B®1C — > E — > A — > 















- 


-> B®1C - 


-> E' — 


-> A 



-> 

The extension is called trivial if the the exact sequence can be lifted. Also 
due to well-known result of R.C. Busby, we can identify each extension with 
some *-homomorphism from A to the algebra of exterior multiplicators of 
B ® JC, t : A — > 0{B ® JC). The sum of two extensions 

Ti : A — > 0(B ® K) 

can be therefore defined as the extension 

n © r 2 : A — ► 0[B ® K) © 0[B ®K)^> 0(B ®1C)®M 2 = 0(B ® K), 

where M 2 is the full algebra of 2 x 2-matrices over the complexes numbers. 
Two extensions Tj, i = 1,2 are stably equivalent if there exist two trivial 
extensions <j\ and a 2 such that the sums Tj + Cj, i — 1, 2 are equivalent. 
Kasparov | |Kasl[ | proved that: 

i) when A is a nuclear separable and B has at list an approximative 
unity, the set Ext(A, B) of the stably equivalent classes of extensions 
is an Abelian group. 
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ii) K*(.) = Ext*(A, .) is a K-homology theory and K* = Ext*(.,B) is 
the algebraic K-theory of C*-algebras. 

iii) There is a natural realization of KK*'* as some K-bi-functor and its 
direct relation with the E'xt^.-groups see [Kas2f| . 

J. Rosenberg and C. Schochet |[RosS|| proved the Kiinneth formula for 



these groups, i.e. there is some homomorphism 

Y : Exti(A, B) — ► © i(mod2 ) Rom z (K i+j (A),K i+j+1 ( B )). 

Let us see this in more detail in the next sub-subsection. 

3.1.2. Relation with K-groups of C*-algebras. The most important for 
us is the relation of the theory with K-groups of C*-algebras. Let A be an 
algebra with unity. By definition, Kq(A) is the Grothendieck group of the 
semi-group of the stably equivalent classes of projective A-modules of finite 
type. When A has no unity element, one considers the algebra A + with the 
formally adjoint unity and defines the K-group as 

K*{A) := Ker{K*(A+) — > K*(C) = Z}. 

This definition is compatible with the above defined K-groups also for al- 
gebras with unity element. For A = C(X), there is a natural isomorphism 
between these K-groups with the corresponding topological groups K*(X), 
see for example [|Karl|| . One defines the higher groups K n (A) as 

K n (A) := if (A® Q,(M n )),Vn > 0. 

The Bott theorem says that Kq(A) = K2(A). The Connes-Kasparov theo- 
rem says that for any connected and simply-connected solvable Lie group 
G ' 



K Q (C*(G)) 

K^C^G)) 
For each extension 



Z if dim G is even, 

if others, 

if dim G is even, 

Z if otheres. 



— ► J — ► E — > A — ^ 0, 
there is a six-term exact sequence of K-groups 

K (E) — . K (A) 

/ \ 
K (J) K^J) 

\ / 
K\{A) — > K (E) 
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Let us consider the case J = B ® K, There is an isomorphism between 
K*(J) and K*(B). The group K*(A) consists of the formal differences of 
equivalence classes of projectors in A <g> JC. One obtain therefore the well- 
known exact sequence 

K (E) — K (A) 

K (B) K X {B) 

di\ / 
K\(A) <— Ki(E) 

It is therefore clear that each element of £xt(A, B) induces a pair of homo- 
morphisms (do, di) of K-groups, and one has a homomorphism 

7 : £xU(A,B) — ► ©; e z/(2) Hom z (ir i+j (A), AT i+j+1 (B)), 

associating to each extension a pair of connecting homomorphisms (do, d\). 

J. Rosenberg and S. Schochet |KosS| have proved the following exact 
sequence 

0^ Ki+j+i(B)) — > £xti(A,B) — >■ 

ieZ/(2) 

— > ^ Hom z (i<: i - +i (A), J ft: i+i+1 ( J B))^0. 

j-6Z/(2) 

3.2. Construction and reduction of the K-Theory Invariant 

Index C*(G). We review in this section a construction for obtaining the 
short exact sequence of C*-algebras. 

3.2.1. Measurable foliations. In this section we propose a canonical method 
for constructing the measurable ||C1|| foliations, consisting of the adjoint or- 
bits of fixed dimension, and therefore their C*-algebras. The last ones are 
included in group C*-algebras or their quotients. 

Let us denote by G a connected and simply connected Lie group, g = 
Lie(G) its Lie algebra, g* = Homing, M) the dual vector space, O = 0(G) 
the space of all the co-adjoint orbits of G in g*. This space is a disjoint 
union of subspaces of co-adjoint orbits of fixed dimension, i.e. 

O — Uo<2n.<dimGC2n, 

Q 2n := {tt E 0; dim ft = 2n}. 

We define 

V2n '■= Udimf2=2nft- 

Then it is easy to see that V2 n is the set of points of a fixed rank of the 
Poisson structure bilinear function 

{X,Y}(F) = (F,[X,Y]), 
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suppose it is a foliation, at least for V 2n , with 2n = max . 

First, we shall show that the foliation V 2n can be obtained by the asso- 
ciated action of lR 2n on V 2n via 2n times repeated action of K . 

Indeed, fixing any basis X\,X 2 , . . . , X 2n of the tangent space q/qf of Q 
at the point F G Q , we can define an action IR 2n rx V 2n as 

(Ra(Ra (...Irv V 2n ))) 

by 

(ti, t 2 ,..., t 2n ) i — > exp(tiXi) . . . exp(t 2n X 2n )F. 
Thus we have the Hamiltonian vector fields 

£ fc := ^ I t=o exp (t k X k ) F, k = 1,2,..., 2n 
and the linear span 

F 2n = {£1, £2, • • • , <^2n} 

provides a tangent distribution. 

Theorem 3.1. (V 2n ,F 2n ) is a measurable foliation. 

Proof. See [p8|. □ 



Corollary 3.1. The Connes C*-algebra C*(V 2n , F 2n ), o <2n < dimG 
are well defined. 

3.2.2. Reduction of I ndexC*{G) to IndexC*(V 2n ,F 2n ). Now we assume 
that the orbit method (see[Ki],[D4]-[D6]) gives us a complete list of irre- 
ducible representations of G , 

m F ,a = Ind(G, Q F , a, p), a G X G (F), 

the finite set of Duflo's data. 
Suppose that 

o = duo** 

is the decomposition of the orbit space on a stratification of orbits of di- 
mensions 2ni, where n± > n 2 > ■ ■ ■ > n k > 

We include C*(V 2ni , F 2ni ) into C*{G). It is well known that the Connes 
C*-algebra of foliation can be included in the algebra of pseudo-differential 
operators of degree as an ideal. This algebra of pseudo-differential oper- 
ators of degree 

is 

included in C*(G). 
We define 

Ji= P| Ker7TQ FiCT , 
n F eO(G)\o 2ni 
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and 

A 1 = C*(G)/J 1 . 

Then 

C*(G)/C*(V 2ni , F 2ni ) = Ai 

and we have 

-> Ji -> C*(G) -> Ai -> 

0^ C*(y 2ni ,F 2m )^ C*(C7)^ C*(G)/C*(y 2ni ,F 2ni )^0 
Hence 3\ ~ C , *(V 2 „ 1 , F 2ni ) and we have 

O - C*(F 2m ,F 2ni ) - C*(G) ^ A ^ 0. 
Repeating the procedure in replacing 

C*(G),C*(V 2ni ,F 2ni ),A 1 ,J 1 

by 

A 1 , C*(V 2ni , F 2ni ), A 2 , J 2 , 

we have 

o -> c*(y 2n2 , F 2n2 ) -> -> a 2 -> o 

etc .... 

So we obtain the following result. 

Theorem 3.2. The group C*-algebra C*(G) can be included in a finite 
sequence of extensions 

{li) : - C*(V 2ni ,F 2ni ) - C*(G) ^A^O 

(72) : - C*(V 2n2 ,F 2n2 ) - A x - A 2 - 0, 



{it) ■■ -> c*(y 2nfc , f 2 „j -> -> A fc -> 0, 

where A k ~ Char(G) 

Corollary 3.2. IndexC*(G) is reduced to the system IndexC*(V 2ni , 
F 2rH ),i — 1,2, . . . ,k by the invariants 

[ 7i ] G KK(Ai, C*(V 2ni ,F 2ni )),i = 1,2,..., k. 

REMARK 3.1. Ideally, all these invariants [7*] could be computed step- 
by-step from [ 7fe ] to [71]. 
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3.2.3. Reduction of IndexC*(V 2rii , F 2rH ) to the computable extension in- 
dices valuated in topological KK-groups of pairs of spaces. Let us consider 
C*(V2m, F 2ni ) for a fixed i. We introduce the following assumptions which 
were considered by Kasparov in nilpotent cases [K2]: 

(A^ There exists k G Z, < k < 2nj such that the foliation 

V gen :=V 2nt \(LieT) ± 

has its C*- algebra 

C*(V gen ,F\ Vgen )^C(0; en )®lC(H), 

where 

r := R k ^ R 2n > ^ G, 
LieT = R k s / BFi , (Lier) ± C g* n V 2ni . 

Example 3.1. If V gen is a principal bundle, or the space O gen = V gen /G 
is a Hausdorff space, then C*(V gen , F\ Vgm ) ~ C(0~ J <g> /C(#) 

It is easy to see that if the condition (A\) holds, C*(V 2ni , F 2ni ) is an ex- 
tension of C*(V 2ni \V gen , F 2n .\) by C(0~ n )®)C(H), where 0~ m = {tt w ; Vl F G 
Ogen, o~ G Xc(F)}, described by the multidimensional orbit method from the 
previous section. If k = 2n i: (R 2 ^) 1 - = {O}, V 2ni = V gen , we have 

C*{V 2ni ,F 2ni )^C{0 2ni ®K,{H)). 

If k — k\ < 2ni , then R 2rii ~ kl acts on V 2ni \ V gen and we suppose that a 
similar assumption (A 2 ) holds 

(A 2 ) There exists k 2 ,0 < k 2 < 2n { — ki such that 

(V 2ni \ Vgen) gen '■= {V 2ni \ Vgen) \ (l^ 2 )" 1 

has its C*- algebra 

C*((V 2ni \ V gen ) gen , F 2ni \.) ^ C((D 2ni \ O gen ) gen y ® K{H). 

As above, if k 2 = 2n, - h , C\V 2ni \ V gen ,F 2ni \.) ~ L7((0 2 „, \ C seri )~„) <g> 
K.(H). In other case we repeat the procedure and go to assumption (A 3 ), 
etc.... 

The procedure must be finished after a finite number of steps, say in m 
-th step, 

C*((. . . (V 2ni \V gen )\(V 2ni \V gen ) gen \. . . , F 2ni \.) ~ C((. . . (0 2n A^en)\- • • ))®/C(ff). 
Thus we have the following result. 

THEOREM 3.3. If all the arising assumptions (Ai) , (A 2 ) , . . . hold, the 
C*-algebra C*(V 2ni , F 2n .) can be included in a finite sequence of extensions 

- C(Or) ® K(H) - C*(V 2nv F 2ni ) -> C*(F 2ni \ V^, F 2n J.) - 
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-> C((0 2ni \ Ogen)~) K(H) -> C*(y 2ni \ ^ ffen , F 2n J -><?•(...)-> 



- C((. . . (0 2ni \ O gen ) \ (0 2ni \ O gen )) gen . . . ~) <g> K(H) - 
->C*(...) -> C*(. . . ) (8) /C(if) ->0. 

3.2.4. General remarks concerning computation of Index C*(G). We see 
that the general computation procedure of Index C*(G) is reduced to the 
case of short exact sequences of type 

(7) -> C(Y) <g> -> £ -> C{X) <g> K(H) -> 0, 

and the index is 

[7] = Jnde:r£ G KK(X,Y). 
The group KK^X, Y) can be mapped onto 

© je z/( 2 ) Hom z (tf i+J '(*), 

with kernel 

by the well known cap-product, see [K2]. So [7] = (So, Si) 

50 G Rom z (K°(X), K\Y)) = £xt (X) A K\Y) 

51 G Hom z ( J ftT 1 (X), if°(y)) = 5xti(X) A K°(Y). 

Suppose e\, e 2 , ■ ■ ■ , e n G vr 1 (X) to be generators and <f>i, (f) 2 , . . . , (f> n G £ the 
corresponding Fredholm operators, T\,T 2 , . . . ,T n the Fredholm operators, 
representing the generators of K l (Y) = Index[Y, Fred] . We have therefore 

[So] = IndexTj , 

3 

where 

^0 — ( c ij) ^ Mat rank ^O(x)xranfcE' 1 (Y)(Z')- 

In the same way Si can be computed. 

4. Deformation Quantization and Cyclic Theories 

Let us finish this survey with some indication about some relations of 
the problem with some new developments. Recall that the group algebra of 
finite or compact groups are in fact some Hopf bi-algebras. One deforms this 
Hopf bialgebra structure to obtain the corresponding quantum groups. Our 
problem is therefore closely related with the interesting problem to describe 
these quantum groups. One of the method is deformation quantization 
which is closely related with orbit method. The others which are closely 
related with KK-theory are the periodic cyclic (co-)homologies. We finish 
this survey by indication the subjects, the author is working with. 
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4.1. Star-Products and Star-Representations. See ||Gu|| and the 

references there. 



4.2. Periodic Cyclic Homology. See ]Cu|, jCT^ - gggj . 



4.3. Chern Characters. See for example ||Cu|1 , |[Pus|| . 
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at the Iniversitat Heidelberg, the Humboldt Universitat zu Berlin, Seminar 
" Sophus Lie" at the Technische Hochschule Darmstadt (1993) and many 
conference talks. The idea to create this book appeared during preparation 
of lectures at Seminar "Sophus Lie" . 
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Elementary Theory: An Overview 
Based on Examples 



There are already fifteen years ago from the first moment of attacking the 
C*-algebra structure problem by using the K-functors. A general method is 
not yet constructed, but there is a lot of accommulated results, confirming 
the usefulness of the topological K-theory invariant Index C* (G) . We think 
therefore reasonable to propose an overview based on experimented exam- 
ples of theses research works. In this survey we intend to give a concrete 
reflection of the current research . It is an introduction to a writing book 
on the subject. 

1. Group C*-algebra Structure Let G be a locally compact group. 
There exists a naturally normalized left invariant Haar measure dg .The 
space L 2 (G,dg) of the square-integrable module functions plays an impor- 
tant role, say in Harmonic Analysis studies , first of all the spectral de- 
composition of the regular representation of G in L 2 (G,dg) into a direct 
integral ( or a sum ) of irreducible unitary G-module. The space L 1 (G, dg) 
of functions with integrable module plays a crucial role . Following the non 
commutative Fourier-Gel'fand transformation 

(peL 1 (G : dg)^ <p, 

<p(ir) = tt(v?) := f G ir(x)(p(x) dx 

We have a one-to-one correspondence between the (irreducible) unitary G- 
modules and the (irreducible) non-degenerate *-modules over L l {G). So the 
general theorems of the spectral theory for G-modules can be translated and 
proved in the corresponding theory for L 1 (G) , which is more analytical then 
for which are applicable the strong results of Functional Analysis , say the 
Hahn-Banach theorem, the Banach principles of linear functional analysis. 
However, as involutive algebra, ^(G) has its non-regular norm, i.e. in 
general 

II a*a Wmo^W a \\ 2 L i {G) , 
it is more useful to consider the corresponding regular norm || . ||c*(G) > 

II ¥ \\c*{G)'= sup || vr(v?) (I 

TreG 

and take its completion C*(G). Ideally, the spectral theory for unitary G- 
modules is equivalent to the same one for the C*(G)-modules. The last 
theory is closely related with subjects of functional analysis and its appli- 
cations in the physical field theories and statistical mechanics. 
So, what is the structure of C*(G) for a given G? 

In general, the problem rests open up-to-date! This review outlines only 
that for the concrete examples the problem requires the tools of various 
nature from topology and analysis, namely the K-functors. 

It is useful to add to C*(G) the formal jointed unit element if there is 
no such one. 
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2. The analytic method The first nontrivial example C*(SL2(C)) 
was done by J.M.G. Fell in 1961, but until the moment the only groups, the 
structure of whose C*-algebra was explicitly described are the Abelian or 

compact groups and a few semi-simple Lie groups : SL 2 (M), SL 2 (M) i.e. the 
universal covering group, Spin(4, 1) and recently, a family G(p, q, a) of two- 
step solvable Lie groups (see gje) , , flMT| , jgM|] , pM| , and ||Wanl]| ).A 
fair amount is known about the C*-algebras of nilpotent Lie groups (see 
Per|| ) , including the Heisenberg groups. The C*-algebra of the Euclidean 



motion group were studied by Evans |[Ev|| . P. Green also proposed another 
analytic method for studying the C*-algebras of several solvable Lie groups, 
see ||Gr|| . So it is very interesting to characterize the group C*-algebras by 
topological invariants by another nature tools, say by K-functors. Such an 
idea was suggested by the author in |pi|| ,| [P2| . 

3. K-theory invariant Index C*(G) The very useful K-functor for 
our approach is the operator KK-functor of G. G. Kasparov | [Kasl|| , gen- 
eralizing the BDF K-functor | BDF1 |, which characterizes the isomorphic 
classes of short exact sequences of C*-algebras . 

We are trying to decompose our C*-algebras into some towers of ideals 
and step-by-step define the associated extensions by KK-functors or their 
generalizations. The resulting invariants form just our index . This idea 
was proposed in [ pi| and develop ed in | |D2| j for a large class of type I 
C*-algebras. Hence, there are two general problems: 

• Find out the C*-algebras which can be characterized by the well- 
known K-functors, say by the operator K-theory functors. 

• Generalize the theory of K-functors in such a way that they are ap- 
plicable for a large class of C*-algebras. 

4. Construction and reduction of Index C*(G) Concerning the 
first problem, we propose |[D8|| a general construction and some reduction 
procedure of the K-theory invariant Index C*(G) of group C*-algebras. 
Using the orbit method |Ki[ ,| |L)4 ]-[D7|, we reduces Index C*(G) to a family 
of Connes' foliation C*-algebras indices Index C*(V2 ni , jF 2n J , see |jCl|| - 
| |C2|| , by a family of KK-theory invariants. Using some generalization of the 
Kasparov type condition (treated by G.G. Kasparov in the nilpotent Lie 
group case | |Kas2| ), we reduces every Index C*(V2 ni , J~2 ni ) to a family of 
KK-theory invariants of the same type valuated in KK(X,Y) type groups. 
The last ones are in some sense computable by using the cup-cap product 
realizing the Fredholm operator indices. 

Following this procedure we now describe the obtained experimental 
results concerning the structure of the C*-algebras of concrete groups. 

5. Case-by-case examples We divide the examples into three classes 
following the complexity of computing indices, a. Absorbing extensions The 
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first promising example was the group AffR of the affine transformations 
of the real straight line. Its group C*-algebra can be included in the short 
exact sequence 

-> K{H) -> (7* (AffR) -> ^(S 1 V S 1 ) -> , 

where JC(H) denotes the ideal of compact operators in a separable Hilbert 
space. Because the extension is absorbing, the structure of C* (Aff R) is just 
defined by the element 

Index C*(Aff R) = (1, 1) e Z © Z = ^(S 1 V S 1 ) ^ ifif (S 1 V §\pt) . 

Here we need only the BDF K-functor , which is the source and the inspiring 
particular case of the KK-functors (see |[D1|| ) . 

For the connected and simply connected group Affo R of affine transfor- 
mations of the straight line the analogous results hold. Its C*-algebra can 
be included in the sort exact sequence 

-> K{H) © K{H) -> C*(Aff R) -> ^(S 1 ) -> . 

This absorbing extension, and hence the isomorphic class of C* (Affo R) can 
be characterized by the topological invariant 

Index C*(Aff R) = (1, 1) G KK(S\ {pt} U {p*}) . 

The C*-algebra of the group Aff C of the affine transformations of the 
complex straight line is included in the short exact sequence 

-> K{H) -> (7* (Aff C) -> <7(X) -> , 

where X is the one-point compactification of the so called "Hawaiian neck- 
lace" 

{zeC;\z-2- n \ =2-™,n = l,2,...}. 

Hence , the isomorphism class of C* (Aff C) is characterized by the topolog- 
ical invariant 

Index C*(AffC) = (-1,-1,...) e KK(X,pt) ^Z©Z©..., 

see ^ 



Rosl 



Our method is applied also to the group Aff K of affine transformations 
of any non-discrete totally disconnected locally compact field K. Its C*- 
algebra can be included in the short exact sequence 

-> K(H) -> (7* (Aff if) -> C(X) , 

now X is the one-point compactification of S 1 x i7, where H is the multi- 
plicative group of the elements of K with absolute values 1, H is its dual iso- 
morphic to a countably infinite and discrete set. The C*-algebra (7* (Aff K) 
is characterized by the topological invariant 

Index C* (Aff if) = (. ..,1,1,...) e KK(X,pt) fxt(X) = Z^ , 
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see |[Rosl| . 

In all these examples the index Index C*(G) take values in the BDF 
K-groups Sxt(X) , which are isomorphic to Hom2(vr 1 (X), Z), given by the 
Fredholm index map, where 

n\X) = [X,S 1 ] 

is the cohomotopy group. The group Hom^(7r 1 (X), Z) is product of count- 
ably many copies of Z, one for each generator of tt 1 (X). The index is then 
given by a sequence of integers , namely the Fredholm indices of the im- 
age under the infinite-dimensional representations of a sequence of elements 
from C*(G) mapping into the generators of 7r 1 (X). These sequences of el- 
ements from the group C*-algebra C*(G) and their Fredholm indices are 
defined and calculated firstly by the author for AffR in [Ul|, then by J. 
Rosenberg for Aff C and Aff K in | |Rosl . 



The C*-algebra of the universal covering Aff C = C x C of the group 
Aff C = (C \ 0) x C can be included in the short exact sequence 

-> CiS 1 ) <g> K{H) -> C*(AffC) -> C(§ 2 ) -> 

and the structure of C* (Aff C) is uniquely defined by the index 

IndexC*(XSC) = 1 e KKiS 2 ^ 1 ) = £xt{C{$ 2 ), C^S 1 )) = Z . 
b. Non-absorbing extensions 

The first example which requires essentially the KK-theory , but not 
enough the £a;t-functor BDF K-theory arisen as a class of two-step solv- 



able Lie groups R x a>0 R m , considered by J. Rosenberg [Rosl] and then 



G(p,q) =1k R p+<? considered by X. Wang [Wanl], including the Heisen- 
berg group Hl2 n +i considered before by G. G. Kasparov [[Kasl|| . fKas2fl . But 
in these examples we obtain the non-absorbing exact sequences and then 
the topological invariant IndexC* (G) does not define the isomorphic classes 
of C*-algebras. Let us describe the results in more detailed form. 

The C*-algebras of the , say elliptic semi-simple product R x M. m (m is 
any positive integer) , where the action of R on R m have roots with the real 
part of the same sign , are isomorphic each to another and can be included 
in the short exact sequences of type 

-> C(S m -\ K(H)) -> C*{R x R m ) -> ^(S 1 ) -> . 

Hence we have , but not describe by, the topological invariant 

Index C*(R x R m ) e KK^' 1 , S 1 ) 

of the group C*-algebras. 
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The C*-algebra of Heisenberg group H 2n+ i can be included in the short 
, but not absorbing , exact sequence 

-> CiS 1 V S 1 , K{H)) -> C*(H 2n+1 -> C(§ 2n ) -> 

Hence , the index 

Index C*(H 2n+1 ) = (1, (-1)") G KK(S 2n , S 1 V S 1 ) S Z © Z . 

This result has been generalized to the general case of connected and simply 
connected Lie groups. The group C*-algebras in these cases can be included 
in the exact sequences of type 

-> C{X) ® K{H) -> C*(G) -> C*{G/R) -> 

if the union of the co-adjoint G-orbits of maximal dimension is the com- 
plement to the annihilator of LieT in j*, 7 = R, where the set of all 
the co-adjoint orbits of maximal dimension is denoted by X, see |[Kas2|| . 
So, the C*-algebra C*(G) admits the topological invariant Index C*{G) = 
(1, (— l)™/ 2 ), where n is the half-dimension of the co-adjoint orbits of maxi- 
mal dimension. 

c. N on- absorbing extension, associated with towers of C*-ideals There 
are only a finite number of non-isomorphic C*-algebras between the group 
C*-algebras of the 3-dimensional real solvable Lie groups. These C*-algebras 
are easily characterized all but the subclass Cr 3j2 (— a), a > 0, the C*- 
algebras of which are isomorphic one-to-other and are included into the 
short exact (but non absorbing) sequences 

(71) , -> C^S 1 V S 1 V S 1 V S 1 ) ® K{H) -> C*(G 3>2 (-a)) -> A 1 -> 

-> C 4 ® /C(if) -> A 1 -> ^(S 1 ) -> 0. 
Hence, Index C*(G 3)2 (-a)) = ([71], [72]) ; 
'l 1 N 

[71]= I 1 1 I eKK(A x ,& VS 1 VS 1 VS 1 ) ^Hom z (Z 3 ,Z 4 ) 



,0 110, 



and 



[ 72 ] = (1, 1, -1, -1) G tftf (S 1 , 4pt) = Z 4 . 

It is very interesting to consider the following class MD (resp., MD) of 
connected and simply connected solvable Lie groups, all the co-adjoint orbit 
of which have maximal dimension or zero (resp. equal to the dimension of 



the groups or zero). It is easy to see | SoV|| that the only non commutative 



groups in the class MD are the groups of affine transformations of the real 
or complex straight line. 
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All the C*-algebras of the groups in class MD are characterized up to 
isomorphism by the topological invariant Index C*(G) : 

Index C*(Aff R) = (1,1) e KK(S\2pt) = ZffiZ , 

Index C*(AffC) = 1 6 KKiS 2 ,^ 1 ) ^ Z . 

The MD-groups are not yet classified, but the subclass MD 4 of four- 
dimensional solvable M-D-groups is completely listed, including the real 
diamond group R x H 3 (see [ |Vilj |, |Vi2[ ); There are 13 concrete connected 



and simply connected MD4-groups or series of such ones with exact descrip- 
tion of commutator relations . All the C*-algebras of these MD4-groups can 
be described by the direct analytic method, but only three cases of groups 
G, the Lie algebra of which is 

Lie G ^ (T, A, Y, Z), [A, Y] = Z 



and 



cos if sin ip 

adT = ( — sin ip cos cp I , the Euclidean motion group G V} \ 

) 1 0\ 

adT =1-1 , the Harmonic Oscillator R x j H 3 




• adT = I 10, the Real diamond group M K H 3 
\ 0/ 

The C*-algebra C*(G IP; \) can be included in the short exact sequences 

(71) - C*(V VtX ,F) - C*{G VtX ) - CiS 1 ) - 

(72) ^ C(§ 2 V § 2 ) ® /C(#) -+C*(^, A ,.F) CtS 1 ) <8> ^0 
and is characterized by the index Index C*(G tPj x) = ([71], [72]), 

[TjeM^ 1 ),^,^)), 

[72] = (1, 1) G AA(S) 1 , § 2 V § 2 ) ^ Z © Z . 
The C*-algebra C*(IRx JH3) can be included in the short exact sequences 

(71) -> C*(y K><jH 3, ^) - C*(M x j H 3 ) -> C^ 1 ) ® /C(tf) - 

(72) -> C((M X x M) cp i © -> C*(M x j H 3 ) — > C^ 1 ) © -> 
and has the same index Index C*(R x j H 3 ) = ([71], [72]), 

[72] = (1, 1) e KK{§\§ 2 ) = Z © Z . 
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The C*-algebra of the real diamond group M ix H 3 can be included in 
three exact sequences 

(71) -> C(S 2 V § 2 ) <g> K(H) -> K M 3 ) -> A 1 -> 

(72) -> C(§ 2 V § 2 V § 2 V § 2 ) ® K(H) ^A x ^A 2 ^0 

(73) -> C 4 <g> /C -> A 2 -> C^S 1 ) -> 
and 

Jnrfea; C*(R K H 3 ) = ([71], [72], N) , 

where 

[71] = (1, 1) G KK(A 1 , C(S 2 V § 2 ) = Hom z (Z, Z 2 ) = Z 2 , 
/-l 1 \ 
[ 72 ]= J _° x g G^(A 2 ,C(S 2 VS 2 V§ 2 V§ 2 ))^Hom z (Z 4 ,Z 4 ), 

V 1 -ly 

[73] = (1,1, -1, -1) G KKiCiS 1 ), C 4 ) = Hom z (Z, Z 4 ). 
So the description of MD 4 -group C*-algebras is achieved. One can hope to 
describe the C*-algebras of the whole class MD by the same method. The 
question rests open update. 

Finally, the C*-algebras of the hyperbolic semi-direct product 

R x R p+q = G(p, q, a) 

with p negative roots —a±, . . . , — a p and q positive roots a p+ ±, . . . , a p+q can 
be included in two short exact sequences 

_> C *(U, F)~ -> C*(G(p, q, a)) -> C^S 1 ) - , 

where U is the one-point compactification of R p+q \ (0) and 

-> C*(C/i, F)~ -> C*(C/, F) C(S P V § 9 ) x R -> 0, 

where XJ X = R p+q \ (R p V R q ) . So the C*-algebra C*{G(p, q, a)) admits the 
topological invariant Index C*(G(p, q, a)) valuated in the Kasparov groups 
KK^^ 1 ), C*(U, F)) and KK(C(S P V S q ) x R). 

In all these examples, the invariant Index C*(G) is a sequence of type 
(So, 5i)-homomorphisms in the six-term exact sequences of ^-groups. They 
are in general expressed by using intersection cup-cap-products . Only for 
the examples in subsection a. one can use analytic method of calculating 
the Fredholm index. So it is easy to see that we must develop the theory of 
K-functors admitting some intersection products. 

In the next four chapters we shall expose these cases in detail. We hope 
that after reading this part the beginner can already work in these problems 
more or less productively. 
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Classification of MD-Groups 
1. Definitions 

First of all we recall the notion of if-action. Let us denote by G a 
connected and simply connected Lie group, g = T e G its Lie algebra as the 
tangent space at the neutral element e. It is easy to see that to each element 
g G G one can associate a map 

A(g) :G^G 

by the conjugacy, in fixing the identity element e G G. Therefore, the 
corresponding tangent map A{g) it : g — > g 

X G g i-> ^\ t=0 gexp(tX)g- 1 G g. 

It is easy to see that this really defines an action, denoted as usually by Ad 
of group G in its Lie algebra g. One defines therefore an so called co-adjoint 
action of group G in the dual vector space g* by the formula 

(K(g)F,X) -(^AdGT 1 )*), 

for all F G g*, X G g and g G G. It is easy to check that this defines a real 
action of Gon g*. 

Definition 1.1. The orbits of this action are called the co-adjoint or- 
bits or K-orbit. 

As an easy consequence, one deduce that the dual space g* is decomposed 
into a disconnected sum of the K-orbit. 

Definition 1.2. We say that a real Lie algebra g is in the class MD if 
every K-orbit is of dimension, equal or dimg. 

This means that the structure of the orbit space of such a Lie algebra 
must be rather simple: There is only two strata of orbits and the union of 
the maximal dimension is dense in the whole space g*. The other evident 
consequence is the fact that the dimension dimg = dimG must be an even 
number. 
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Recall that in each K-orbit there is a natural differential form, associated 
with the bilinear form 

B F (X,Y) :=(F,[X,Y}),VX,Y Eg. 

It is not hard to verify the following assertion 

Claim 1.1. The kernel of this bilinear form is just the Lie algebra qf '■ = 
LieG F of the stabilizer G F of the point F e g* under the co-adjoint action. 

Proof. For a connected Lie group, every element can be obtained as 
some product of elements from the image of the exponential map 

exp : g — > G. 

We can therefore restrict to the case of element of type exp(X), X e g . For 
the elements of this kind it is enough to remember a formula from the Lie 
theory 

Ad(expX) = exp(adX). 

□ 

This means that the form Bp(-, •) is invariant under the action of the 
stabilizer group Gf of the K-orbit passing through F. One can therefore 
translate this form to other points in order to have a differential form on 
the K-orbit Ql F = G/G F) passing through F. 

Definition 1.3. The corresponding symplectic form is called Kirillov 
form on K-orbits. 

2. MD-Criteria 

Let us denote by g 1 := [g,g] the commutator of the Lie algebra. 

Proposition 2.1. IfF e g*\(g 1 )*, i.e. if F is afunctional on g which is 
non-vanishing on g 1 , then the K-orbit Qf passing through F, is of maximal 
dimension, dimf2^ = dimG. Moreover g 1 is commutative. 

Proof. We prove this proposition by contradiction argument. Assume 
that F is some functional on g which is non-vanishing on the commutator 
9 1 — [fl,fl] but dimiTp 7^ dimg, i.e. dimfii? = 0. This means that 

dim Gp = dim G — dim Qtp — dim g. 

Hence, gp = g, i.e. Ker-Bp = g. This contradicts the assumptions. Hence 
dimfii? = dimg = dimG. 

Now we prove that g 1 is commutative. Denote by g 2 the second derived 
ideal, g 2 = [g^g 1 ]. Because g is solvable, dimg 2 < dimg 1 . Hence there 
exists a nonzero functional F G (g 1 )*, vanishing on g 2 . This means that 
g 2 C gF = 0. What mean that g 1 is commutative. □ 
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PROPOSITION 2.2. (MD-criterion) Lie algebra g is of class MD if and 
only if 

ad x ( B ) = [X, g ]= a 1 ,V0^X Gg. 



Proof. Consider g of class MD. Following the previous proposition, for 
every element F G g* \ (g 1 )* , we have dimf^ = dimg and g_p = Ker_Bp = 
□ 

. Suppose that there exists some element I G 9, I / and [X,q] 7^ g 1 . 
There exists hence an element F G g* vanishes in g 1 and doesn't vanish on 
[X, g]. This means that O^lG Ker_Bp = 0. This contradiction proves 
that [X,g] =g 1 . 

Conversely, Suppose that for every X^O [X, g] = g 1 . If F G g vanishes 
on g 1 , we have KerB F = g. In this case, gp = g, dimGp = dimg, dimSTp = 
0. 

If F* G g* doesn't vanish on g 1 , we have [X,q] = g 1 , VX ^ 0, KerB F = 
and hence dimf^ = dimg. 

3. Classification Theorem 

Let us denote ady := ady | i. 

LEMMA 3.1. If g is of class MD, the operators of type ady,F G g are 
pairwise commuting 

Proof. We have the well-known Jacobi identity 

[X, [F, Z]\ + [Y, [Z, X]] + [Z, [X, Y}\ = 0, VX, Y, Z G g 
. In particular, if Z is in the commutative derived ideal g 1 , then 

[Z,[X,Y]] = 

and we have 

(ad x oady-adyoadx)Z = 0,VX,F G g,VZ G g 1 . 

□ 

Recall that the Lie algebra of affine transformations of the real straight 
line is described as follows. The Lie group Aff IR of affine transformations 
of the real straight line is the group of affine transformations of type 

x G R I— > ax + b, 

for some parameters a, b G K and a 7^ 0. For this reason some time one 
refers this group by "ax+b" -group. It is easy to prove that 

AffM=<jY" I a,beR,a^o\. 
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It is easy to see that its Lie algebra aff R = Lie Aff IR is 

By an easy direct calculation it is easy also to see that the Lie algebra 
aff R is generated by two generators with the only nontrivial Lie brackets 
[X,Y]=Y,i.e. 

&&R = {aX + bY | [X,Y] = Y;a,b G R}. 

Now let us consider the group Aff C of complex affine transformations 
of the complex straight line. The most easy method is to consider X, Y 
as complex generators, X = X 1 + iX 2 and Y = Y 1 + iY 2 . Then from the 
relation [X, Y] = Y we get 

[X 1 + iX 2 ,Y 1 + iY 2 \=Y 1 + iY 2 . 

This means that 

[X x , Y x ] - [X 2 , Y 2 ] + t([X l7 Y 2 \ + [X 2 , Y,}) = Y 1 + %Y 2 . 

This means that the Lie algebra aff C of affine transformations of the com- 
plex straight line is a real 4-dimensional Lie algebra, having 4 generators 
with the only nonzero Lie brackets 

[X u Yi] - [X 2 , Y 2 ] = Yi, [X 2 , Y,} + [X,, Y 2 ] = Y 2 . 

Later in the proof of the theorem of classification what follows we shall 
choose another basis noted also by the same letters to have more clear Lie 
brackets of this Lie algebra, 

[X 1 ,Y 1 ]=Y 1 , [X 1 ,Y 2 ] = Y 2 
[X 2 ,Y 1 ]=Y 2 , [X 2 ,Y 2 ] = -Y 1 



Theorem 3.1. Up to isomorphism every algebra of class MD is one of 
the following: 

• Commutative Lie algebra, 

• Lie algebra aff R of affine transformations of the real straight line, 

• Lie algebra aff C of affine transformations of the complex straight line. 

Proof. Step 1. 

CLAIM 3.1. There are only two possibilities: dimg 1 = either 1 or 2 

Consider the representation ad 1 of Lie algebra g in q 1 . The criterion MD 
is just the irreducibility of this representation. In other hand, the operators 
ady commute one with others. There is therefore an invariant complex line 
D in the complexification := g 1 ®r C for all operators ad y , Y E g. There 

are two cases : 
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• D coincide with its complex conjugation D. In this case D = 5 ®r C, 
where 5 C g 1 is a real line invariant under all the operators ad Y , 

Ye B _ 

• D 7^ D. In this case we have D <g> D = 5 ®r C, where 5 is some real 
2-dimensional plane, invariant under all the operators ady, Y G g. 

In both the cases we have 5 = g 1 , in virtue of the irreducibility of the 
representation ad 1 . 

We do some remarks: 

Remark 3.1. In the first case the existence of one dimensional real line, 
invariant under all the operators ad y , Y G g deduces that dimg 1 = 1. 

REMARK 3.2. If [Z u g 1 ] = [Z 2 , g 1 ] = for some Z u Z 2 G g, then [Z u Z 2 \ = 

0. 

Really, following Jacobi identities, we have 

[[Z u Z 2 ], fl ] + [[Z 2 , g], Z x \ + [[g, Z 1 ], Z 2 \ = 0. 

The last two summands are 0, then 

[[Z u Z 2 ], a ] = 0. 

Following the MD-criterion we have [Z\, Z 2 \ = 0. 
Step 2. 

Case 1: dimg 1 = 1. 

Choose some Y ^ in g 1 . Following the MD-criterion ady : g — * g 1 is 
an surjection then there exists some X e g such that ady(X) = —Y, i.e. 
[X, Y\ = Y. We show that Ker ady = g 1 . Following the remark 3.2, Ker ady 
is commutative. If Ker ady ^ g 1 , then there exists X x e Ker ady, but X x is 
not in g 1 . Because, [Xi,X] e g 1 , we have 

[X 1; X] = AF, 

for some AeM. Then, [X x + AY, g] = 0. From the MD-criterion we deduces 
that Xi + XY = 0, what contradicts to the assumption that Ker ady ^ 0. 
Thus The Lie algebra has two generators X, Y with the only nonzero relation 
[X,Y] = Y, i.e. g affR. 
Case 2: dimg 1 = 2 

Suppose that g = g 1 ® L, for some L with dimL > 2. Consider the 
operator adx : L — >■ g x ,VX G g 1 . Because dimL > dimg 1 , there exists 
Y G L,Y ^ such that ad x F = 0. We shall prove that [Y,q 1 ] = 0. 
Indeed, if [Y, g 1 ] 7^ 0, X must be the unique 0-vector of the operator ad y . 
Because the operators ady, commute one with another, M.X become an 
invariant space for all ad^,T G g 1 . Following Remark 3.1, dimg 1 = 1. This 
contradiction prove that [Y, g 1 ] = 0. If the co-dimension of WY in L stills 
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bigger than 2, there exists a vector Z in its the complement, such that 
[Z, g 1 ] = 0. We continue this procedure until the case where dimL = 2. In 
this case, L = L\ <g> L 2 , such that dimLi = 2 and [-^2,fl 1 ] = 0. Following 
Remark 3.2, L 2 must be commutative. If L 2 7^ 0, then dimL 2 > 2, because 
the K-orbit have even dimension. 
Consider the surjective map 

ady : g = g 1 © L 2 © L x -> fl 1 . 

if y G fl 1 ©L 2 , we have [y, g 1 ©L 2 ] = 0. Therefore, the operator ady : L\ — > g 1 
is a surjection for all y G g 1 © L 2 \ {0}. Because dimLi = dimg 1 = 2, the 
operator ady is an isomorphism. We have a linear map 

1 ©L 2 \{O}^/ ( 5O(L 1 , 1 ). 

Moreover, following MD-criterion, this is an injective map. This is a con- 
tradiction. Thus, L 2 = 0, g = g 1 © L, where dimg 1 = dimL = 2. Suppose 
that Y"i, y 2 provide a basis of g 1 . Because, ady : L — > g 1 is surjective, there 
exists some Ii Gl such that [X^y] = y, i.e. ad^ y = y. Following 
Remark 3.1, Y\ can not be the unique eigen vector up to a scalar multiple 
with eigenvalue 1 of the operator ad^. Thus ad^- = Id. 

Consider epimorphism &d Xl : g — > g 1 . We have dimKerad^x = 2, thus 
there exists X' 2 such that [X^X^] = and X 1 ,X' 2 ,Y 1 ,Y 2 form a basis of 
g. Because ad^ = Id, ad^, can not have an eigenvector, following MD- 
criterion. Change basis in \fraktg 1 we have 

for some a, b G K, 6 7^ 0. Choose 

X 2 = l -(X' 2 -aX 1 ), 

we have 

ad ^ = (i "o 1 )- 

Thus Lie algebra g is isomorphic to to an algebra generated by a basis 
Xi, X 2 , Y]_, Y 2 with the following only nonzero brackets 

[X 1 ,Y 1 ] = Y 1 , [X 1 ,Y 2 ] = Y 2 
[X 2 ,Y 1 ] = Y 2 , [X 2 ,Y 2 ] = -Y 1 

This means that Lie algebra g is isomorphic to aff C. 

□ 
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Remark 3.3. This theorem let us to restrict our consideration for the 
class MD practically to Lie algebras of affine transformations of the real or 
complex straight lines and the corresponding Lie groups 

• the Lie group Aff R of all the transformations of the real straight line, 

• the universal covering Aff R, which is just isomorphic to the connected 
component Aff R of the identity element, 

• the Lie group of complex affine transformations of the complex straight 
line, 

• and its universal covering Aff C which is isomorphic to the connected 
component of identity Aff o R 

4. Bibliographical Remarks 



The main idea to classify of this class of Lie algebra MD belongs to the 
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H. Viet and a young colleague V. M. Son and solved together with them. 
The solution of this question was published in J. Operator Theory |$o V 



Professor P. Cartier, during his scientific trip in Hanoi, helped them to 
shortcut the long proof. 



CLASSIFICATION OF MD-GROUPS 



CHAPTER 3 



The Structure of C*-Algebras of MD-Groups 



1. The C*- Algebra of AffR 

1.1. Statement of Theorems. Let us denote by G the group of affine 
transformations of the real straight line. We want to study the structure of 
this group and its C*-algebra C* (Aff E) . To do this, we need first known its 
dual object, i.e. all its unitary representations up to unitary equivalence. 



Theorem 1.1. see [|GN|| Each irreducible unitary representation of the 



a h 
1 



group of affine transformations of the real straight line, up to unitary equiv- 
alence belongs to the following list of nonequivalent irreducible unitary rep- 
resentations: 

a) the representation S, realized in th space L 2 (R*, ^j), where M* : = 
M. \ (0) ; and the action is given by the formula 

(S g f)(x) = e y/=Tbx f(ax), where g = 

b) the representations C/| ; realized in C 1 and is given by the formula 

U £ x (g) = |a| v/3TA .(sgna) e , where A G R;e = 0, 1. 
Proof, see ||GN1| and section 1.2 below. □ 

This list of irreducible unitary representations give us also the corre- 
sponding list of irreducible non-degenerate ^representations of the corre- 
sponding group C*-algebra C*(G). The next deal is to study the structure 
of this group C*-algebra. In APT! the author proved that this group C*- 
algebra C*(G) can be considered as some extension of the C*-algebra of 
continuous functions on a compact by the elementary C*-algebra of com- 
pact operators in a separable Hilbert space. 

Theorem 1.2. The C*-algebra with a formally jointed unity element 
C*(G)~ can be included in a short exact sequence of C*-algebras and *- 
homomorphisms 

— >K — ► C*{Gy — ► C^S 1 V S 1 ) — ► 0, 
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This means that the C*- algebra C*(G)~ , following BDF theory, is uniquely 
determined, up to isomorphisms class, by an element, said to be its the index 
and is denoted by Index C*(G) . 

Proof. |[D1|| and section 1.3 below □ 

The infinite irreducible unitary representation S realizes the indicated 
inclusion. Because 

SxtiS 1 V S 1 ) Hom z (7T 1 (§ 1 V S 1 ), 

it provides a homomorphism from 7r 1 (S 1 V S 1 ) to C*. In virtue of the fact 
that the homomorphism 

Foo : £ xt{& V S 1 ) Hom z (7T 1 (§ 1 V S 1 ), Z 1 ) 

is obtained by computing of indices Fredholm operators and the general 
type of elements of 7r 1 (§ 1 V S 1 ) is g^i = [go,i] k [gi,o\ l , k,l G Z, we have 

Ind (g kt i) = k. Ind T(g 1;0 ) + I. Ind T(g 0jl ), 

where T is a *-isomorphism, corresponding to S. Hence, we need only to 
compute a pair of indices Ind T(gi ) and Ind T(g Qj i). These indices can be 
computed directly by the methods of computing the indices of Fredholm 
operators. We obtained the following exact computed results. 

Theorem 1.3. 

Index C*(G) = (1, 1) E SxtiE 1 V S 1 ) ^ Z © Z. 



Proof. Dll and section 1.4 below. □ 



These results give us an interesting improvement for a question of A. A. 
Kirillov raised in the I.M. Gelfand's Seminar at the Moscow Uni- 
versity in 1974 the the extension of the C*-algebra C*(G) of the group of 
affine transformations of the real straight line is split. This example does 
also spirit to apply the K-functors to some more general group C*-algebras. 
This was also a reason conducting G.G. Kasparov to create his beautiful 
general KK-functors. 

Returning to the general question, we need first of all some prepara- 
tion on construction of all the irreducible unitary representations of groups. 
In the advanced theory, we shall do this by the construction of the mul- 
tidimensional orbit method. Secondly, we shall propose some methods to 
decompose the group C*-algebras into some repeated short exact sequences 
of C*-algebras and finally we shall propose some methods to reduces the 
indices to some computable cases by using the general Atiyah-Hirzebruch- 
Singer index formula for elliptic operators on topological spaces. This pro- 
gram shall be done in the second part of this book. 
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1.2. Proof of Theorem 1.1. Theorem 1.1, was well-known as the 
first result about infinite dimensional unitary representations, after what 
the fruitful theory was well developed. In this first pioneer work. I. M. 
Gel'fand and M. A. Naimark have proved the theorem, using only the 
classical analysis and functional analysis. Now the day, we have enough 
strong tools to prove it shorter and more clear, for example the method of 
small subgroups of G. W. MACKEY|[Mac|| , or the orbit method, said in this 



book. 

It is easy to see that AffIR = IR*. x IR is the well-known semi-direct 
product of IR* := IR \ {0} and IR. we use therefore the Mackey method of 
small subgroups for the commutative normal subgroup N = R. The dual 
object iV fa IR of N « IR consists of characters xx, ^ £ ^ defined by the 
formula 

Xx( n ) — exp(iAn),Vn G N, 

for each fixed A. 

The group AffIR acts on the dual object iV « IR following the formula 
(9-Xx)(n) := Xxigng' 1 ) = Xx(an) = Xx(n), 
where g = (a, b) G Aff IR. We have therefore 

9-XX = XaX- 

Hence in N « IR there are only two orbits 

{0} and IR\{0}. 

Following the Mackey theory of induction from small subgroups, the orbit 
{0} has the stabilizer subgroup, coincided with the whole group AffIR. The 
characters of this stabilizer are in a 1 — 1 correspondence with elements of 
the dual object 

=i\{o}, 

i.e. the unitary representations C/|, Ve = 0, 1; A G IR. On the orbit IR \ {0} 
choose a fixed point xii i- e - with A = 1 . The stabilizer of the fixed point 
Xi is G Xl = N = IR. Hence, following the Mackey theory, the orbit IR \ {0} 
corresponds to a unique representation Ind^ Xii following the induction rule 

(lnd%(a,b))f(x) = exp(ibx)f(xa), 

realized in the space L 2 (X,dfix(x)) with X = N\G^R*\ {0} and 
djjx(-) = o as the quasi- invariant measure on the corresponding orbit. It 
is easy to see that this representation is exactly the representation 5* in 
the statement of the theorem. Following the Mackey theory this list is the 
complete list of all irreducible unitary representations of the group. The 
theorem is therefore proved. 
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1.3. Proof of Theorem 1.2. As usually, we add to the group C*- 
algebras the formally jointed unity element. It is easy to see that the 
representation S is an exact representation, i.e. KerS* = {0}. Because 
our group is a type I group, i.e. the group C*-algebra is GCR, in C*{G) 
there is an ideal, isomorphic to the ideal JC(H) of compact operators, where 
#^L 2 (R*,g). 

Lemma 1.1. Consider ip G L x (AffR, ^). The conditions what follow 
are equivalent 

1) 

^ef|KerC/|, 



2) 



+ °° / ,n „ , da 

<f(a, b)db = 0, a. e. w. r. t. the measure 

oo 



\a\ 

Proof. Suppose ip{a) :— f^°° (p(a,b)db. The function ip shall be de- 
composed into the sum of the even part ip\ and the odd part ip2- We have 

<p G a,AKerC/I # Jo< H < + oo /-oo< 6 < + oc l«P A (sgna)^(a)g = 0,VA, £ 
Jo<H< + ool«l lA to«)^(«)R =0,VA,e. 

Because ip\ is even and ip2 is odd the above assertion is equivalent to the 
two condition what follow: 

7o<H< + ool«l l V 2 (a)j§=0 ,VAgM 
/o< H < + J^Vi(a)sgnag = ,VAgM. 

Following the parity of ip 2 and the exactness of the Fourier transformation, 
we have the equivalent conditions 

da 

ipi(a) = 0, a. e. w. r. p. t. —-, 

a 

da 

1P2\0>) — 0; a - e - w - r - t. -7— r, 

|a| 

and therefore we have an equivalent condition 

da 



ip(a) = 0, a. e. w. r. t. 

a 



□ 
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Lemma 1.2. Assume cp £ L x (Aff K, ^p), satisfies the condition 

+°° da 
(p(a,b)db — 0, a. e. on IR \ {0}u>. r. — r. 

oo l a l 

T/ien S'(y') a compact operator, where S in th single irreducible unitary 
representation of the group Aff IR. 

Proof. In [ |GJN|| was proved separately. But we can deduce this Lemma 
also from our compactness criteria in the advanced part. To avoid some 
repetition we omit this proof here. □ 

Lemma 1.3. The infinite dimensional representation S provides n iso- 
morphism of C*-algebras 

n £ , A Kerf/| -^U K{H). 

Proof. 1. First of all we must show that the representation S is an 
exact representation, i.e. in C*(G), Ker S = 0. Indeed, Following the 
results of J. M. Fell [47], every representation C/| is weakly contained in 

the representation S in the topology of the dual object Aff IR. This means 
that if S(tp) = 0, then U £ x {<p) = 0,We = 0, 1; VA G IR. Hence, 

sup |tt(v?)|| = 0, i.e. |M|c*(G) = 0. 
wed 

We have from here, if = 0. 

2. Following the previous lemmas we have an inclusion 

Sif^KerU^v ^ K(H). 

Because K,{H) is an elementary C*-algebra, see J. Dixmier[37], one rests 
to show that 

5(f|Ker^) 

e,\ 

is a two sided closed ideal in )C(H). 

Assume that K e S(f] £ x Ker U x ) and A 6 K,{H) is an arbitrary element. 
Because the group is of type I, following the Dixmier-Glimme-Sakai theorem, 
the image S(C*(G)) contain at least one compact operator. There exists 
therefore an element if £ C*(G) such that 

Following the assumption, there exists 

K = S((p!), where (p x £ P|KerC/|. 
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We have in this case 

A.K = S(<p)S(<p 1 ) = S(<p<p 1 ), 
K.A = S( Vl )S(ip) = Sfatp). 

Because 

U{{ Wl ) = UK^UIM = 0, Ve = 0, 1; VA G R, 

we have 

<p<P! G P|KerC/|, 

e,X 

hence, 

AiT = G 5(P|KerC/|). 

y analogy, we also have 

K.A e S(f]KevU £ x ). 

e,X 

Thus, 

S(f)KerUi)=lC(H). 

e,X 

□ 

1.3.1. itfad of Proof of Theorem 1.2. Because the representation S is 
exact then we can identify th ideal f] £ A Ker C/| with its image 

We show that the quotient C*-algebra C*(G)/JC(H) is commutative. 
Indeed, because the representations U{ are all of dimension 1, then 

- M = U{{ V )U{^) - Ui(rl>)Ui(<p) = 0, Ve = 0, 1; VA G E. 

One deduce that 

ip^-^tp) e P|KerC/|, 

i.e. the quotient C*-algebra C*{G)/K{H) is a commutative C*-algebra. 
One shows that the maximal ideals of the quotient C*-algebra are just the 
ideals obtained from One deduce that 

cp^-^if) G p| Kerf/ A> 

i.e. the quotient C*-algebra C*(G)/1C(H) is a commutative C*-algebra. 
One shows that the maximal ideals of the quotient C*-algebra are just the 
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ideals obtained from the corresponding ideals, which contain the ideal 1C(H). 
It is easy to see from here that 

C*(Aff R)//C(#) = C(S X V S 1 ), 

in other words, we have the exact sequence in the theorem 1.2: 

► K{H) > C*(AffR) > C(S 1 V§ 1 ) ► 0. 

1.4. Proof of Theorem 1.3. It is well-known that 
SxtiS 1 V S 1 ) = Hom^i^S 1 V S 1 ), Z). 

Because of 

K^iS 1 VS 1 ) ^ Z©Z, 

we have 

Hom^fr 1 ^ 1 V Z 1 ), Z) Z © Z 

and so , 

£'xt(§ 1 V S 1 ) = Z©Z. 

We must prove that the C*-algebra of the group of affine transformations 
of the real straight line corresponds to the pair (1,1) in Z © Z. The proof 
is rather long and we must divide it in a sequence of steps. 

First of all, we must find out the generators of the group ^xt(S x VS 1 ) = 
Z © Z. Remark that we added to the C*-algebra the formal unity element 
is equivalent to consideration the one point compactification of its dual 
object. Certainly that the one point compactification of a pair of parallel 
real straight lines is just S 1 V S 1 . This means that we can enumerate the 
points of S 1 V S 1 by the pairs of numbers (e, A), Ve = 0, 1; A G R, i.e. 

X = S 1 V S 1 = {(A, e) : AGl;e = 0,l}U{oo}. 

From definition, 

tt^S 1 V S 1 ) := [S 1 V S 1 , C] = z © z, 

where C* := C \ {0} and [., .] denote the homotopy class of maps. More 
precisely, with each pair of integers (k,l) G Z © Z we can choose a map g^i 
as follows, 

{exp[A;i.2. arcctg A/2] , if e = 0, A G R 
exp[k.i.2 arcctg A/2] , if e = 1, A G R 
1 , if A = oo. 

Then the homotopy classes \gk,i] provide a group which is equivalent with 
Z © Z with two generators [g ,i] and [<7i,o], 

[9k,i] = [g ,i] k .[g lfi ] 1 - 
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Recall that for an arbitrary compact X, we have an exact sequence 

► Ext z (K°(X),Z) ► Sxt(X) Hom^-^X)^) ► 

Moreover, if X C C and dimX < 1, then the homomorphism is an iso- 
morphism, see L. G. Brown, R. G. Douglas and P. A. Fillmore[7]. 
Because IcC, 

K-\X) = [X,GU(C)} = [X,C*\ = k\X). 

Assume r to be an arbitrary extension, i.e. r is an inclusion 

r : C(X) ^ A(H). 

The the invertible elements g G C(X)* must be mapped into invertible 
elements r{g) in Calkin algebra A(H). Hence, r(g) is defined by an unique 
Fredholm operator, up to compact operator perturbations. Moreover, the 
index Indr(g) depends only on the homotopy class of map g G C(X)*. 

Then to our extension r corresponds a homomorphism Ind in Hom z (7r 1 (X), Z), 
with X = S 1 V S 1 . We have 

Indr([ 5M ]) = fc.Indr([s ,i]) +Und([(? 1 , ]). 

The irreducible infinite dimensional unitary representation S of the 
group Aff R gives us an extension of type 

► K(H) > C*{ASR) C(§ 1 V S 1 ) ► 

. following BDF theory, to him corresponds an unique homomorphism of 

type 

r -.CiS 1 VS 1 ) ^A(H). 

Remark that if ip G C*(Aff R), and if U £ x (ip) = g(X,e),e = 0, 1; A G R, 
with 5 G C(S) 1 V S 1 )*, then S , (</?) is a Fredholm operator and 

IndS(if) = Indr(^). 

We conclude that we should compete our study of the structure of the 
group C*-algebra following the program: 
Program of computing indices 

a. Find out the functions v?i,v?2 G C*(AffR) such that 

UIM =<?o,i(£,A),V £ = 0,1;VAgR, 

UIM =^i lO (e,A),Ve = 0,l;VAeR, 

b. Compute the indices of Fredholm operators 

mdS(^)=IndT([ 5 o,i]), 

Ind^ 2 ) = Indr([^ ]), 
Then,the topological invariant of our C*-algebra is just 

IndexC* (Aff R) = (Ind Ind %> 2 ))- 
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Lemma 1.4. 

r+oo g 

1. —2 / exp{— 2 1 a, I + i\a}da 



/+oo 
exp{— 2\a\ + iXa} sgn ada = Ai 
■oo 



A 2 + 4 
A 



A 2 + 4' 



Proof. We do the exact computation by integrating in part. 
1. Put 



J — \ e a cos Xada, 

then 



oo 

2a 



Hence, 



_ 1 A 2 
J= 2~T J ' 



J = 2 



A 2 + 4' 
We have 

-2 exp {-2\a\ + i\a}da = -2 j+™ e'^ cos Xada - 2% j+™ e~ 1 ^ sin Xada 

= -4 jf rifty e - 2a cos Xada 
= -4 J 

— -8 

2. By the same type computation. □ 



Lemma 1.5. 



exp[i2 arcctg(^)] - 1 = 8 + M- 



2 n A 2 + 4 A 2 + 4' 

Proof. We do some trigonometric transform. Pose a = 2arcctg^. 
Then 

A a 
2 =Ctg 2 =t 

We have 

exp{i2 arcctg |} = e ia = cos a + i sin a 



f 2 + l T " t 2 +1 

(f) 2 - 1 | ■• 2 (D 
(A)2 + l I" '(1)2 + 1 

A2+4 + ^A 2 +4- 



□ 
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Lemma 1.6. Suppose 



, if 1 < \a\ < +oo, 

-2a 2 (sgna) <_1 , ifO < \a\ < 1, 



1,2. 


Then 


1. 


io<|a|<+oo 


2. 


Jo<|a|<+oo 


3. 


Jo<|a|<+oo 


4. 


Jo<|a|<+oo 



|iA„/, „„„ „ da 



Proof. 



1- Jo<H< + ool«l l Vi(a)g 

— _9 f I |iA+2da 

~~ Z J0<|a|<ll U l |a| 

= -4 f'o^ 2 ^ 

JQ, a 



= _4 /q e 21na+iAlna dlna 
-4 f° e 2a ' +iAa W 
J° oo {-2e 2a ' + 2 sgn a'. e 2a '}e tXa ' da' 



-co 

" 8 ^ 4i, A 



A 2 +4 ^ 'A 2 +4 

exp{i2. arcctg |} — 1. 
By the same way the other integrals are computed. □ 

LEMMA 1.7. Assume that 

1 6 2 

&(a, 6) = ^i(a)-= exp(-— ), ^ = & + 1, z = 1, 2, 

V 27T ^ 

where 1 is £/ie formal identity element of C* (AS C~ . Then 
Ulfa) =^ liO (A,e),VAeR;e = 0,l, 
{/ A % 2 )= 9 o,i(A,£),VAeM;£ = 0,l. 
Proof. Using the previous lemmas, we have 

^) = // o<|.|<+=o |a| lA (sgna) £ ^(a&)^f 



oo<b< + oo 

^L + r-P(-f)*/o<H< + ool«l iA (^a)^(a)g. 



□ 



We have thus found out the functions « = 1, 2 on the group, satisfying 
all the necessary conditions, following the program of computing indices, 
one rests to compute the indices of Fredholm operators Ind S(ipi), % = 1,2. 
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Firstly, we write out the explicit action formula of the operators S(ipi),i = 
1,2. ' 

From definition, we have 

(WW = -\fif-^eM-ibx- ¥)^/ 0<H<1 /Ma 2 (sgna)- 1 g 
= — 2exp(— ?y) j^ l f{xa)\a\{sgn.a) t ~ l da. 
Hence, we deduce the exact action formulas 

[S(<pi)f\(x) = f(x) -exp(-^) j'j(xa)\a\(sgnay^da. 

Thus, in order to compute the indices of these Fredholm operators, we 
consider the differential equations 

f(x)-exp(-?j)£f(xa)\a\da = (1) 

_ exp(-^) J' f{xa)ada = (2) 

Lemma 1.8. Each solution of the equation (1) must be an even func- 
tion and each solution of the equation (2) must be an odd function, on the 
symmetric domain K. \ {0} 7 if exist. 

Proof. Suppose / to be a solution of the equation (1). Because the 
domain is symmetric, we can decompose it into the sum / = fi + f 2 of its 
even part 

f f + f 
h - 



and its odd part 
where 

Then, for a fixed x, 



f 2 = 



2 



2 ' 

f( x ) '■= f(-x),Vx e 



i 

f2(xa)\a\da = 0. 



-l 

Then following the equation (1), 



f(x) — exp(— y) f(xa)\a\da 
= exp(-^) fi(xa)\a\da 
= exp(-|-) fi(-xa)\a\da 
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The second part is proved by the same way. □ 

From this lemma we can reduce our study of solutions of equations (1) 
and (2) on the domain < x < +oo, the if necessary extend them following 
symmetry on the whole domain R* — R \ {0}. 

Lemma 1.9. In the Hilbert space L 2 (R*,j^), we have 

dimKer S(ipi) = 1, i — 1,2. 

Proof. This lemma is proved by reducing to some differential equation 
and then estimate the asymptotic behavior of solutions. For positive values 
of x, the equations (1) and (2) have the same form 



x 2 f 1 

f(x) - exp(-y) J f(xa)ada = 0. 



It is the same as 



(3) m = A -^i 11 fuxm. 

x Jo 

Put 

F(x) := f'tmdt, 
Jo 

we have an differential equation for F(x) 

(4) F'(x) - 4ex P(~T) F(x) = 

x 

Certainly, here we consider the generalized Sobolev derivatives. For some 
fixed value xq in the domain < x < +oo we define a unique solution F(x) 
of the Cauchy problem, and the function / can be computed as 

/<*) - ^ 

x 

The rest id to decide, whether the function / belongs to the Hilbert 
space L 2 (M*, To do this, we study its asymptotic behavior when x — > 
and when x — > oo. 

So, assume F(x) to be a solution of the differential equation (4) and 

m = ™ 

then 



a; 2 /(^)-4exp(-y)^/(O^ = 0, 
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or the same 

x 2 exp(^)/(x) =4£/(0£de 
ix 2 exp(^)f(x)]> =4f(x)x 

[ X 2e x p(4)f(x)]> = 4 exp(-4) 
x 2 exp(^-)/(x) 1 

ln |x 2 exp(^)/(:r)| = 4 exp(-y)y + c 

Ci , if a; — > oo, 

4 In a; + c 2 , if x — > 0, 

where < a < +oo, Ci,c 2 ,c are some constants. We obtain thus the 
asymptotic behavior of solutions as follows 

^ ( ^ )/(;r) f eCl > ifa;^oo, 
PV 2 ;M ; |x 4 e C2 , if x->0, 



x 2 exp(— y) , if £ — > +oo, 
x 2 , if x — > 0. 

We conclude that the solutions are square-integrable with respect to the 
measure g on R* = R \ {0}. □ 

LEMMA 1.10. The image of L 2 (R*, ^j) under the maps S((fi) are dense 
in itself; i.e. 

dim Coker S(y?i) = {0},i = 1,2. 

PROOF. 1. Assume g(x) is an even function, then the solutions of the 
equation 

x 2 f 1 

[S(<Pi)f](x) = f(x) - 2exp(-y) J ^ f(xa)\a\da = g(x) 

are also even functions. 

Indeed, we decompose the function / into the sum of its even part f\ 
and odd part / 2 , we have 

-l 

f 2 (xa)\a\da = 



and by this reason, 

f(x) = 2exp(^)/_ 1 1 /i(xa)|a|rfa + ^(x) 

= 2exp(^f^) J_ 1 1 / 1 (-xa)|a|rfa + (?(-x) 
= /(-*)■ 

2. An analogous assertion is valid for ip 2 : 
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Assume g(x) to be an odd function, then the solutions of the equation 

x 2 f 1 

[S((p 2 )f](x) = f(x) - 2exp(-y) J f 1 {xa)ada = g{x) 

are also odd functions . 

3. Assume g{x) is an arbitrary function with compact support on R* = 
M \ {0}, in other words, there exists some number N, big enough such that 

1 

g{x) = 0, Wx; \x\ < — or \x\ > N. 

WE shall show that the equations 

(!') [S( Vl )f}(x)=g(x)s,nd 

(2') [S( V2 )f](x)=g(x). 

always have solutions in L 2 (R*, ^j) 

Assume g = g\ + g% is the decomposition of g into the sum of its even 
and odd parts. Then because gi is odd, 

gi{xa)\a\da = 0. 



-i 



Hence, 

x 2 f 1 

g 2 {x) - 2exp(-y) J g 2 {xa)\a\da = g 2 (x). 
We try to find the solutions of (1') in form 

f = f + 92, 

where 

x 2 f 1 ~ 

f(x) - 2exp(-y)y f(xa)\a\da = g 1 (x). 

Following 1., / must be an odd function. We have 

x 2 f 1 ~ 1 
f(x) — 4exp(— — ) / f(xa)ada = gi(x) = 0, if \x\ < — or |x| > N. 
2 Jo n 

Thus outside the interval [jf,N], f(x) must be an even solution of the 
equation (1) and have the following asymptotic behavior 



4j exp(-^) , when x — > oo, 
a; 2 , when x — > 0. 
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Because g has compact support, g has also compact support and there- 
fore the even and odd parts g\ = and g 2 = have also the compact 
supports. Hence, 

/(*) = / + 52 eL 2 (R*,^). 

By analogy, we can always solve the equations 

[S( V2 )f](x)=g(x), 
where g{x) has compact support. □ 
The proof of the theorem 1.3 is therefore also accomplished. 

2. The Structure of C*(AffC) 

REMARK 2.1. The exponential map exp : C — > C* := C\ {0}, giving by 
z i— > e 2 is just the covering map, and therefore C* = C. As a consequence, 
one deduces that 

MFC = €^€ = {(z,w) | z, w G C} 
with the following multiplication law 

(z,w).(z',w') := (z + z',w + e z w'). 

Theorem 2.1. Up to unitary equivalence, every irreducible unitary rep- 
resentation of the universal covering AS C of the group of affine transfor- 
mations of the complex straight line is unitarily equivalent to one of the 
following list of its one-to- another nonequivalent irreducible unitary repre- 
sentations: 

• The infinite dimensional irreducible representations T a ,a G S 1 , real- 
ized in the Hilbert space L 2 (R xS 1 ) by the formula 

T a (z, w)f(x) := exp^Kfae*) + 2ira[ ^ X + z) ]))f(x © z), 

where (z,w) G ASC, x G R x S 1 = C/{2mZ} ; / G L 2 (R x S 1 ) and 

x®z: = U(x + z)+ i2n{ —^-—}- }. 

2n 

• The unitary characters of the group, i.e. the 1-dimensional unitary 
representations UX, X G C, acting in C following the formula 

U x (z,w) := e m{zJ) ,V(z,w) G AffC. 
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Proof. In the group Aff C consider the normal subgroup 

N := {(0,o);aG C}. 

We have 

(z, w).(0, a)(z, w)' 1 = (z, w)(0, a)(— z, — we~z) 

= (z, w + e z a)(—z, —we~z) 
= (0, w + e z a — e z we~ z ) 
= (0,e z a) 

This means that N is a commutative normal subgroup. Its dual object N 
consists of the characters xa, A G C, 

X x{0,a) :=e R (aA). 
The covering group Aff C acts on N following the formula 

{(z,w)x\)(0,a) = xx((z,w)(0,a)(z,w)- 1 ) 
= XA(0,e z a) 
= exp(idi(e z aX)) 
= exp(i$l(ae x A)) 
= Xcx P (s)a(0, a). 

This means that under the action of Aff C on N, there are only two 
orbits {0} and N \ {0}. Following the Mackey theory of induction from 
small subgroups, we have: 

1. The one dimensional unitary representations (i.e. the unitary char- 
acters), corresponding to the K-orbit {0}, extended from the trivial 
representation of the normal subgroup N, being of type 

U x (z,w) = e iR(2l) ,VA G C, (z,w) G AffC. 

2. The infinite dimensional unitary representations T a := Ind G 

S 1 , acting on the Hilbert space L 2 (IR x S 1 ), following the formulas 

(T a (z, w)f)(x) = exp(^( W e*) + 27ra[ ^ X + z) ]))f(x © z), 

where (z,x) G AffC, / G L 2 (R x S 1 ), x G R x S 1 « C/{i2vrZ}, and 

x © z := 3l(x + z) + 2m{ ^ X + ^ }. 

2n 

Indeed, fix a point, say Xi on the K-orbit C\{0}. The irreducible unitary 
representations of its stabilizer 

G X1 = {(i2im,h) \ neZ,heC}, 



2. THE STRUCTURE OF C**(AffC) 61 

which are multiples of the unitary character xi, are the irreducible unitary 
representations of form 

S a G G Xl , a G S 1 , 

S a (i2nn, h) = exp(i(JRh.l + sin a)) 
= exp(i(dth + 2ima)) 

Thus the induced representations T a + lnd Gxi S a should be realized in the 
Hilbert space 

L 2 (ASC/G Xl ) = L 2 (C.C/C.{i27rZ}) = L 2 (C/{i2nC) L 2 (R x S 1 ). 

□ 

Proposition 2.1. TTie infinite dimensional induced unitary represen- 
tations T a = Indc xi S a , a G S 1 are *-homomorphism from the ideal I : = 
P| AeC Ker[/ A into the ideal of compact operators JC(H) in a separable Hilbert 
space. 

Proof. We are in the same situation as in the case of the group Aff R 
of real affine transformations of the real straight line R. First of all we must 
prove two lemmas: 

Lemma 2.1. For each ip G L 1 (Aff C), the conditions what follow are 
equivalent: 

• up G / = n AG c Kerf/ A- 

• ff c ip(z,w)dw = 0, a. e. w. w. r. t. measure dz, where (z,w) G Aff C. 

Indeed, consider the function 

ip(z) = / (p(z, w)dw. 
Jc 

Then, 

(pel & JJ C 2 e m ^ip(z, w)dzdw = 
f c e m ^(J c (p{z, w)dw)dz = 
^ f c e m ^4>(z)dz = 0,\J\ 
<S> ^(A) = 0,VA 

where ip is the Fourier-Laplace image of ip. Because the Fourier-Laplace 
transformation is exact, ip(z) = in L 1 (C,rfz), i.e. ip vanishes almost 
everywhere. The lemma is therefore proved. 

LEMMA 2.2. For each degenerate ip(z,w) := if)(z)x(w) in L 1 (AffC) ; 
where 

xjj G L\C, dz) n L 2 {C, dz), \\4>\\ L 2 0, 
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X e l}(C,dw), \ x{w)dw = 0, 
Jc 

the operator T a ({p) , a G S 1 are compact. 

Really, for each function / e L 2 (R x S 1 , dx), we have 

(T a (<p)f)(x) = JJ e^^^+^Tl)/^ © z)tp(z,w)dzdw 
= J c e m ^x(w)(J c e t2 ^^^)dw 
= x(e x ) J c e^^^fix © z)^P(z)dz, 

where x is the Fourier-Laplace image of x- It is well-known that x vanishes 

at the infinity. Then x( eX ) ~^ when — > +oo and 

X(e^) -> x(0) = / = 0, 

Jc 

when 9fJ(x) — > — oo. 

This means that for each £ > 0, there exists a number N such that for 
each x in the domain \x\ > N we have estimation |x( e3; )l < -|, where 



A := f c Mz)\*dz = * 0. 

Consider the continuous function $n(x) satisfying 

9 N (x) := 





if \x\ 




if \x\ 



We have 



Hence, 



x{e x )(l-0 N (x)) = O,Vx;\x\<N, 
\x(e x )(l-6 N (x))\<j,Vx. 



snp\x(e x )(l-e N (x))\<j. 



Consider the operator 

(A N (tp)f)(x) :=6 N (x)x(e x ) I e 2 ^^f(x®z)^(z)dz. 



We prove that An converge in norm to T a (tp), when N — > oo. Because the 
subspace of continuous function with compact support is dense in L 1 fl L 2 , 
we can choose a sequence of continuous functions with compact support 
{ipn}, approximating ip. Put ip n := ip n -X- Consider the operator A^^ipn) as 
above. We have 

A N (<f) -> T Q (y? n ) when iV -> oo. 
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It is not hard to see that it is a uniform convergence on N. Thus we can 
change the order of limits and have 

lim lim AN(<p n ) = lim lim Ajv(</? n ). 

N^oo n— >oo n— >oo JV— »oo 

This means that 

lim 4/v(v?) = lim T a (ip n ) = T a (<p). 

N—+00 n— >oo 

We need therefore only to prove that Ajsr(ip) — > T a ((p), N — > oo for contin- 
uous with compact support. In that case we have 

11(7^) - A^/H^ < sup - ^)| 2 J Rx§1 |e^"/(z)iK*)<fc| 2 <k 

^ Jsup P ^^- su PJx(l-^)| 2 / Rx§1 |/| 2 |Vf^cb 

Remark that it is easy to see that 



hdt\ 2 < dt. \h\ 2 dt. 

J Supp h J 

Put C := j Supph , we have 

\\(T a (<p) - A N )f\\\ 2 < f c \mj Rx s> \f?dx)dz 

<CiJ R+x§1 \f\ 2 dxj\M 2 dz 
< Ce 2 \\f\\ 2 . 

Thus we have 

\\T a (<p)-A N )f\\<y/Ce\\f\\ 

and therefore 

\\T a ((p) - A N \\ < VCe. 
Choose a sequence e n — > 0, we have 

\\T a (<p) - A Nn \\ 0. 

It is enough therefore to prove that the operators An are compact. In 
fact, we have 



{A N f){x)=6 N {x)x{e x \ 



I e 27Tia[ ^ 1] f(x®z)^(z)dz. 
Jc 



Put £ := $t(x + z) and 77 := ^s{x + z), we have 

= 9 N (x)x(e x ) J c e 2ma Wf(£ + 2m{^})^ + irj - x)d£d V 
= jK(x,Z,ri)f(Z + 2m{Z})dZdTi, 

where 

K(x, f , eta) := 6 N (x)x(e x )e 2wi[ £ ] ip(Z + irj-x). 
We show now that 



/ / \K{x, £, rj)\ 2 dxd^drj < +00. 
././ :■ 
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In fact, 

ff \K\ 2 d^d V = ! |^xlV| 2 ^=l^xl 
./ ./ : ■■ Jc 

Recall that 9n(x) = for all x, \x\ > N + 1. Thus |#jvx| 2 is a continuous 

function with compact support. Thus we have 



// \K(x,^r ] )\ 2 d^d V dx = [ \6 N x\ 2 dxU\\ 



what means that An is a compact operator. The lemma is proved 

Now we are going to complete the proof of our proposition. Consider 
an element ip G L 1 (C x dzdw) and ip G /, we shall prove that T a (<p) is a 
compact operator. Because ip is of class L 1 then it can be approximated by 
finite linear combinations of functions on separate variables 

N n 
k=l 

where ip k G L 1 (C,dz), xt e L 1 { < C,dw). Because L 1 n L 2 is dense in L 1 , we 
can assume that ip k are in L 1 flL 2 . Remove, when necessary, the summands 
with H^fclU 2 = 0, we can assume that ip,x* satisfy all the conditions but 
perhaps the condition 

ttfe := / X*iw)d ^ 0. 
Jc 

Following Lemma 3.2, 

(pel •<=>- / p(z,w)dw = 0, a. e. w. r. t. dz. 
Jc 

We have the following a.e. inegalities 

\J2k=i a M = IEf=i^fc I c X*(w)dw - J c ip(z,w)dw\ 
< f c \ZkZimx*(w) - (p(z,w)\dw 

Integrating both parts on the variable z, we have 

N n N, 



I \ S ^Pa k i> k \dz < \\ | *S~2ij k (z)x* k (w)-ip(z,w)\dzdw = \\<p* n -ip\\ L i -> 0(ra -> oo). 
I k=i JJ c 2 fc=1 

Choose a function r(u>) G L 1 (C,(iw) such that 



r(iu) > 0, Viu, / r(w)dw = 
Jc 

Consider the new approximation 

¥n ■= ^^k{X* ~ a kT). 
k=l 



2. THE STRUCTURE OF C**(AffC) 65 

We have 

Wn -<p\< l^i'kXl -<f\ + I ^2a k ^ k r\ = \(p* -<p\ + | ^2a k 4) k \T 

and 

\\fn - tp\\iA < f f C 2 \ f* ~ (f\dzdw + f c \J2 oi k ^ k \dz f c r(w)dw 
= \\<Pn - VIU 1 + /IE Oi k i) k \dz. 

Hence, 

\\ip — ip n \\ ^ (n — > oo). 

□ 

For each element ^ G C* ( Aff R) we have a natural map 

$(<p) : S 1 - B(H), 
$(v9)(a = T a (v9). 

Lemma 2.3. The map $ is just a *-homomorphism from C*(Aff(C))~ 
into the C*-algebra C(S 1 ,B(H)) of continuous functions on § with values 
in the algebra B(H) of bounded operators in a separable Hilbert space H . 

Proof. Because the functions with compact support are dense in C*(Aff C) 
it is enough to prove the lemma for the case when ip has compact support. 
Denote c = mes(Supp^). We have 

\\*(<p)(a) - *(<p)(J3)\\ = su P||/||<1 - *(<p)(j3))f\\» 

\\(X(*(<p)(a) - *(<p)(f>))f\\h = \\(T a (d ~ T p (v,))f\\h = 

= J x | JJ C2 e^ we ^f(x © z)<p(z, W )(e 2 ™[Tl - e ™P[%&£])dzdw\ 2 dx 

< Ixills^ Wdtdwff^ l/He^I^l - e 2 ^^\ 2 dzdw)dx 
= //supp, \<P?dzdw. /x(//su PP , l/IV 7 ^^ - e 2 ^^\ 2 dzdw)dx 

< //supp, \<p\ 2 dzdw. J x JJ Supp(p \f\ 2 dzdwdxx 
x sup OW6B i le 2 ™^! - e 2 ^[^]| 2 . 

G(z)ESupp ip 

Changing variable, we have 
I !! \f{x®z)\ 2 dzdwdx= If (f \f(x)\ 2 dy)dzdw = c\\f\\ 2 L2 . 

J X J J Supp ip J J Supp ip J X 

Hence, we have 



(*(<p)(a)-Q(<p)(0))f\\h <C. \ip\ 2 dwdz.\\f\\h sup |e 2 -["]-e 2 ^[-: 

G(z)€Supp if 

\m<p)(a)-<S>(<p)(P)\\ 2 L2 <C. [[ \lf\ 2 dwdz. SUp | e *ria[-]_ e 2^[.]|2_ 

J J Suppw Ss(x)es 1 



Supp, &(x)es 1 

Q(2)£Slipp<^ 
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Because Supp<£> and S 1 are compact, we have 

sup \e 2nia[ - ] - e 2ni ^ ] | -> when \a - (3\ -> 0. 

S?(z)£Supp ip 

This means that 

\\$(<p)(a) - || -> when |a - /3| -> 0. 

□ 

Proposition 2.2. 

$ : / = p| Ker U x -> C(§\ JC(if)) 
Aec 

zs a *-isomorphism of C*-algebras. 

PROOF, a. Injectivity. If $(</?) = in (^(S 1 , )). This means that 
$((p)(a) = T a (y?) = 0,Va. Thus 

T a (<p)f = 0,Va in L 2 (X, dx), 

where I = 1 x S 1 = {x = t + i^t G 1,0 e S 1 }. Choose an orthonormal 
basis {/„} of form 

f n (t,e)=g n (t).h n (9), 

where {g n } and {h n } are the corresponding orthonormal basis in L 2 (IR) and 
L 2 (S X ), respectively. We have therefore 

f n (x®z) = gn(9t(x + z))h n (2ir{^}) 
= g n (t + z l )h n (2n{ e -±f}), 

for z = Z\ + iz 2 . From the condition 

T a (<p)f n )(x) = J [ JW^ + ^^^z,w)f n (x(Bz)dzdu> = 0, 
for a.e. w.r.t. dx. This means that 

Jg n (t + z 1 )( J I ^^e^(^) V 9(z 1 , W )/ i „(27r{g})e 2 ™ l [ £ ^])^i = 0, 
for a.e. w.r.t. dx. From here one deduces that 

f(f[ e m{weX) V (z 1 ,w)dw)h n (27r{^^})e 2nia[ ^ ] dz 2 = 0, a.e. w.r.t. dz x . 

Jw J J C ¥ 27T 

Put z 2 + 9 = £, we have 

/ tp( Zl e*)h n (27r{f })e 2 ^\ = 0, 
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a.e. w.r.t. dw. This means that 

+00 

Y^a k e 2ma± = 0,VaG§ 1 , 

—00 

where 

»27r(fc+l) £ 



a fc := / if(z,e x )h n (27r{ — })). 

Because the Fourier-Laplace transformation is exact, we conclude that a k 
for all k, i.e. 

/ ^(z,e ai )A n (27r{^-})de = 0,VA;. 

J2-nk 2H 

Because h n is a orthonormal basis in L 2 (§ 1 ), we conclude that 
cp(z, e x ) = 0, a.e. w.r.t. dz±d^ = dz. 

This means that 

e m( - we ^(p(z,w)dw — 0, a.e. w.r.t. cfei(i£, 



c 

for all x G M. For a sequence of points {x n }, such that 3?(x„) — > — oo(m 
00) we have 

<p(z, w)dw = <p(z, 0) = lim I! e m{weXn) if(z, w)dw = 0. 
c m -* QC J J c 

Following lemma 3.1, this is equivalent to the condition 

C/ A (^) = 0,VA 



b. Surjectivity. It is easy to see that $(/) is a C*-subalgebra in C(§ 1 , K(H)). 
But T a (I) C fC(H), for all a G S 1 . Following J. Dixmier [Di] for every ai 7^ 
a 2 in and for every £ 1; £ 2 in K>{H), there exists ip & I such that T ai (<£>) = 
6 and T aa (» = 6- This means also that $(/) = C(§\ □ 



THEOREM 2.2. The C*-algebra C*(AfT C)~ can 6e included in a short 
exact sequence of C*-algebras and *-homomorphisms 

-> CCS 1 , £(#)) -> C*(AffC) -> C (M 2 ) -> 0. 

Proof. We remark first that the quotient C*-algebra C*(AffC)/7 zs 
commutative, where by definition, I = f) XeC KerU\. Indeed, for every ifi, 

(p 2 in C*(AffC), we have 

U x (<pi *(p 2 -¥>2* <Pi) = U x ((pi)U x ((p 2 ) ~ U\(ip 2 )U x ((pi) = 0, VA. 
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This means that 

<Pi * ¥>2 — f2 * <pi & I- 

Following J. Dixmier |[Di|| 3.2.1 we see that the dual object of the quotient 
algebra consists of 

0C*(AffC)/7) = {U x - A G C} ~ IR 2 . 

Thus the Fourier-Gel'fand transformation gives us an isomorphism of C*- 
algebras 

C*{ASC)/I = C {R 2 ). 
We have therefore an exact sequence 

► CiS 1 , 10(H)) > C*(AffC) > C (R 2 ) ► 0. 

□ 

Theorem 2.3. The structure of the C*-algebra C*(AffC)~ is , up to 

isomorphic class, exactly defined by the invariant indexC* (AS C)~ = 1 in 
the Kasparov group 

£xt(C (K 2 ),C(S 1 )) S Z. 
Proof. It is easy to compute the K-groups as following 

K C (R 2 ) = Ker(A (§ 2 -> Z) = Ker(A°(§ 2 ) -> Z) 
= Ker(Z © Z -> Z) = Z, 
AoC^S 1 ) = A" (SI 1 ) = Z 
A 1 C7 (M 2 ) = A ((C7 (M 2 ® C (R)) = Ker(A C(§ 3 ) -> Z) 
= Ker(Z -> Z) = 
A^S 1 ) = Ao^S 1 ® C (R)) = Ker(A (L7(§ 2 ) -> Z) 
= Ker(Z © Z -> Z) = Z. 

Following the universal coefficient formula, we have 

8 xt(C7 (M 2 , C7(§ 1 )) = Hom(A C7 (M 2 , A^S 1 )) © Hom(ir 1 C7 (M 2 ), AoC^S 1 )) 
= Hom(Z, Z = Z. 

We have therefore a 6-terms exact sequence 

Z ► A C*(AffC) ► Z 



5i 



5o 



< AiC*(AffC) < Z 

This means that #i must be <5i = 0. Following the theorem of A. Connes 



C3] , we have AiC*(AfTC) = Thus 5$ is an epimorphism and hence is 



3. BIBLIOGRAPHICAL REMARKS 



(if) 



an isomorphism. This means that the element IndexC* ( Aff C) = 1 in the 
KK-group 

£rt{C Q {R 2 ),C{§ 1 )) £*Z. 

□ 
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author. 
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CHAPTER 4 



Classification of MD4-Groups 

1. Real Diamond Group and Semi-direct Products R x EI 3 

Let us consider a connected and simply connected Lie group G, and its 
Lie algebra g : = LieG. The action Ad : G — > Autg is defined as 

j t \ t=0 A(exp(tX)) : B = T e G^ = T e G, 

defined by the formula 

Ad x (Y) := (j t \ t=0 A(eMtX)))Y, 

which is computed certainly as 

-^-| s=0 exp(tX) exp(sF) exp(-tX) G g = T e G, 

where c(s) := exp(sF) is just the curve passing through e and with tangent 
Y at e, i.e. the unique local solution of the system 

/ c(s) = Y(c(s)), 
\ c(0) = e 

We define the dual action K := Ad*(inv) of G on the dual vector space g* 
of its Lie algebra g, 

(K(g)F,X) := (F, Ad^ 1 )), 

for all X G g and F G q*, where (., .) is the pairing between g and g*. It is 
easy to see that 

• The stabilizer Gp of a fixed point F G VLp := G.F is a closed subgroup 
and the tangent space to the orbit at this point can be identified with 
the quotient-space g/g_F, where gp := LieG^? is the Lie algebra of the 
stabilizer Gp 

• The Kirillov form (F, [X,Y]) define a non-degenerate bilinear form 
Bp on the tangent space Tpfl 

• The right translations define an action of G on the orbit Vl F and 
transpose the Kirillov bilinear form Bp providing a right-invariant 
differential form oop on the orbit flp passing through F . 

• And finally, each K-orbit is of even dimension. 
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4. CLASSIFICATION OF MD 4 -GROUPS 



Definition 1.1. We say that a solvable Lie group G belongs to the 
class MD (resp., MD) iff every its K-orbit has dimension or maximal 
(resp., equal to its dimension dimC7). A Lie algebra is of class MD (resp., 
MD) iff its corresponding Lie group is of the same class. 

Proposition 1.1. If q is a MD-algebra. Then the second derived ideal 
[[fli s]j [fli s]] is commutative. 

Proof. This proposition was proved in chapter 2. □ 

Example 1.1. The so called real diamond Lie algebra is the 4-dimensional 
solvable Lie algebra g with a basis X, Y, Z, T satisfying the following com- 
mutation relations 



This example shows that our real diamond Lie algebra R K f) 3 is just the 
extension of the 1-dimensional Lie algebra WT by the Heisenberg algebra f) 3 
with basis X, Y, Z, where the action of T on {) 3 is defined by the matrix 



It is easy to verify that this real diamond Lie algebra belongs to the class 
MD 4 . 

EXAMPLE 1.2. Let us consider the Lie algebra g := K Kj f) 3 with a basis 
X, Y, Z, T and the action of Lie algebra WT on the 3-dimensional Heisenberg 
ideal f) 3 defined by the matrix 



It is easy to verify that it belongs to the class MD 4 

In the next section, we shall give a classification of all Lie MD 4 -algebras. 



Proposition 2.1. Assume g is a MD-algebra with generators T, X, Y, Z. 
Denote by g 1 = [g, g] the first derived ideal and M. n the commutative subal- 
gebra in g. 



[X,Y] = Z,[T,X] = -X, [T,Y]=Y, 
[Z,X] = [Z,Y] = [T,Z]=0. 





2. Classification Theorem 
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I If q is decomposable, i.e. cam be written as a direct product of two 
ideals, then 

& = R n ®9, 

for some n = 1, 2, 3, 4 and some indecomposable ideal^. 
II // g is indecomposable, it is is isomorphic to one of the Lie algebras 
what follow: 

1 g 1 = RZ, [X, Y] = aZ, [X, Z\ = xZ, [X, T] = cZ 

[Y,Z]=yZ, [Y,T] = bZ, [Z,T]=tZ, 

for some a, b, c,x,y,t G R non-vanishing all together and at + 
bx + cy = 

2 g 1 = RY + RZ, [T, X] = and 

2.1 ad T G Autg 1 = GL 2 (R), ad x = a&d T , (a G R) 

2.2 g = aff C = Lie(Aff C), i.e. &dx — ^ ^ and ad-p = 

\ y 

3 q 1 = RX +RY + RZ = R 3 , ad T e Aut K Q l = GL 3 ( 

4 g 1 = RX + RY + RZ = f) 3; the 3-dimensional Heisenberg Lie 
algebra and 

(an a 12 0\ 
a 2 2 G Endisfl 1 , + ai 2 .a2i 7^ 
^31 a 32 0,/ 

PROOF. We proved that g 2 is commutative, say isomorphic to R n , for 
n = 1,2,3,4. 

□ 



Theorem 2.1 (Classification of MD 4 -algebras) . We keep the same 
notation as in the previous proposition. 

I If q is decomposable, i.e. cam be written as a direct product of two 
ideals, then 

g = R n ®9, 

for some n = 1,2,3,4 and some indecomposable ideal's. 
II Suppose that q indecomposable into a direct product of two proper 
ideals. Then q is of class MD4 if and only if it is generated by the 
generators T, X, Y, Z with the only non-trivial commutation relations 
in one of the following cases : 
1. g = RZ = R and 
1.1 

[T,X} = Z, ( fl4)lil ) 
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1.2 

M = Z, (94,1.2) 

2. g 1 = RF + RZ = R 2 and 

2.1 

[T, X] = AX, [T,Y] = Y;\eM*=M\ (0), ( 04 ,2,i(a)) 
2.2 

[T,X]=X,[T,Y]=X + Y, ( fl4)2>2 ) 

2.3 

(cos sin (/? 0\ 
-siny? cosy? , (04,2,3^)) 
0/ 

2.4 

/1 o\ / 1 o\ 

ad T = 1 ,ad x = -1 , (04,2,4 = Lie(AffC)) 

\0 0/ \ 0/ 

3. g 1 = MX + MY + MZ , commutative derived ideal 

3.1 

% N 

ad T =|0 A 2 0],Ai,A 2 eR*, (04, 3 ,i(a 1 ,a 2 )) 

1, 



3.2 



3.3 



3.4 



'A 1 N 

ad T = ( A I ,AgR*, (04, 3 ,2(A)) 

l / 

'l 1 N 

ad T = I 1 1 I , (04,3,3) 

,0 1, 



cos (p sin (p 0\ 

ad T =|-siny9 cosy? , A G M*, y? G (0, vr), (fl4,3,4(A)) 

OA/ 

4. g 1 = MX + MY + MZ = f) 3 , £/ie 3-dimensional Heisenberg Lie 
algebra and 
4.1 

'0 1 0\ 

ad r = I -1 , [X, y] = Z, (g 4 , 4 ,i = Lie(R x j H 3 )) 

0/ 
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4.2 



-10 

ad T = | 1 | , [X, Y] = Z, 




(84,4,2 = Lie(R x H 3 )) 
( in this case the group is called the real diamond group ). 



Proof. I. 

The part I of the theorem is proved in the previous proposition. Let us 
prove the second part. 
ILL 

If the Lie algebra g is in the case II. 1 of Proposition 2.1 then g = RX + 
RY + RZ + RT, g 1 = RZ = R and we have the commutation relations 

[X, Y] = aZ, [Y, T] = bZ, [T, X] = cZ, 

[X,Z]=xZ, [Y,Z]=yZ, [T,Z]=tZ, 
where a, b, c, x, y are real numbers not vanishing all together, and 

at + bx + cy = 0. 

Suppose that t ^ 0. Change the basis {X, Y, Z, T} to the new one 
{X',Y',= Z',T'}, where 



X' 
Y' 
Z' 
T 



X — jZ — jT 
Y+\Z-\T 



= Z 

= ±T 
t ± ' 



then [T',Z'] = Z',[T',X'] = [T ,Y'\ = [*', Y'\ = [X',Z r \ = Y',Z'] = 0. 
This means that g = 04,1,2- By a similar argument, one deduces that if x 7^ 
or y 7^ the Lie algebra g is of the same class 04,1,2- 

Suppose now that x — y — t — and c ^ 0. Changing the basis 
X, Y, Z, T by the new one X', Y', Z', T', 

X' 



Y' 
Z' 
T 



= X, 
= Y + -X + -T, 

c c 7 

= z, 



we have 

[T', X'] = Z', [T', Y'\ = [T 1 , Z'\ = [X', Y'} = [X' , Z'\ = [Y\ Z'\ = 0, 

i.e. = 04,1,1. By similar argument, we prove also that if a 7^ or b 7^ 
then ^ fl4jl)1 . 

II.2. g 1 = RY + RZ and [T, X] = 0: 
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If the Lie algebra is in the case II. 2 but not in the case II. 2. 4 of the Lie 
algebra of affine transformations of the complex straight line 34,2,4 = aff C, 
defined by the only nontrivial commutation relations 

adx = ^ and ad T = ^ ^ 

Then adr G End^g 1 = GL 2 (R), and adx = a adr, for some a£i 

Do change the basis X, Y, Z, T to the new basis X' = X — aT, Y' = 
Y, Z' — Z,T' — T we obtain ad^' = 0. Therefore we can, and do, assume 
from the beginning that adx = 0. The later classify depends therefore on 
the canonical Jordan form of adr e End(g 1 ) = Mat 2 (R). We have therefore 
three sub-cases 

% 
A 2 

for Ai,A 2 G K and Ai.A 2 7^ 0, i.e. Ai,A 2 7^ 0. Change the basis 
X, Y, Z, T to the basis X, Y, Z, T' = j^T, we have 



II. 2.1 ady is a non-degenerate diagonalizable matrix equivalent to 



adr' 



A 
1 



where A = j^. This means that g = 04, 2 ,i(a), for some A G M*. 
II. 2. 2 The matrix ad^ can not be diagonalizable, but has only real eigen- 
values. In this case, it has an eigenvalue A of multiplicity 2. Change 
T by V = \T we have 



adr' = 



1 1 
1 



This means that g = 04,2,2- 
II. 2. 3 adr is diagonalizable but has complex eigenvalue. In this case it 
should has the second eigenvalue also complex and is conjugate to the 
first. This means that det(adr) > 0. Change T by T 1 = , 1 T, 

A/det(adT) 

we have det adr' = 1. In this case the real Jordan form of adr' is just 
adr' = 



cos tp sm 
- sin if cos if 



This means that g = 04 2 3. 



II. 3. Let us consider now the case when g = RX + WY + RZ + RT and 
g 1 = RX + MY + RZ = R 3 is a commutative ideal and ad T G Aut R ( 1 ) ^ 
GL 3 (R). We have also 4 cases for the Jordan form of the matrix ad T . 
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II.3.1 




II.3.2 



% 
ad 7 . = ] A 2 Of . A j . A 2 A, e 

A~ 3 , 

In this case, we change T by T' = ^T, we have 



adr' 



with Ai := ^, A 2 := ^. This means that g = 04,3,i(Ai,a 2 )> ^2 

Ai i o\ 

ad T = Ai ,Ai,A 2 e R* 
\ 0A 2 / 

In this case, change T by T" = j-T, we have 



ada 



with A = y- This means that g = 04,3,2(a), A G 




II.3.3 



ad 7 




In this case, we change T by V = jT and have 

'\ 1 N 
ad T , ^ I 1 



1 



II.3.4 



this means that g = 54,3,3. 



ad 7 



(a b N 
-b a I ,A E R*,b > 



\ A, 

In this case, we change T by T" = ^J +b2 T and we have 

cosy? siny? N 
adr' = I — sin (p cos tp 
OA, 
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for A = ryp=p , V? — arccos ^J +b2 G (0, 7r). This means that g = 

04,3,4(A )¥ >), A G M*,V5 G (0,7T). 

II.4. If g = MX + RF + MZ + RT, and g 1 = fa with the action of T as 

(an a i2 0\ 
021 -an J G End^g 1 = Mat 3 (IR), 
031 a 32 / 

such that 

afi + a i202i 7^ 0. 
Let us denote by a, b the solution of the Cramer system 

a n x + a 21 y = a 31 
a 12 x - a u y = a 32 

Because a\ x + 012021 7^ this system has a unique solution. Change the 
basis X, Y, Z, T to the basis X', Y', Z', T 

X' =X + aZ 
Y' =Y + bZ 
Z' = Z 
T —T 

then we also have the same commutation relation of the Heisenberg algebra 

[X', Y'\ = Z', [X', Z'\ = [Y', Z'\ = 
and in the basis X', Y' , Z' of g 1 

(an 012 N 
a 21 — a n 
0, 

We can do this from the beginning and thus we have two cases: 
II.4.1 af^ + a.i2<32i < 0. This deduces also that 012021 

^ 0. Pose A = 

a/-(o h + 012021). Change the basis X, Y, Z, T by the new basis X',Y',Z', T 



X' 
Y' 
Z' 
V 



= -XX 

= a n X + a 21 Y 

= -a 21 Z 



It is easy to see that 

MX' + MY' + MZ' = 1)3 
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and adx' acts on f) 3 by the matrix 

/0 1 0\ 
ad T , = -1 . 
\ 0/ 

This means that in this case g = 04,4,1- 

II.4.2 a n + 012021 > 0. Put A := ^11 + 012021- 

If A 7^ an, we do the following base change 

(a u - X)X + a 2 iY, 
-a 12 X + (an - \)Y, 
2A(A - an)Z, 

It is easy to check that [X', Y'\ = Z', [X', Z'\ = [Y', Z'} = 0, RX' + 
MY' + MZ' = f) 3 and the action of T' on f) 3 is defined by the matrix 

/-I 0\ 
ad T , = 10. 
\ 0/ 

This means that 5 = 04,4,2- 

If A = an then we use the following basis change 

a 12 X - 2a u Y', 
2on + a 2 iY, 
4a 2 n Z, 

We have the same result as in the previous case. Thus = 04,4,2- 

□ 

Remark 2.1. Following part I of Proposition 2.1 and Theorem 2.1, if 
is an MD 4 -algebra, then it should be M 4 or decomposed as = W 1 © 0, 
for 1 < n < 3 and hence 0* = R n © 0* and the correspondence simply 
connected Lie group G should be decomposed as lR n x G. The K-action 
of G in 0* should be decomposed into the product of the trivial action of 
G on R n and the K-action of G on g*. Thus G should be a MD 4 _ n -group 
(1 < n < 3). So that we consider only the MD4-algebra which are either R 4 
or indecomposable. 

Remark 2.2. We shall denote the corresponding Lie MD4-groups by 
the capitals with the same indices as their Lie algebras, e.g. C7 4 , 2 ,i, .... 



X' = 

y = 

z' = 

v = 



X' = 

Y' = 

Z' = 

V = 
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3. Description of the Co-adjoint Orbits 

3.1. Some remarks about the co-adjoint representation. Recall 
first of all some background of co-adjoint representations. For a connected 
and simply connected Lie group G with its Lie algebra g, the formula of the 
co-adjoint action of G on g* is given by 

(K(g)F,X) = (F,Ad{g- 1 )), 

for each F E g*,g G G and each X G g. The co-adjoint orbit of G in g* 
passing through F is denoted by 

n F :=K(G)F:= {K(g)F; g E G}. 

Recall that the exponential map 

exp : g — > G 

defines a local diffeomorphism of some neighborhood of G g to some 
neighborhood of the identity element e G G which is commutes with the 
adjoint representations 

ad : g — > EndR g 

and 

Ad : G -> Aut M ( ) 
in the sense that the following diagram is commutative 

G Aut R ( fl ) 



exp 



exp 



End M (g) 



Recall the Lie group G is called to be exponential, if and only if the 
exponential map 

exp : g — > G 

is a diffeomorphism. 

Proposition 3.1. Let G be a connected and simply connected solvable 
(finite dimensional, real) Lie group with Lie algebra g. Then the following 
assertions are equivalent: 

1. The exponential map expg — > G is a global diffeomorphism. 

2. For all X G g, the operators &dx have no purely imaginary eigenval- 
ues. 



Proof. See M. Saito IJSal and N. Bourbaki llBoulll □ 



Corollary 3.1. All MD 4 - groups, except for the groups G 4,2,3(^/2); ^4,2,4 
Aff C, G4 > 3 i 4(A, 7 r/2), (A G R*) and G^i are exponential. 
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ad, 



u 



Proof. Consider a general element U = aX + bY + cZ + dT e g. 

1.1 If g = 54,1,1 then in the basis X, Y, Z, T, 

fo \ 

d -a 

\o o o o y 

and ad[/ has only real eigenvalue of multiplicity 4. 

1.2 If g — 54,1,2 then in the basis X, Y, Z, T, 

/0 \ 


d -c 

\o o o o y 



ad[/ 



and hence ad^ has only real eigenvalues of multiplicity 3 and d. 
2.1 If = 4 ,2,i(A), (A e M*), then in the basis X,Y,Z,T, 



adc/ = 



\ 
-A6 







/ 



/o 

dX 
d 
\0 

and hence adu has only the real eigenvalues of multiplicity 2 and d 
and dA. 

2.2 If = 04,2,2, then in the basis X, Y, Z, T, 

/0 

d d -(6 + c) 

d -c 

\0 



ad[/ 



/ 



and then ad[/ has only the real eigenvalues of multiplicity 2 and d 
of multiplicity 2. 
2.3 If = 04 2 3 , then in the basis X, Y, Z, T, 



ad 



u 



/0 \ 

d cos y? d sin —6 cos (p — c sin <^ 

— d sin </? d cos <p b sirup — cos (/? 

\0 / 

, and hence adj/ has only the real eigenvalues of multiplicity 2 and 
de ±%v . The last number should not be purely imaginary iff ip e (0, 7r) 
and (/? ^ 7r/2. 
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3.1 If g = fl4,3,i(A 1 ,A 2 )(' )v i) ^2 G K*) then in the basis X,Y,Z,T, 



( d\\ d — Aia\ 

dA 2 -b\ 2 

d -c 

\ / 



and hence adu has only the real eigenvalues 0, d, d\±, d\ 2 - 
3.2 If = 4 ,3,2(A)(A G R*), then in the basis X, Y, Z, T, 



adu 



(d\ d -a\-b\ 

d\ -6A 

d -c 

yo y 



and hence adu has only the real eigenvalues 0, d, d\ of multiplicity 2. 
3.3 If = 04,3,3 then in the basis X, Y, Z, T, 



adu 



( d d —a — b\ 

d d —b — c 

d -c 

\0 J 



and hence adt/ has only the real eigenvalues and d of multiplicity 3. 
3.4 If = 04,3,4(A, l p), then in the basis X, Y, Z, T, 



adn = 



( d cos if d sin if —a cos if — b sin ip\ 

—d sin ip d cos y? a sin </? — b cos </? 

d\ -cX 





and hence adjy has no purely imaginary eigenvalues 0, dA, de ±1(fi , V</? G 
(0,7r),y^7r/2. 
4.2 If = 04,4,2, then in the basis X, Y, Z, Y, 



adu 



f-d a\ 

d -b 

-6 a 





and hence adu has only the real eigenvalues of multiplicity 2 and 
±d. 



□ 
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3.2. Description of co-adjoint orbits. We introduce the following 
convention. Fix a Lie MD4-algebra g with the standard basis X, Y, Z, T as 
in the Theorem 2.1. It is isomorphic to 1R 4 as vector spaces. The coordinates 
in this standard basis is denote by (a,b,c,d). We identify its dual vector 
space g* with R 4 with the help of the dual basis X* ,Y* , Z* ,T* and with 
the local coordinates as (a, (3, 7, 5). Thus the general form of an element 
of g is U = aX + bY + cZ + dT and the general form of an element of g* 
is F = aX* + (3Y* + 7Z* + 5T*. We denote the co-adjoint orbit passing 
through F G g* by Qf- 

Theorem 3.1 (The Picture of Co-adjoint Orbits). 1.1 CaseG = 

^4,1,1 ■ 

i. Each point F with the coordinate 7 = is a 0- dimensional co- 
adjoint orbit Qp = il( a) /3 ; o,(5) 

ii. There a family of one 2-dimensional co-adjoint orbit 

tt F = tyg l7? 4o = {(x, P, 7,t);x,te R}. 

1.2 Case G = £4,1,2 . 

i. Every point F = aX* + f3Y* + 5T* , with the coordinate 7 = 
is a O-dimensional co-adjoint orbit. 

ii. The subset 7 7^ decomposes into a family of 2-dimensional 
co-adjoint orbits 

V F = Ov3 = {(a, p, z,t);z,te Rjz > 0}, 

which are all half-planes, parameterized by the coordinates a, (5 G 
R. 

2.1-2.2 Case G = G 4 ,2,i(A), A G R* or £4,2,2- 

i. Each point on the plane (3 = 7 = is a O-dimensional co-adjoint 
orbit, 

tip = £l a ,o,o,s- 

ii. The open set [3 2 + 7 2 7^ is decomposed into the union of 2- 
dimensional cylinders of form 

q f {(a, (3e sX , "fe s , t); s, t G R} in case G = G^2,i(\) 

F \ {(a, /3e s , (3se s + ^e s ,t); s,t eR} in case G = £4,2,2 

2.3 Case G = G ^2,z[tp)i}f e (O) 71 "))- We identify g* = 04,2,30) with R x 
Cxi with coordinates (a, f3 + ry, 5): 

i. Each point (a, 0, 5) is a O-dimensional co-adjoint orbit f2 ai0 +io,<5 

ii. The open set f3 + ij 7^ is decomposed into a family of disjoint 
co-adjoint orbit 

fi F = {(a,(^ + « 7 )e se, ",t);s,tGE} 
which are also cylinders. 
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2.4 Case G = 6 4 , 2 , 4 = AffC. 

i. Each point (a, 0, 0, 5) is a 0- dimensional co-adjoint orbit Q a ,o,o,s- 
i.. The open set {3 2 + 7 2 7^ is the single 4- dimensional co-adjoint 
orbit 

3.1-3.3 Case G is one of the groups 64,3,1^^2) (Ai, ^2 G R*)- 6 4 ,3, 2 (a)(A G R*) 
or G 4,3,3- 

i. Each point F = 5T* on the line a = f3 = r y = 0isa0- 
dimensional co-adjoint orbit. 

ii. The open set defined by the condition a 2 + (3 2 + 7 2 7^ is de- 
composed into a family of 2-dimensional cylinders 

( {(ae sAl ,/5e sA2 , 7 e s ,t);s,t el} in case G = G 4 , 3 , 1{XlMh A 4 , A 2 G R* 
fi F = </ {(ae sA , ase sA + /3esA, 7e s , t);s,t G R} m case G = G^a), A G i* 
[ {(ae s , ase s + /3e s , |as 2 e s + (3se s + 7e s , i); s, t G R} m case 6 = 64,3,3 

3.4 Case G = 64,3,4^,^). We identify a^s^xip) with Cxi 2 and F = 
(a, (3, 7, 5) with (a + ij3, 7, 5) for AgI* and ip G (0, n) . 

i. Each point of the line defined by the condition a = 7 = (3 = 
is a 0-dimensional co-adjoint orbit. 

ii. The open set \a + if3\ 2 + 7 2 7^ is decomposed into an union of 
co-adjoint orbits which are just cylinders 

n F = {((« + i(3\ 2 )e sei \ 7 e s \ t); s, t G R} 

4.1 Case 67 = 64,4,1 = R x j fa. 

i. Each point of the line defined by the conditions a = f3 = 7 = 
is a 0-dimensional orbit fl F = ^(0,0,0,5) — {(0,0,0,5). 

ii. The open set 7 7^ is decomposed into a union of 2-dimensional 
co-adjoint orbits 

tt F = {(x, y, 7, t); x 2 + y 2 - 2^t = a 2 + (3 2 - 27<5}, 

which are just rotation paraboloids, and 

iii. the seta 2 +f3 2 7^ 0, 7 = is a union of 2-dimensional co-adjoint 
orbits, which are just cylinders. 

n F = {(x, y, 0, t);x 2 + y 2 = a 2 + f3 2 }. 

4.2 Case G = 64,4,2 = R x H 3 , the real diamond group. 

i. Each point of the line a = j3 = r y = 0isa 0-dimensional co- 
adjoint orbit Q F = il(o,o,o,<5) 

ii. The set a 7^ 0, (3 = = 7 is union of two 2-dimensional co- 
adjoint orbits, which are just the half-planes 

il F = {(x, 0, 0,t);x,te R, ax > 0}. 
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iii. The set a = = 7, (3 7^ is union of two 2- dimensional co- 
adjoint orbits, which are just the half-planes 

n F {(0,y,0,t);y,teR}. 

iv. The open set 7 7^ is decomposed into a family of 2- dimensional 
co- adjoint orbits, which are just the hyperbolic paraboloids 

tt F = {(x, y, 7, t);x,y,te R, xy - a(3 = 7(4 - 5)}. 

PROOF. Mainly, the theorem is proved by a direct computation. We 
have in general 

Q F = {K(g)F;geG}. 
Because of Corollary 3.1, we have 

n F = {K(exp(U)F;U Eg}- 

Recall that 

(K{exp{U)F,X) = (F,exp(ad l /)X). 
Thus we consider a general element 

K(exp(U))F = xX* + yY* + zZ* + tT* = (x, y, z, t) e R 4 , 

where 

x = (K(exp(U)F,X) = (F,exp(adt/)X), 
y = (K{exp{U)F,Y) = (F, exp(ad C7 )y), 
z = (K(exp(U)F,Z) = (F,exp(ad [7 )Z), 
* = (K{exp{U)F,T) = (F,exp(ad^)T). 

By a direct computation, for U = aX + bY + cZ + dT we have: 

1.1. G = (j4.11 , 



adt/ 



This means that 



/o 








o\ 














d 








—a 


V° 








°) 



and exp(ad[/) 



/l 


d 




— ( 



x = a + jd, 

y =(3, 

z =7, 

i = —7a + 5 

and therefore if 7 = 0, each point is unchanged, and is therefore a 0- 
dimensional co- adjoint orbit. In other words, the 0-dimensional orbits are 
parameterized by the points (a,/3, 7 7^ 0, 5) G 1R 2 x R* x R. If 7 ^ 0, 
the coordinates x = a + 7d and t = —7a + 5 run over two coordinates 
lines, while the coordinates y — (5 and z = 7 7^ are fixed. Thus we have 
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a family of 2- dimensional co- adjoint orbits, parameterized by the points 

(/3,7) 6lxl*. 
1.2. C7 = GU.i.2- 



adc/ = 



/0 















d 








— c 




and exp(ad[/) 














\ 





1 
















e d 


- c E„=i 




\o 








1 


1 



This means that 



= cc, 

= A 
= 7e c 



n= 



+ 5 



y 

z 

t — - l^A^n=l 

and therefore the point F should be unchanged if 8 = 0; otherwise, 7 7^ 0, 
the coordinate t run over a line and the coordinate z run over a half-line. 
This means that the closet set 7 = is decomposed into 0-dimensional 
co-adjoint orbits. The open set 7 7^ decomposed into a family of 2- 
dimensional co-adjoint orbits, which are just half-planes 

Q F = {(a, (3, z,t);z,te R, 2.7 > 0}, 

parameterized by (a, f3, sgn(7)) 6l 2 x {±}. 
2.1. C7 = C7 4i2i1(a) (AgK*). 



ad 



/0 

dA 

d 

\0 

This means that 



\ 
-Aft 



— c 




and exp(adjy) 



A 



















Z_/n=l 








e d 




\o 








1 



X 


= a, 


y 


= pe dX 


z 


= ie d , 


t 


\-~\oo 



-pb\ n ) -7c)(£ 



) + * 

and therefore the point F should be unchanged if j3 = 7 = and if one of 
them is nonzero then the coordinates (x, y, z, t) cover a 2-dimensional cylin- 
der (a, (3e sX , 7e s , t); s,t E R. Thus the open set f3 2 + 7 2 7^ is decomposed 
into a family of 2-dimensional co- adjoint orbits, which are cylinders of form 

Vt F = {(a, (3e dX , z,t);z,te R}, 

parameterized by 1 x S 1 . 
2.2. G = Ga.ii- 
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ad 



/o 








\ 





d 


d 


-b-c 








d 


— c 


v° 








/ 



u 



This means that 

x 

y 

z 

t 



and exp(adf/) 



/I 








de d 
e d 





-&E£=i 







n=l n! 
1 



a, 



and therefore the point F is unchanged if (3 = 7 = 0; otherwise the coordi- 
nates (x, y, z, t) cover a 2-dimensional cylinder 

{(a, /9e s , f3se s + 7e s , t); s,t e R}. 
2.3. G = G 4 ,2,3( V )(¥'G (0,tt)). 



ad. 



(7 



/o 

(i cos d sin —b cos — c sin ip 

— d sin ip dcosip b sin ip — c cos </? 

\0 



\ 







and exp(adfy) = 

/l 

e dcos ^cos(rfsin^) 

-e dcos ^sin(dsin</?) e dcoSip cos(dsin tp) 

\0 

This means that 

x = a, 

y = (3e dcos v cos(d sin ip) — <ye dcos 9 sin(d sin (p) 
z = (3e dcos * sin(rf sin ip) + 7e dcos f cos(d sin </?) 



\ 



e dcos¥ 'sin(dcos</7) — E^°=i ^r(bcos(wp) + csin(n</?)) 



n=l 



■ cos(n(p) 



J 



t = -/3E~ 1 ^cos(r^) + csin(n^)) - 7 cEr=i ^ 



cos(n<^) + 5 



We identify g* with 1 

(a, P + ry, 5), we have 



x C x R, in writing the coordinates a, j3, 7, 5 as 



x 



a, 

n! 



(6cos(nv9) + csin(n<^)) - 7cE^°=i cos (^) +^ 



y + tz = e 

This means that every point (a, 0, 0, <5) on the line (5 + 27 = is un- 
changed under the co-adjoint action and provides a 0-dimensional co-adjoint 



88 



4. CLASSIFICATION OF MD 4 -GROUPS 



orbit; otherwise, the open set (3 + 27 7^ is decomposed into a family of 
cylinders, which are just the 2-dimensional co-adjoint orbits. 
2.4. G = Gaoa = AffC. 



/0 



adc/ = 



\ 

d a —b 

—a d —c 





b 

V° 

where if a 2 + d 2 7^ then 

g 2 + d 2 +d 

M := e V^+d 2 cost 



and exp(ad^] 



/ 1 \ 

L MNP 
-P -N M L 

\ iy 

g 2 +d 2 +d 



cos(^) + (bd - ac)e vOT sin( 7 =^ f ; 



v^+d 2 



AT 
P 



e v^+d 2 sin( 



a 2 +(2 2 

and if a = d = 



( ac _ 6d)( e cos( 7 ^ f ) - 1) - (aft + cd)e vOT ^(^^ ) 

0, L : = -c, M := 1,N : = 0, P := -6. This means that 



x = a + PL — 7P; 
y =(3M--fN' 
z = (3N + 7M, 
t = /3P + 7 L + 5 

and hence every point F of the coordinate plane {(a, 0, 0, 5), a, 5 e R} is a 
0-dimensional co-adjoint orbits, otherwise, if f3 2 + 7 2 7^ 0, this open set is 
just the single 4-dimensional co-adjoint orbits. 

3.1. G = G , 4,3,l(Ai,A 2 )( A l) ^2 £ K*) 
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This means that 

D d\\ 



exp(adjj) 













n! 














(dX 2 ) n ~ 
nl 


-1 








e d 


~ C En= 


1 n! 




V 








1 




/ 



x = ae 

V =(3e dX \ 

z = 7e d , 

t = -aa J2n=i 



(rfA 2 )" 



and hence each point of the line a = /9 = 7 = 0isa 0-dimensional co-adjoint 
orbit; otherwise, the open set a 2 = (3 2 + 7 2 7^ is decomposed into a family 
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of 2-dimensional co-adjoint orbits,which are just the cylinders 

Q F = {(ae sX \ (3e sX2 -fe s , t);s,te M}. 
3.2. G = G , 4 i 3 i 2(a)(A e M*). 
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c Z^n=l n! 
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1 





a; = ae 
y = ade dX + [3e dX , 
z = >ye dX , 



oo (d\y 



and hence every point of the line a = /5 = 7 = 0is just a Odimensional 
co-adjoint orbit 

fi(o,o,o,5) = {(0,0,0,5)}; 

otherwise, the open set a 2 = j3 2 + 7 2 ^ is decomposed into a family of 
2-dimensional co-adjoint orbits which are just the cylinders 

n F = {(ae sX , ase sX + (3e sX , 7 e sA , t);s,te R}. 

3.3. G = G4,3,3- 
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This means that 

x = ae d , 

y = a de d + f3e d , 

z = \ad 2 e d + (3de d + 'je d , 

t = ^ (a£~ ! *£(b + icd)e-) - P (b^ + ce d ) - 7 cE~ , ^ + * 

and hence every point of the line a = /9 = 7 = 0isa 0-dimensional co- 
adjoint orbit 

^(o,o,o,5) = {(0, 0, 0, 5); 5 = fixed}; 

otherwise, the open set a 2 + j3 2 + 7 2 7^ is decomposed into a family of 
2-dimensional co-adjoint orbits, which are just the cylinders 

Q F = {(ae s , ase s + (3e\ ^as 2 e s + (3se s + je s , t);s,te M}. 

3.4. G = G 4) 3,4(A lV )(AeR*,^e(0,7r)). 



adr 



/ 



/ dcosp dsinip70 — a cos ip — bsimp \ 

— d sirup dcosip a sin <p — b cos p 

d\ -c\ 

\ 

and exp(adfy) = 

f e dcosv cos(dsmp) e dcos ^ sm(dsmp) ^™ =1 ^{acos(nip) + bsm(nip))\ 

-e dcosv sm(dsmp) e dcos ^ cos(rfsin <p) ^~ =1 ^(asin(n^) - bcos(np) 

e dA "'-cr,^ 1 

1 



\ 00 

This means that 

x = ae dcos ^cos(dsinv?) - Pe dcosifi sin(dsin </?), 
y = ae dcoSip sin(dsinp) + (3e dcoSip cos(dsin</?), 
2; = 7e dA , 

t = -a^i ^(acos(ra^) + fesin(n^)) +/3E~=i ^(asin(n^)- 

-6cos(M)- 7 Er=i^ + ^ 

We identify 04 3 4( - A ^ with Cxi 2 by identifying (a, /3, 7, 5) with (a-M/3, 7, 5), 
then we can rewrite 

x + iy = (a + ij3)e de ^ ', 

and hence each point of the line a-M/3 = 0, 7 = 0is just a 0-dimensional 
co-adjoint orbit 

^(o,o,o,5) = {(0,0,0,5); 5 = fixed}, 
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otherwise the open set \a + i(3\ 2 + 7 2 7^ is decomposed into a family of 
2-dimensional co-adjoint orbits, which are just the cylinders of form 

n F = {(a + il3)e sel \ 7 e s \ t);s,te R}. 



4.1. G = G 4 
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exp(ad{/) 
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/3 = 7 = is just a 0-dimensional 



-1)' 



+5 



(2n+l)! u ^n=U V (2n)! 

and hence every point of the line a 
co-adjoint orbit 

tyo,o,o,<5) = {(0,0, 0,5); 5 = fixed}, 
otherwise the set a 2 + f3 2 7^ 0, 7 = is decomposed into a family of 2 
dimensional co-adjoint orbits, which are just the rotation cylinders 

Q F = {{x, y, 0, t);y,y,te R, x 2 + y 2 = a 2 + (3 2 } 

and the open set 7 7^ is decomposed into a family of 2-dimensional co 
adjoint orbits, which are just the elliptic paraboloids 

il F = {(x, y, 7, t);x,y,te R, x 2 + y 2 - 2 7 t = a 2 + (3 2 - 2 7 5}. 



4.2. G = G, 



x f) 3 , the real diamond group. 
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f-d a\ 

d 0-b 

-b a 

0/ 



and 



exp(ad[/) 















e 
00 
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00 

n=lV V „l 

00 



-^Er= 2 ((-i) n + i) ! 
1 



/ 



This means that 



x 



ae 



-d 



+ 7&E~ =1 (-i) B ^, 
y =Pe d + ^J2n=i^ 

t = «« E~i(-1)"^ - PbEZi ^ - 7a6Er= 2 ((-l) n + ^ + 8 

and hence every point of the line a = /3 = 7 = 0isa 0-dimensional co- 
adjoint orbit 

Vl F = {(0,0, 0,5); 5= fixed }, 

otherwise the set a 7^ 0, (5 = 7 = is decomposed into two 2-dimensional 
co-adjoint orbits, which are just two coordinates half-planes 

tt F = {(x, 0, 0,t);x,te R, ax > 0}, 

the set (3 7^ 0, a = 7 = is decomposed into two co-adjoint orbits, which 
are just two coordinate half-planes 

n F = {(0,y,0,t);y,teR,Py>0}, 

the set af3 7^ 0, 7 = is decomposed into a family of 2-dimensional co- 
adjoint orbits, which are just hyperbolic cylinders 

Vt F = {(x,y, 0, t);x,y,t G K, ax > 0, fly > 0, xy = af3} 

and finally, the open set 7 7^ is decomposed into a family of 2-dimensional 
co-adjoint orbits, which are just parabolic hyperboloids 

Vt F = {(x, y, 7, t);x,y,te K, xy - a(3 = 7(4 - 5)}. 



□ 



4. MEASURABLE MD4-FOLIATION 
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4. Measurable MD4-Foliation 

In this section, we study the C*-algebras associated with co-adjoint or- 
bits, in many cases this should give us adequate informations about th 
structure of group C*-algebras. We recall first of all the background from 
Connes theory of measurable foliations. We show later that the generic co- 
adjoint orbits provide connes measurable foliations and finally we consider 
topological classification of these foliations. 



4.1. Measurable foliations after A. Connes. Let us recall that a 
integrable tangent distribution is by definition a smooth sub-fibration T 
of the tangent bundle TV of a smooth manifold V, such that each point 
x G V can be included in a smooth sub-manifold W C V, which recognizes 
T = TW as its tangent bundle, i.e. the fiber T x at x is coincided with the 
tangent space T X W, for all x G W. The manifold W in this case is called 
the integral manifold of T. Recall also the Frobenius criteria of integrability 



Proposition 4.1 (A. Connes [CI]). The following conditions are equiv- 
alent: 

i. The tangent distribution T is integrable on V. 

ii. For all x G V , there exists an open sub-manifold U in V , containing 
x, and a submersion p : U —>■ IR 9 (gcodimjF := dimV^ — dimjF) such 
that T y = KeT(p*) y ,\/y G W. 

iii. C°°(.F) = {s G C°°(TV);s x G T x ^x G V} is a Lie subalgebra of 
smooth vector fields. 

iv. The ideal 1(F) of differential forms, vanishing on T is stable under 
the operation of exterior differentiation d. 

This deduces in particular that all the 1-dimensional tangent distribu- 
tions are integrable. 

A manifold V, equipped with an integrable tangent distribution T is 
called a foliation or a foliated manifold, denoted by (V, T). Each maximal 
connected integral sub-manifold L of T is called a leaf of the foliation (V, T\ 
It is reasonable to recall (see for example A. Connes fClfl ) that: 



i. The family of all leaves of a foliation T on V form a partition of V. 

ii. For each point x G V, there exists a coordinate neighborhood {U, (x 1 , . 
n = dim V, such that if a fiber L intersects with this neighborhood, 
LnU t^, each connected component of L f]U, which is called a plaque, 
is given by the following equations 



x k+1 = c 1 , . . . ,x n = c n k ,n = dim J 7 , 
where c 1 , . . . , c n ~ k are some constants, depending on the plaque. 
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The atlas of this kind coordinate charts is called an atlas of foliated manifold. 
Conversely, one can use these last two properties to defines a larger class of 
foliations (see I. Tamura |[Tam|| [Ch. 4, pp. 121-126].): one consider a family 



C of sub-manifolds, satisfying two conditions and for each fiber L G C there 
exists a single integrable distribution T such that L is its maximal connected 
integral sub-manifold of T . Then we have also a foliations. Remark that 
locally, all foliations of a fixed dimension have the same local structure. But 
globally, they are quite different, e.g. compactness of leaves, existence of 
dense leaves, .... The space of leaves V/$. 

Definition 4.1. Two foliations (Vi, {i) and (V 2 , T 2 ) are called topolog- 
ically equivalent, if there exists a leaf-wise homeomorphism h : (Vi,^) — > 
(V 2 ,F 2 ). 

Recall that a sub-manifold N of the foliated manifold (V, J 7 ) is called 
transversal if at each point p G V, we can split T P V as the direct sum T p V = 
J-" p @TpN , for all p G N. Certainly that in this case dim iV = codimj- '. In a 
small neighborhood (U, (x 1 , . . . ,x n )) there is a 1-1 correspondence between 
the plaques and the point of U (1 N. If for a Borel set B, the set U D B is 
countable, the transversal set B is called Borel transversal. It was proved 
in [ |CJ 1| | that there exists an injection ip : B — > N, where N is a transversal 
sub-manifold such that ip(x) G L x , the leaf containing x. 

Definition 4.2. A cr-additive measure B \— > A (B) from the set of Borel 
transversals to the set [0, +oo] is called a transversal measure if: 
(Ai) (Borel equivalence), the measure is invariant w.r.t. Borel bijec- 

tions i):B l ^ B 2 , A(B 1 ) = A(B 2 ). 
(A 2 ) A(K) < +oo if A' is a compact subset of a transversal sub-manifold. 

A foliation (V, J 7 ), equipped with a transversal measure is called a measur- 
able foliation. 

Let us recall finally some relation between the transversal measure and 
the ordinary measure. 

For oriented foliations, we can deduce a more clear relationship between 
the transversal measures and the ordinary measure on foliated manifolds. 
Choose an orientation of T . Then the fiber bundle A k J r (k = dimjF) is 
decomposed into two parts (A fc jF)+ and (A fc jF) _ by the zero section. Fix 
a k- vector field X G C 00 (A k J-') + and a measure \x on the foliated manifold 
(V,J-). If U is some local coordinate cart of the foliation, then U can be 
identified with the direct product N x tt of some transversal sub-manifold N 
and a typical fiber ir. Thus the restriction \iy is separated into the product 
of measures on N and on tt. Denote fix the measure along leaves 
defined by the volume element X. The measure /i is A- invariant iff fix an d 
fin are proportional for all coordinate cart of foliation. Two pairs (A, fi) 
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and (Y, v) are said to be equivalent iff there exists a function (p G C°°(V) 
such that Y = ipX and /i = <pv. 

Proposition 4.2 (A. Connes ||C1|| ). // (V,.F) is an oriented foliated 
manifold, there is a bijective correspondence between equivalent classes of 
pairs (X, //) and the transversal measures. 

The transversal measure, corresponding to the pair (X, //) is just given 
by the formula 



A(B) = [ Card(B n N)dfi N (n) 

J N 



for all transversal Borel set B in U, and is continued to other Borel set by 
cr-additivity. 

We conclude that in order to describe some foliation as a measurable 
foliation, we need to pick out a suitable pair (X,/j,). 

4.2. Measurable MD 4 -foliations. 

Theorem 4.1. If G is a undecomposable connected and simply con- 
nected MD 4- group and Tq is the foliation, formed by all the orbits of max- 
imal dimension, Vg '■= Unejc- G ^- Then (Vg,J 7 g) a measurable foliation, 
called the associated MD 4- foliation. 

Proof. We prove the theorem in two steps. 
Step 1. Find out the integrable tangent distribution, also denoted by Tq 
on Vq, having co-adjoint orbits as maximal connected integral sub- 
manifolds. 

Step 2. Equip to each (Vg, ^g) a transversal measure. 

For the first step, we find out the differential system Sg defining our 
distributions. Following is the list of differential systems by which we choose: 
Case 1.1. 



f Xx(x,y,z,t) = (x, 0,0,0) 
1,1 ' I X 2 (x,y,z,t) =0,0,0,-z) 

on the manifold V Gi n =l 2 xR*xl. 
Case 1.2. 



Si, 



X 1 (x,y,z,t) =(0,0,*,0) 
X 2 {x,y,z,t) =(0,0,0,-2;) 



on the manifold ^ 412 =l 2 xR'x K. 
Case 2.1. 

Xi(x,y,z,t) =(0,\y,z,0) 
S 4 ,2,i(\) ■ { X 2 (x,y,z,t) = (-Ay, 0,0,0) 

X 3 {x,y,z,t) =(-^,0,0,0) 
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on the manifold V Ga 21 = Rx(l*) 2 xi 
Case 2.2. 



'2,2 



Xi(x,y,z,t) =(0,y,y + z,0) 
X 2 (x,y,z,t) =(-y, 0,0,0) 
X 3 (x,y,z,t) =(-( y + z ), 0,0,0) 



on the manifold Vg 4 2 2 = Kx(lf xl 
Case 2.3. 

{X 1 (x, y + iz, t) = (0, (y + iz)e*v, 0) 
X 2 (x,y + iz,t) = -ycosip + 2: sin y?, 0,0) 
X 3 (x, y + iz, t) = (— ysimp — 2: cosy?, 0, 0) 

on the manifold V G4 2 3 = R x C* x R. 
Case 2.4. 

Xi(x,j/,z,t) =(0,0,0,1) 
X 2 (x,y,z,t) =(1,0,0,0) 

2 ' 4 ' 1 * 3 (z,j/,z,t) =(p,y,z,0) 

X A (x,y,z,t) =(0,-z,y,0) 

on the manifold V Gi 2A = Rx (R 2 )* x R. 
Case 3.1. 



X ± (x, y, z, t) = (X ± x, X 2 y, z, 0) 

X 2 (x,y,z,t) = 0,0,0, -Xix) 

X 3 (x, y, z, t) = (0, 0, 0, -X 2 y), 

X 4 (x,y,z,t) =(0,0,0,-2;) 



«5 3 ,i(Ai,A 2 )( A i) ^2 e R*) : 



on the manifold Vg 4A1(XiA2) = (M )* x R. 
Case 3.2. 

Xi(x,y,z,t) = Xx, x + \y, z, 0) 

_ , X 2 (x,y,z,t) = (0,0,0, -Ax), 

53 ' 2(A)(AGR) - 1 X 3 (x,y,z,t) = (0,0,0, -x-Xy), 

X 4 (x,y,z,t) = (0,0,0, -z) 

on the manifold {V Gi3 2{x) = R 3 )* x R. 
Case 3.3. 

(Xi(x,y,z,t) = (x,x + y,y + z,0), 
X 2 (x,y,z,t) = (0,0,0, -x), 
X 3 (x,y,z,t) = (0,0,0, -x-y), 
X 4 (x,y,z,t) = (0,0,0, -y-z) 

on the manifold V Ga33 = (R 3 )* x R. 
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Case 3.4. 

5 3 ,4(A,,)(Aer,^ (o,tt)) 



+ iy, z, t) = ((x + iy)e ilp , Xz, 0) 

X 2 (x + iy, z, t) = (0, 0, —x cos p + y sin </?) 

X 3 (x + iy, z,t) = 0, 0, — x sin p — y cos ip) 

X 4 (x + iy,z,t) =(0,0,-\z) 



on the manifold V G43A(X M = (C x R)* x R. 
Case 4.1. 



-^lfoy,*,*) = (-j/,^, o,o) 

5 4) i : <( X 2 (x,y,z,t) =(0,z,0,y) 

X 3 (x,y,z,t) = (-2,0,0, -y) 



on th manifold V<? 441 = (M 3 )* x 
Case 4.2. 



X 1 (x,y,z,t) ={-x,y,0,0) 
X 2 {x,y,z,t) = (0,z,0,x) 
X 3 (x,y,z,t) =(-^,0,0, -y) 



on the manifold Vb 4 , 4 , 2 = (M 3 )* x R. 
It is easy to verify that: 

• All the indicated differential systems are of rank 2, but the system 
iS 2 ,4 of rank 4. 

• Each co-adjoint orbit Q from Tq is a maximal connected integral 
manifold of the tangent distribution, generated by the corresponding 
system Sq. 

Thus we have foliation (Vg,J 7 g) f° r eac h undecomposable connected and 
simply connected MD 4 -group. 

To realize the second step, we show that our foliations are orientable in 
finding out a non-vanishing multi- vector of maximal degree X G G C ,00 (A dimjr ' s jF G ) 
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for each case of G: 

X 2j i(AeR*) 
X 2 ,2 
X 2 ,3(<pe(0,n)) 
X 2 4 



X 



^3,2(AeR*) 
X 3) 3 

3,4(AeR*,^6(0,7r)) 



X l A X 2 , 
X 1 A X 2 , 
IiMr 
X1M2- 



X x A X 3 , 

X1AI3, 
Xi A X 2 + X 1 A X 3 , 
Xi A X 2 A X 3 A X 4 , 
-^3,i(Ai,A 2 eK*) := -^1 ^ X 2 + Xi A X3 + Xi A X4, 
Xi A X 2 + Xi A X 3 + Xi A X 4 , 
Xi A X 2 + Xi A X 3 + Xi A X 4 , 
Xi A X 2 + Xi A X 3 + Xi A X 4 , 
X 4 ,i :=Xi AX 2 + Xi AX 3 + X 2 A X 3 , 
X 4>2 :=Xi AX 2 + Xi AX 3 + X 2 A X 3 

It is easy also to verify that these multi-vectors are invariant with respect 
to the Lebesgue measure /i. It is just equivalent to its invariance w. r. 
t. the co-adjoint representation of G in g*. This means that (X G ,/i) is an 
invariant pair. 

□ 

4.3. Topological classification of MD 4 -foliations. Let us recall that 
two foliations have the same topological type iff there exists a leaf-wise 
homeomorphism between them. 

Theorem 4.2 (Topological Classification). 1. There are exactly 9 topo- 
logical type of foliations: T\ — JF 9 



{T 2 ) 
(^) 



(^4,1,1 ) ^1,1) 

(^ / G4,i, 2 )-^'l,2) 

( y G 4 , 2 , 1(A) , ^2,1(A)) (A e R*) = (Vg 4>2i1(a=1) , J 7 2,1(A=1) 

— (^4,2,2 J-^) 

(^4,2,3^)' ^2,3^)) (<P e (0,7r)) = (Vb 4 , 2i 3 (7r/2) , ^2,3(7r/2) 

(VG4, 2 ,4>^ r 2,4) 

(^G 4 , 3 ,l(A 1 ,A 2 )'"^ 3,l(Al,A 2 )) — (^G 4 ,3,l(l,l) ) ^ 4,3,1(1,1)) 
- (^54,3, 2 (A) ' "^*3,2(A)) = (^4,3^(1)^3,2(1)) 

- (^4,3,3)^3,3) 

(^G4,3, 4( A, v ))^ r 3,4(A, v )) = (^G 4 ,3,4(i,./ 2 ) ) -^3,4(1,^/2)) 

( VG4,4,1 ) ^4,1) 
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(•^9) (K?4,4,2l^,2) 

2. The MD 4 - foliations of type T\ — J-§ are given by fibration ( trivial with 
connected fibers), over the bases R x R*,R 2 Ul 2 ,Rx S\K + x R, {pt},§ 2 , 
resp. , where {pt} is a one-point set. 

3. The MD -foliation of type JF 7 , JF 8 , JF 9 are given by continuous actions of 
commutative Lie group R 2 on foliated manifolds (C x R)*, (R 3 )* x R, (R 3 )* x 
R, respectively . 

Proof. I. 
Consider the maps 

k,KA) = V Gi2UX) « K x (R 2 )* xl. V Gi2M1) = Rx (R 2 )* x R, 

defined by 

h 2 ,i(x)(x,y,z,t) := (x,sgn(y)\y\x,z,t), 

and 

^2,2 : V G4X2 » R x (IR 2 )* xl^ Vfe 4>2il(1) ~lx (M 2 )* x R, 
defined by 

- yln|y|,£) if y 7^ 
(x, 0, z, t) otherwise , y — 0. 

It is easy to see that these maps are just the leaf- wise homeomorphisms. 
By the same way we construct the maps which realize the leaf-wise home- 
omorphisms: 

k,s<„) : V G4M ^IxCxI^ V GiW2) ~ t x C x 1, 
defined by the formula 

:,3(¥>) 



h 2 , 2 (x,y,z,t) 



h 2 , m (x,re i9 ,t) = (x,e^ r+i V ie -'\t), 



hMMM) ■ V GtMXlM) » (K 3 )* xl^ Vb 3 , 1(M) * ( M" ) x 



defined by the formula 

^3,i(Ai,A a )(a:,S/,^,*) = (sgn(a;)|x| Al ,sgn(t/)|y| A2 ,z,t), 

M : Vb 4Aa(x) « (M 3 )* xl. Vb 4i8 , a(1) = (M 3 )* x R, 
defined by the formula 

h3, 2 )(\)(x,y,z,t) = (x,y,z,t), 

where 

x = sgn(x)|x|^, 

sgn(y — T^ln — xln |x|| a if x 7^ 0, 

sgn(y)|y|A ifx = 



2/ = 
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h 3j3 (x,y,z,t) = (x,y, z,t), 

where 

{( y — xln \x\, if x 7^ 0, 
\ y if x = 0, 

z — §yfn \x\ — — a; In |x|) In \y — xln |x||, if x 7^ 0,y 7^ a; In |x|, 
z — |ym|x|, if x 7^ 0, y = xln |x|, 

z if a; = 0, 

i =t 

: V G ^ A{Kv) « (C x R)* x R - Vg 4 , 3 , 4(1 ,. /2) « (C x R)* x R, 
defined by the formula 

h A x,^re w ,z,t) = (e lar+ ^\sgn(z)\z\Kt). 

2. 

From Theorem 3.1 on the structure of co-adjoint orbits, it is easy to see 
that the type T\—T§ are non topologically equivalent and that the foliations 
of type T\,Ti and JF 5 are trivial fibration over the bases R x R*,R 2 U R 2 
and {pt}, respectively. It is easy to see that the foliations of type JF 3 , JF 4 , JF 6 
are fibrations defined by the submersions 

P2,i(i) : V G42M1) kMx (R 2 )* x R ^ R x S 1 x R + x R -> R x S 1 , 

the projection on the first two components, 

P2,3 (7 r/2) : Vg 4 , 2 , 3( . /2) ~ K x C* x R -> R + x R, 

the projection on the first and radian part of the second component, 

P3,i(i,i) : ^ 4 ,3, 1(M) ~ (R 3 )* x R « S 2 x R + x R -> S 2 , 

the projection on the first component. 
3. 

Let us defines the actions of R 2 on foliated manifolds Vg 4 . 3j4 ~ Vg 4i4]1 ~ 
Vg 4 . 4j2 as following 

Ps,4 : R 2 x Vg 4 , 3 , 4 ~R 2 x(Cxl)*xl^ Vg 4 , s , 4 , 

P3,4((r, s), (x + iy, z, t) = (x + iy)e ls , ze s , t + r); 



where 





P4,i : Vb 4 , 4il ~ (RT x 1 


v K <J-4,4,H 




P4,i((r, s), (x,y,z,t)) = 


(x,y, 


X, 


= x cos r — y sin r — sz, 




y 


= x sin r + y cos r — sz, 




z 


= z, 




t 


= t — s(x + y) cosr + s(y 


— x) sinr + s 2 z; 



where 
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p 4 ,2 : K x Vb 4 , 4 , 2 ~ R x (M )* x R -> Vg 4j4i2 , 
P4,2((r, s), (x, y, z, £)) = (x, y, 5, i), 



y = e s (y + r) : 



xz 



' x 2 +y 2 +z 2 ' 



It is easy to check that these actions give us just the foliations of type 

F7, J~8, J~<). 

□ 



5. Bibliographical Remarks 

Dao van Tra had first proved the proposition 2.1 by using the old method 
of classification of low dimension Lie algebras. The classification Theorem 
2.1, Theorem 3.1 about the picture of K-orbits and the Theorem about the 
measurability of foliations of generic K-orbits belong to Le Anh Vu, who was 
a Ph.D. student under author's supervision. The problem of classification 
of Lie MD„-algebras, for n > 5 rests open up-to-date. 
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CHAPTER 5 



The Structure of C*-Algebras of MD 4 -Foliations 

1. C*- Algebras of Measurable Foliations 

We recall in this section the well-known A. Connes' theory of C*-algebras 
of measurable foliations. 

1.1. Holonomy group of foliation. Let us consider a foliated man- 
ifold (V,T), dimV = n,dimjF = q. Holonomy groupoid if is a manifold 
(not necessarily Hausdorff) of dimension dim if = dimV^ + dim T (see e.g. 
[[Win 1 , ||C1|| ) |[Tor| ): An element 7 of if is just done by a pair of source 



3(7) G V and rival r("f) in the same leaf of (V, J 7 ) as 5(7), together with 
an homotopy equivalence class [7] of path connecting the same source and 
rival, lying in the same leaf. The product of two elements (5(7)^(7), [7]) 
and (s(<5),r(5), [5]) can be defined iff r(j) = s(S) and in this case 5 o 7 is 
defined as usually, 

(5(7), r( 7 ), [7]) o (s(5) = r( 7 ), r(S), [6]) := (a( 7 ), r(5), [6 o 7]). 

The topology of H is defined by the system of local chart (atlas) 

r : = {(W, 5(7) = x,r(7) = y);x eU,y G L x }. 

The first component should be discrete, for fixed 1 in a neighborhood U 
and y in the same leaf as x. Thus dim H = dim V + dimjF. It is known: 

Proposition 1.1 ( |[ror|| ,Prop.2.1). The groupoid H of the foliation (V, T) 
iff for each pair of point x, y in a leaf L, such that for each pair of smooth 
paths 71,72 in L, connecting x and y the holonomy maps /i( 7 i) = ^(7)2) 
if they are coincided in a small enough open neighborhood, the closure of 
which contains x. 

1.2. Half-density bundle. Let us consider an oriented fc-dimensional 
foliation T in a n-dimensional smooth manifold V. For each point x G V, 
consider the set of so called half-densities 

fiV 2 := {p . f\ k p x _> C-p(Xv) = \X\ 1/2 p(v),Wv G A fc ^,VA G R}. 
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It is easy to see that Vt]! 2 is a complex 1-dimensional space and {J x£V ^ 
is a complex 1-dimensional fiber bundle over V, called the bundle of half- 
densities. Because we assumed that T is oriented, the bundle of half- 

1 /2 

densities is trivial. Fix a trivialization, we have IJzev ^ x = V x C. For 

each element 7 G H, pose fi 7 := Vt l J 2 ® Q^ 2 , where x = 3(7) and y = r(j). 

Thus Q^ 2 is also a complex 1-dimensional vector space C. 
If H is HausdorfF, we define 

C^(H, Q 1 / 2 ) = {/ : 7 G H — > Vtlj 2 ] f is smooth and with compact support }, 

each element of C^°(H : Q 1 / 2 ) is called a smooth half-density with compact 
support. If H is non Hausdorff, we define C^°(H,fl 1 ^ 2 ) as the set of finite 
combinations of smooth functions of form ip o x, where x '■ T — > M. n+k is a 
local coordinate chart of H, and ip G (7 ( ?°(IR rH ~ fc , fi 1 / 2 ) such that Suppy? G 
X(T). 

In virtue of trivialization 

» ■ UxevM 1 * 2 ^ x C ' 

we can identify smooth half-density with compact support / G C%°(H, Vt 1 ^ 2 ) 
with C-valued smooth function with compact support f{y.s ® r.s) on H . 



1.3. C*-algebras of measurable foliations. Let us now define [|C1 



the C*-algebras of measurable foliations. Define a convolution product on 
C?{H, O 1 / 2 ) as 

(f*g)d) = / 7(71)^(72), v/,^ g cr(#,fi 1/2 ),v 7 g a 

■/ -yj 072 =7 

Define involution / i-> /* , / G C%°(H, Vt 1 / 2 ) by the formula 



f(7) := /(7' 1 )- 

It is easy to see that with this convolution product and involution C^°(H, Vt 1 ^ 2 ) 
is an involutive algebra. 

For each x G V, define H x := {7 G 3(7) = x}. There is a natural 
representation 77^ of C^°(H, f2 1//2 ) in L 2 (H X ,Q}I 2 ), given by the following 
formula 

M/)i7)(7) = / /(7iM7 2 ),V/ G C?{H.tfl 2 ),Vn G L 2 (H X , fi 1 / 2 ), V7 G JT. 

7i 072=7 

Definition 1.1. The C*-algebra of foliation C*(V, JF) is defined as C*- 
hull of *-algebra C%°{H, fi 1//2 ), with respect to the norm of operators 

= sup||7r x (/)||,V/ G C c °°(^,^ 1/2 )- 

x&V 



1. C*-ALGEBRAS OF MEASURABLE FOLIATIONS 105 

Recall that a C*-algebra A is called stable iff A = A eg) )C(H), where 
K{H) denotes the ideal of compact operators in a separable Hilbert space 
H. 

Proposition 1.2 ( IfTbij Prop. 2.1.4). If the foliations (V, T) andiy'.T') 
are of one topological type, then the corresponding C*-algebras are isomor- 
phic 

C*{V,F) = C*{V',F'). 

Let us recall that cross-product A x p G of a group G with a C*-algebra 
A is just the C*-hull of the involutive algebra of functions with compact 
support on G with values in A, endowed with the convolution product 



/ a(g 1 )p gi b(gg l 1 )c?^i, Va, b G L 1 (G,A),\/g G G 



(a* 6)0) : = 
and the involution 

a*(g) := Pg {a{g- l y)^a£L l {G,A). 

where dg is the right-invariant Haar measure on G and p : G — > Aut A is a 
representation of G, i.e. the map G x A — > A, (g,x) h- >■ p((?)x is continuous 
in norm. 

It is easy to see that if / : A — > A' is a G-equivariant C*-homomorphism, 
then / induces also a C*-morphism of crossed products 

/#: i^G-A'^ G', 

/ # (a)0) := /(a^)),Va G L\G,A),Vg G G. 
Let us list now some basic properties of C*-algebras of foliations. 

Proposition 1.3 ( ||C3|| ,Lem 1.1). If the sequence 

> J > A > B > 

is an G-equivariant short exact sequence, then the corresponding sequence 
of crossed products 

► J x G ► A x G > B x G > 

is also exact. If the first sequence is split then the same is the second. 



Proposition 1.4 ( ||C1|| ,§5). Assume that the foliation (V, T) is given 
by an action of Lie group G on the manifold V, such that the holonomy group 
H of (V,F) is exactly of form H = V x G. Then C*(V,F) = C {V) x G, 
where Cq(V) is the algebra of continuous functions vanishing at infinity 
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Proposition 1.5 ( ||C1|| ,§5). IfV is some open set of a foliated man- 
ifold (VjJ 7 ) and T' := T\v<- Then the holonomy groupoid H' of foliation 
(V'jJ 7 ') is an open subset of the holonomy groupoid H of (V, J 7 ). More- 
over, the inclusion C%°(H', Vt 1 / 2 ) <^-> C%°(H, f2 1//2 ) can be extended to an 
*-homomorphism i : C*(V,F') -> C*{V,T). 



Proposition 1.6 ( ||C2|| ,§5). Assume that foliation (V, T) is given by a 
fiber bundle p : V — > M with connected fibers. Then the holonomy groupoid 
H is just the sub-manifold {(x, y) G V x V;p(x) = p(y)} of V x V and 
C*(V,F) = C (M)®IC{L 2 '(typical fiber)). 

The open sub-manifold V of foliated manifold (V, T) is said to be sat- 
ured, iff it contains the whole leaves, which intersect (i.e. have a non empty 
intersection) with V. 

Proposition 1.7 ( |fTor|| ,§2.2). IfV is a satured open sub-manifold of 
the foliated manifold (V^F) and T' := T\y then C*(V \T') is an ideal in 
C*(V,F). 

Remark that in this case, the groupoid H \ H' is closed in H but in 
general, it is different from the groupoid of the foliation V \ V , J-'lvxv) ■ 
Nevertheless, we can also define the representation ir x (x G V \ V) of the 
*-algebra C™{H \ H 1 , Q}l 2 ) in L 2 (H X \ H'^tt 1 / 2 ). The C*-huU of it is a 
C*-algebra, denoted by C*(V \ V,T\ V \v)- 

The inclusion H \ H' •—>■ H gives us a *-homomorphism 

fi' : C°°) C (H, Vl 1/2 ) -> C c °°(if \ H', fi 1/2 ), 
which can be extended to a *-epimorphism 

c*(v,f) — ^ c*(y\v',r\v\ V ,) ► o. 

We have thus a short sequence 

► C*(V',F) — CtyF) — ^ Cty\V',T\v\v>) ► 0, 

which is exact at all terms, but perhaps, is not in the middle term C*(V, J 7 ). 

Proposition 1.8 ( |[Tor|| , Lemma 2.2.1). If the foliation (V,^) is given 
by an action of an amenable Lie group G, such that H\H' — (V \ V) x G 
then the previous sequence is exact. 

1.4. Connes-Thom isomorphism. 

Proposition 1.9 (Connes-Thom Isomorphism, [|U3| , Thm, IV.2). 

Assume that the commutative group W 1 acts continuously on a C*-algebra 
A by an action by a continuous representation p. Then there is a natural 
isomorphism 

ri-.KjiA) -^-> K j+n{ mod2) (A^r, 
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where j G Z/2Z. 

We return to the case of extensions of type 

► J ► E ► A ► 0. 

Assume that the commutative group R n acts continuously on each C*- 
algebras of the sequence and the *-homomorphisms are equivariant. We 
have then also an exact sequence of the corresponding cross-product 

► J x G ► E x G ► A x G ► 0. 

For each of these two exact sequence, we have 6-term exact sequences of Re- 
groups, in one hand and in other hand we have Connes-Thom isomorphisms 
between the corresponding terms. This should be very useful in computing 
connecting homomorphisms in many cases. 

It is easy to see that if the foliation (V, J 7 ) is given by an action p of 
some commutative Lie group R n in such a way that its holonomy groupoid 
is H = V x R n , then C*(V, J 7 ) = C (V) x p R n and hence 

Kj{C { V))^K j+n mod 2(C*(V,T) = K^ n ™ d2 (V/F). 

2. The C*-Algebras of Measurable MD 4 -Foliations 

We complete studying the structure of C*-algebras of MD 4 -groups in 
this section in the same way as in the previous sections. 

2.1. C*-algebras of MD 4 -foliations of bundle type. Following the 
theorem on topological type of MD4-foliations, the foliations of type T\ — J-q 
are of bundle type with connected fibers. Then as an easy corollary of the 
above result, we have 

Proposition 2.1. I. 

C*{V GA ^F h2 ) 2* C (R 2 U R 2 ) ® K = (C (R 2 ) © C (R 2 )) <g> K. 

2. 

C*(^g 4 , 2 , 1(a) ,^2,i(a)) = C*(V G ^ 2 ,F 2>2 ) = C (R x S 1 ) ® /C,VA G R. 
C*{V G2MvV T 2 , m ) = C (R + x R) (g) /C, V(/? G (0,tt), 
C*(Vg 4 , 2 , 4 ,^2,4) = C®/C^/C. 

3. 

C*(V G ^ 3 ,F 3t3 ) C(S 2 ) ® /C,VA, Ai, A 2 G R*. 
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2.2. C*-algebras of MD 4 -foliations of crossed product type. Let 

us consider the C*-algebras C7*(Vg4,3,4(a iV ), ^3,4(a^)) = C*(V G434(ln/2) , .^(m 

Theorem 2.1. 1. The C*-algebra C* (V G43A(l7r/2) ,F 3A{1 , n/ 2)) can be 
included in the extension 

(71) > J * > ^(70^,^/2)) ► #3 ► 0, 

w/iere J 3 = C (R 2 x R* x R) x P34 R 2 ^ C (R 2 U R 2 ) <g> /C, £ 3 
C ((R 2 )* x R) xi p34 R 2 C (R+) ® K. 

2. T/ie C*-algebra C*(Vg 441 , ^4,1) can fre included in the extension 

(72) ► j 4 ,i ► c*(v G4A1 ,.f) ► £ 4 ,i ► o„ 

w/iere J 4)1 C (R 2 x R* x R) x p41 IR 2 = C (R* x R) <g> /C, £ 4 ,i = 
C ((R 2 )*'x R) x p4il R 2 ^ C (RR + )®)C. 

3. TTie C*-algebra C*(V G4 4 2 , J~a,2) of the diamond MD 4 - foliation can be 
included in the following two repeated exact sequences 

(73) ► J 4)2il ► C*(Vg 4 , 4 , 2 ,^ 4 , 2 ) ► £4,2,1 ► 0, 

(74) > J 4j2 ,2 ► #4,2,1 ► £4,2,2 ► 0, 

C*(^ 4 4 2 ,^4, 2 ) = C (V G4 4 2 ) x R 2 = C7 ((R 3 )* x R) x p42 R 2 , 

J 4 2 ! C (R 2 xl* x R) x P4 2 R 2 = C (R* x R) <g> /C, 

£ W = C ((R 2 )* xl) x p42 R 2 , 

^4,2,2 = C ((M*) 2 x R) x p4i2 R 2 C (R* U R*) ® /C, 

£4,2,2 = C ((R* U R*) x R) x P42 R 2 = C 4 cg> /C. 

Proof. Let us recall that for all the MD 4 -foliations of type J 7 ?, J^g, Fg 
we have 

^ 4 , 3 , 4(W2) = V G4AA = V Qw = (R 3 )* x R. 
Let us consider therefore the following two subsets: 

V = {(x, y, z, t) E (R 3 )* xl;2;^0} = l 2 xl*xK, 

W = {(R 3 )* x R\V = (R 2 )* x {0} xl = (R 2 )* x R. 

From the theorem on the geometric picture of co-adjoint orbits it is easy 
to see that V is an satured open set and w. r. t. the foliations JF 7 ,JF 8 ,JF 9 . 
Denote the restrictions of theses 3 foliation on V by (V, ^3,4(1,^/2)), (V, ^4,1), 
(V, ^4,2- By the same way, it is easy to see that W is a satured close set (the 
complement of V in the foliations ( V G4 ^ 4(hn/2) ,F 7 ), {V GiA1 {V G4A2 , Fg) . 
We denote the restrictions of these foliations to W also by (W, JF 7 ), (W : 
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and (W, JF 9 ), respectively. It is easy to see that these foliations (V, .F7), 
(W, JF 9 ) are fiber bundles: 



P3,4 


V « I 


I 2 X I 




x R - 


^R 2 x {1,-1} ~ R 2 U 


R 2 


P4,l 


V « I 


I 2 X I 




x R - 






P4,2 


V « I 


I 2 X I 


I* 


x R - 






93,4 


W 7 « 


(R 2 )* 


X 


R « I 


R+ x S 1 -> R + , 




94,1 


W « 


(R 2 )* 


X 


R « I 


R+ x S 1 x R -> R + , 





where by definition, 



p 3 ,4(^,y,^,0 
p 4 ,i(x,y,z,t) 

P4,2(x,U,Z,t) 

Q3,4r,0,t) 



(x,y,sgaz). 

V ' 2 



g 4 ,i(r,6»,t) = 
r,V(r,0,t) G R+ x S 1 x 



Following Proposition 1.6, we have 



J 3 


= C*(\/,^ 3 ,4)=Co(I 


I X {±} (g 


D/C, 


£ 3 


= C*(^,^ 3 ,4)=Co( 


R+) <g> /C, 




■^4,1 


= c*(y,^4,i) = c (i 


I* x R) <g) 


/c, 


-84,1 


= C*(^,^ 4 ,l) = Co( 


R+) <g> /C, 




^4,2,1 


= C*(\/,^ 4 , 2 ) = Co(B 


I* x R) (g) 


/c. 



Let us recall that the foliations (V G3A(l iv/2) , ^3,4(1^/2)), (^4,1,^4,1) and (V^, ^4,2) 
are given by continuous actions p 3j4 , p 4ji , p 4j2 of R 2 . These actions conserve 
V and VF in any cases, them we can think about V and W in each case as 
some foliation raised from the continuous actions p 3 , 4 , P4,i, P4,2- They have 
trivial holonomy of fibers. From Prop. 1.4, we have: 



J 3 
B 3 
Ja,i 
-84,1 
^4,2,1 
£4,2,1 



2 ^ 

I 2 = 
2 



= C*(V,F 3Mhn/2) )^C*(V) x p3 , 4 l 
= C^,f 3)4(W2) ) = C (W) x P34 „ 

= c*(y,^ 4il ) c (y) x p41 R 2 C (I 

= C*(W,^ 4 ,i) = C (W) x P41 R 2 - C 
= C*(V,F 4 , 2 ) = C (V) x p42 R 2 C (I 
= C*(^,^ 4 , 2 ) C (W) x P42 R 2 = Co 



C (R 2 

C ((I 

x R* x 
x I 



X Jk 
2\* 



X 



P3,4 



P3,4 

ra>2 



P4,l 



x, 



X JK 
2\* 



P4,l ^ 
X R ) Xp 4 ,2 



X 



X 



P4,2 



By the same way, we see that the foliation (V Gs4(ln/2) , ^3,4(1,^/2)) , (Vg 4 , 4 ,i > ^4,1) 
and (Vg 4 4 2 , satisfy the conditions of Props. 1.4 - 1.6., and we also have 



C*(V a 



w^^) = Co(Vb 4 , 3 . 4(1 ,. /2) ) Xp 3 ,4 = ^C ((R 3 )* x 
C*(Vb 441 ,^ 4 ,i) = C (Vg 441 ) x R 2 ^ C ((R 3 )* x R) x p4jl R 2 
C*(V Gi42 ,^ 2 ) ^C (V Gi42 ) x P42 R 2 = C ((R 3 )* xR) x P42 



x 



P3,4 
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We have therefore the extensions 71, 7 2 and 73. It rests to show existence 
of the extension 74. We consider the following sub-manifolds: 

W l := {(x, y, 0, t) eW;xy^0} = (R*) 2 x R, 

and 

W 2 = W\W 1 = (R* x {0} xR)U ({0} x IR* x IR = (R* U R*) x R. 

It is easy to check that Wi, W 2 is a satured open, resp. closed in the foli- 
ated manifold (W, T^ 2 ) and its restrictions to W 1 and W 2 are the foliations 
(Wi, ^"4,2) and (W 2 , ^"34,2) formed under the action p 4j2 of IR 2 on Wi,W 2 , 
resp. These foliations are indeed fiber bundles 

(Wi, ^4,2) : £4,2,2 : Wi « (M* ) 2 xl^R'Ut* 

/ g 4 ,2,2 : W 2 « (R* x {0} xl)U ({0} xfxlj^ 
l ^ 2 '' A4 ' 2j - \ w (R*UR*) xl^ {(1,0), (0,1), (-1,0), (0,-1)}, 

defined by the formulae 

P4,2,2(z,y,£) := (sgn(x),sgn(y), y/\xy\),V(x,y,t) G Wi, 

54,2,2(3:, J/, := (sgn(a;),sgn(j/)),V(a;,j/,t) G W 2 . 
It is easy to check the conditions of propositions 1.4 -1.5. Thus, we have 
the extension 

(74) > J 4 , 2 , 2 > £4,2,1 ► £4,2,2 ► 0, 

where 

J 4 ,2, 2 = C*(Wi,^ 4 , 2 ) = Co(Wi) x P42 IR 2 C (R*) 2 x R) x p4 , 2 M 2 

= C (M* UR*) <g>/C, 
£4,2,1 = C*(W, ^4,2) = C (W) x P4j2 IR 2 Q,((M 2 )* x R) x P4 _ 2 IR 2 , 

2 ~ /'TCP* I I 1Q>*\ v D\ ^ TCP2 



£4,2,2 = C*(W 2 , ^4,2) = C (W 2 ) x P4 , 2 IR 2 = (R* U R*) x 



P4,2 



C ((-l, 0), (1, 0), (0, -1), (0, 1)} ® /c c 4 ® /c. 

□ 

Use the Connes-Thom isomorphisms and Bott periodic property of re- 
groups and the fact that our extensions are all appeared from some action 
of IR 2 , it is easy to see that: 

Remark 2.1. I. 

The six-term exact sequences, associated with the extensions 71,72,73 
are term-wise equivalent to the following six-term exact sequence 

tfi(J) ► Ki(C ((M 3 )*)) ► K X {A) 



So 



Si 



K (A) < K (C ((R 3 Y)) < K (I) 
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where I := C (R 2 x R*), A := C7 ((M 2 )*). 

2. The six-term exact sequence, associated with the extension 74 is 
term-wise equivalent to the following six-term exact sequence 

Mh) ► K (C(&)) > K (C 4 ) 



Si 



So 



where h ■= C ((0, tt/2) U (tt/2, tt) U (tt, 3tt/2) U (3tt/2, 2tt)), S 1 « [0, 2tt) and 
C 4 ^C ({0,7r/2,7r,37r/2,27T}). 

Remark 2.2. 

K (C) = Z, K x {C) = 0, 

K (C (R)) = 0, i^i(C (M)) = Z, 

K (C (M 2 )) = Z, ^(^(K 2 )) =0, 

K (Co(M 3 )) =0, Ki(C (M 3 )) = Z, 

^(^(S 1 )) = Z, ^(C^ 1 )) ^Z. 

Remark 2.3. I. Consider the function u : R — > S 1 , defined by the 
formula 

u(t) = exp(27ri^^=),Vt G K 

v / m 2 

and u± := u|r ± . Then the homotopy class [u±] are just the generators of 
the K-groups 

K- 1 (R + ) = K 1 (C (R + )) = Z, 
K-\R_) = Ki(C (R-)) = Z. 

2. The homotopy class of the constant function 1 : S 1 — > S 1 having only 
the value 1 at every point, is the generator of K ^ 1 ) = Ti^C^S 1 )) = Z and 
the homotopy class of the identity function Id : S 1 — > S 1 is the canonical 
generator of the group TsT 1 ^ 1 ) = ^(^(S 1 )) = Z. 

LEMMA 2.1. 1. 7T (7) = 0, 7^(7) = Z 2 and generate by two ele- 
ments [b] <S> [u+] and [b] © [u-]. 

2. X (Co((R 3 )*)) = 0, Ki(C ((M 3 )*)) = Z 2 . 

3. K (A) = Z and generated by the element [Id] © [n + ]. 7^ (A) = Z 
and is generated by the element [1] © [n + ] . 

Proof. 1. 

Because R 2 xK* = (R 2 x R + ) U (1R 2 x R_), we have 

/ = C (M 2 x R*) C ((M 2 ) © C (M+) © C (M 2 ) © C (R_). 
Thus, we have 

7^(7) = T^C^R 2 ) © C (R+)) © 7^(C (R 2 ) © R_); j = 0, 1 
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and hence, K (I) = 0. From the Bott periodicity and [ [|C2|| , Corollary 
VI. 3], it is easy to see that [b] ® [u + ] (resp., [b] <8> [u-]) is just the generator 
of K^CoiM 2 ) ®C (R + )) (resp. Ki(C (K 2 ) <g> C (M_))). Hence, K X {I) = Z 2 
is generated by two elements [b] (g> [it+] and [6] (g> [«-]■ 
2. 

Consider the natural exact sequence 

► 0,((M 3 )*) — C (M 3 ) — ^ C ► 0, 

where k is the restriction of function to the point {0}. From the associate 
six-term exact sequence and Remark 3.2, we have 

K (C (R 3 )*) = 0,Ki(C (M 3 )*) = Z 2 . 

3. 

Recall that A = C {(R 2 )*), where (IR 2 )* := M 2 {0} « S 1 x R + . Thus we 
have A = C^S 1 x R + ) ^ C (§ 1 ) <g> C (M + ) and 

K Q (A) = MCiR 1 ) ® C (R+)) = K^CoiS 1 )) = Z. 

Also in virtue of the Bott periodicity and [ ||C3| , Cor. VI. 3], this group 
Ko(A) is generated by [Id] (g> [u+]. By analogy, 

K\{A) = K^CoiS 1 ) ® C (R+)) = ^(^S 1 )) = Z 

is generated by element [1] (g> [u+\. □ 

Corollary 2.1. TTie six-term exact sequences, associated with the ex- 
tensions 71,72,73 can be identified with the following exact sequence 

z 2 ► z 2 > z 



So 



<5i=0 



Z < < 

Let us consider two matrix functions: The constant (2 x2)-matrix- valued 
function 

(j 9 = 

and the function 



: (IR 2 )* := M 2 \{(0, 0)} -> Mat 2 (C) 



p : (IR 2 )* « S 1 x K + -> Mat 2 (C), 

given by the formula 



/ ;« \ 1 A — cos(r7r) e lv5 sin(r7r) \ .,, itfl . , m 2\* 
p(e lv ,r) := - I _ ile .){-., \ \ ,V(e v ,r) G § x R + m (R ) . 
^ v ' ' 2 V e v sm(r7r) 1 + cos(r7r)y v ' y + v / 
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Lemma 2.2. 1. For each (e ilp ,r) e S 1 xR + = (IR 2 )*, the matrix p(e lip , r) 
is an idempotent. 

' 1 is equal to the generator [Id] © [u + ] of Kq(A) 



2. [p] 







K (C ((R 2 )*)) = Z. 

Proof. The first assertion is proved by a direct computation. The 
second assertion is deduced also from a direct computation in using [|C3|, 



Lemma .2]. □ 

Remark 2.4. It is easy to see that 

Kj{I x ) = i^(C(0, tt/2) U (vr/2, tt) U (tt, 3tt/2) U (3tt/2, 2tt)) 

1^(0,(0, tt/2)) © K^C^tt/2, tt)) © Kj{C {ir, 3vr/2))© 
©^(C (vr/2,27r)),Vj = 0,l. 

Thus 

K (h) = and K x {h) = Z 4 . 

Certainly, 



ATj({0, tt/2, tt, 3tt/2, 2tt}) S K^C 4 ) 



Z 4 if j = 
if j = 1. 



Remark 2.5. Consider the function / : [0, 2tt] — > S 1 , given by 

/(^):=e 4 ^,V^G[0,27r]. 

Denote by U\, u 2 , u 3 , u 4 the restrictions of / to (0, vr/2), (tt/2, tt), (tt, 3tt/2), 
(37t/2,7t), resp., we see that all of them have rotation number 1 and hence 
they are just the generators of Ki(C o (0, tt)), Kx(Cq(tt /2, tt)), Ki(Cq(it, 37t/2)), 
ir 1 (Co(3vr/2,27r)),resp. . 

Remark 2.6. Define 



Vl =(1,0,0,0), 

v 2 =(0,1,0,00), 

v 3 =(0,0,1,0), 

v 4 =(0,0,0,1) 



G C({0,7r/2,7r,37r/2,27r}) = C 



■l 



Then it is easy to see that their homotopy classes are just the generators of 
K (C({0, tt/2, tt, 3tt/2, 2tt})) K (C 4 ) = Z 4 . 
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Corollary 2.2. The six-term exact sequence, associated with the ex- 
tension 74 can be identified with the following six-term exact sequence 

► z ► z 4 

5i=0 So 

< Z i Z 4 

Remark 2.7 ( p5yfl ,§5). Let us denote C {R 2 ) = C(§ 2 ) the algebra of 
compact support continuous functions on R 2 with the formal adjoint unity 
element 1, 

Q(C$P)) := {a G C (M 2 );exp(27rza) = 1}, 

and 

Q n {C^W)) := {a G Mat„(c7 (M 2 ));exp(27rza) = lJ,nG N 
. We have a trace map 

Tr : \jQ n (Q$?)) - Q{Q0?)). 

n 

Each element [/] G Ki(Co{R 2 x K±)) has a representative, as a function 

f:R±^\jQ n (OJW)), 

n 

such that 

Km /(f) = Km /(t) 

and 

[/]=«; / .(W®[«±]. 
where w/ is the winding number of /, defined by the formula 

Theorem 2.2. The isomorphic class of C*-algebras of MD 4 - foliations 
of type T-j, T%, calFg are defined exactly by the following KK-theory invari- 
ants 

1. indexC*(V G4 3:4il ^ /y ^3,4(1,^/2) = [71] = (1,1) in the KK-group 

£xt(C (M + ) <g> /C, C (M 2 U M 2 ) ® £) S Hom z (Z, Z 2 ) = Z 2 . 

2. Jn(iea;C , *(V r G4!41 , JF) 41 ) = [72] = (1,1) in the KK-group 

£xt(L7 (K + ) <g> K, C (R* x M) <g> /C = Hom z (Z, Z 2 ) = Z 2 . 



2. THE C*-ALGEBRAS OF MEASURABLE MD4-FOLIATIONS 115 

([73], [74]), where [73] = (1,1) in the KK- 



3. IndexC*(V G ^ 2 ,F 4>2 ) 
group 



£xt(C ((R )* x R) x 



P4,2 



.C ( 



x 



[74 




1 



/-l 1 

-1 

0-1 

1 



JC £ Hom z (Z,Z 2 ) = Z 2 

0\ 



1 

-V 



in t/ie KK-group 
£xt(C 4 ® /C,C ( 



U 



/C) S Hom z (Z 4 ,Z 4 ) = Mat 4 (Z). 



Proof. Following the general conception of index, it is easy to see that 
that isomorphic class of C*(G) is defined by the KK- invariant IndexC*(G) = 
111], [72], or ([73], [74]). The classes [71], [72], [73] in virtue of Remark 2.1 
can be identified with the connecting homomorphisms 

5 G Hom z (ir (A),^(/)) = Hom z (K (Q)((M 2 )*), 



#i(Co 



Hom^,fZ,Z 2 l 



and 



<5i = € Homz^^.iTo^) = Hom z (Z,0) = 0. 

By the same reason, in virtue of Remark , the extension 74 is character- 
ized by the connecting homomorphisms 

5 G Hom(K (C 4 ),iri(/i)) = Hom z (ZZ 4 ,Z 4 ) ^ Mat 4 (Z). 

It rests therefore to prove the connecting homomorphisms for two cases 

5 eHom z ( J ftr (A) ) K 1 (J)) 

and 

doGHom^olC 4 ),^^)). 
1. Computation of 5 G H.omz(K (A), Ki(I)) 

As it was said, K (A) = K (C ((R 2 )*)) = Z is generated by the class 



1 




we need only to compute 



1 




Sa(\p])-S ( 



1 




Recall that following J. Taylor ( ||Tay|| , p. 170) for each idempotent / G 
Mat n (C ((i 2 )*)) = Mat n (I), i.e. [f] G K (A), the value 5 ([f\) is given by 

WD = [exppTri/)], 
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where / G Mat„(Co((M 3 )*)) such that vf = /, i.e. the restriction of / on 

'1 N 



Mat n (C ((R 2 )*)) is /. For / = f J , we can choose 



f(x,y,z) = f.h 



1 N 
0) ' 



where 1r is the function with a single value 1 on 



5 



1 




[exp(2irif] G K X (I) = K 1 (C (R 2 xR + ))®K 1 (C (R 2 xR_)) = Z 2 . 



It is easy to see that 

[exp(27ri/)] = ([exp(27ri/ + )], [exp(27ri/_)]), 

where f± := /.1r ± . It is easy to see, by using the winding number formula, 
that 

1 V) ,0.0). 



*>([ 







To compute 5{[p\), recall that p : (IR 2 )* -> Mat 2 (C). Choose 

p : (R 3 )* -> Mat 2 (C), 

as follows 



p(x,y,z) :-- 



3\* 



Denote the restrictions of p on 



2/ z 



x 



=p(x,y),V(x,y,z) G (R ) 



by p±. We have 



MM) = [exp(2?np)] = ([exp(2?rip + )], 

[exp(27rip+)]) G ^i(C (K 2 x R+)) e#i(C (R 2 x R_)). 
Following the winding formula, we have 

[exp(2irip±)] = w±.([b] <g> [u±]), 

where 

w ± := 2^ /r± Tr ( £( ea; P( 27r ^±) exp(-27rip±)cfe 
Thus we have 



\J x 2 +y'- 



5 { \p]) = ([b]®[u + ],[b]®[u_}), 
1 N 







= ([b] <g> [6] <g> [«_]), 



This means that 

5 = (1,1) G Hom z (Z,Z). 
2. Computation of 5 e Hom(fT (C 4 ), K^h)). 
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We constructed the generators [vi], [v 2 ], [03), [t> 4 ] of the K-groups 

K ({0, it/2, tt, 3tt/2, 2tt}) S fsT (C 4 ) = Z 4 

and the generators [ui], [1L2], [u 3 ], [it 4 ] of the K-groups 

ifi({0, tt/2, tt, 3vr/2, 2vr}) = ^(C 4 ) £ Z 4 . 

Choose a continuous function t\ G C([0,27r]), such that ^i(O) = £i(2ir) = 
1 A I [7,72,37172] = and linear outside this interval, and define Vi(e t<p ) := 
£i(<f), then the restriction of v\ on {0, 7r/2, tt, 37r/2, 27r} is just t>i. We have, 
following the definition of 6 , S {[vi]) = [e 2 ™ 1 ] G Ki(Ii). Recall that 

K^h) = K^CaiiO, tt/2) U (tt/2, tt) U (tt, 3tt/2) U (3vr/2, 2tt))) 

£ #i(C (0, vr/2)) © tt)) © ^(C^tt, 3tt/2))© 

©K 1 (C (37r/2,27r)) 

^Z©Z©Z©Z = Z 4 . 

Denote tin, U12, t>i3, £>i4 the restrictions of 5i on (0, ti/2),(tc/2, ir),(ir, 37r/2),(37r/2, 27r) 
respectively. Then, 

r 27ri£>i] /[ 27rifiiil r 27m>i2l 



([e 2 ™ 11 ], [e 2 ™ 12 ], [e27rivi 3 ], [e 2 ™ 14 ]). 



From the definition, it is easy to see that Vi 2 



2-irivn j 

U13 = and hence 



[e 2 ™ 12 ] = [e 2 
Following the winding formula we have |[Tay|| 



27ri{iii ] 



[e 



27riCi4] 



w 4 [w 4 ], 



where 101 and u; 4 are the winding numbers of V\ and t>i 4 , respectively, 

2rri J dip' 
2ni J dip 



Wi 



W4 



Thus, 

MM) 
By analogy, we have also 

This means that 



dip 

«i],0,0,[ui]). 



+1. 





-1 


1 


o\ 







-1 


1 










-1 1 




1 





0-1 J 



([wi],-[w 2 ],0,0), 

(0, K],-N,o), 
(0,0, K],-N). 



G Hom z (Z 4 ,Z 4 ) S Mat 4 (Z). 
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□ 

3. Bibliographical Remarks 

The main idea of studying the structure of C*-algebras of MD4-group 
was proposed by the author. The new idea of this chapter is to study the 
C*-algebras of measurable foliations, consisting of generic co-adjoint orbits. 
It is just the intersection of 1-dimensional irreducible representations. This 
idea was then developed for the general situation by th author in |pil 



The results of this chapter was done in Ph. D. Dissertation (1990) of Le 
Anh Vu under supervision of the author. 



Part 2 



Advanced Theory: Multidimensional 
Quantization and Index of Group 
C*- Algebras 



CHAPTER 6 



Multidimensional Quantization 

1. Induced Representations. Mackey Method of small subgroups 

We begin our exposition with a survey of key concepts and results in 
the so called Mackey method of small subgroups. This method will play an 
essential role in the development of the orbit method. 

Throughout this section G denotes a locally compact group and all ac- 
tions of G are continuous. 

1.1. Criterion of inductibility. 

Definition 1.1. Let M be a right G-space and V a left G-space. Let 
M x V denote the Cartesian product of M and V with the product topology. 
Let ~ denote the equivalence relation on M x V given by 

(m,v) ~ (m',v') •<=>- 3g e G 

such that ml = mg -1 , v' = gv. Define 

M x G V : = (M x V)/ ~ 

with the quotient topology. M V is called the fibered product of M and 
V over G. It will be usually denoted by By. 

Remark 1.1. (1) The right G-space M can be considered as a left G- 
space in the obvious way via the action m \— > g.m := mg~ x . Giving the 
product M x V the diagonal action of G, we can consider the left G-space 
M xV, and the orbits of G therein. Two points (m,v) and (m',v') are on 
the same G-orbit, if and only if there exists an element g G G, such that 
ml = mg~ l ,v' = gv. The space of all orbits of G in M x V is the space 
M x g V defined above. 

(2) If the quotient map M — ► M/G is a fibration ( moreover a principal 
bundle ), then 

V >-> B v -» M/G 

is the so called vector bundle, associated with the G-action on V . It is easy 
to see that there exists a bijection between the sections of this bundle and 
the V^-valued functions on M satisfying the following equations 

f(mg) = g^fim), 
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for all m G M and g G G. 

(3) We shall often apply the construction of product over G to the 
left spaces. For this, it is enough to remark that if M is a left G-space, 
then it is also a right G-space by the action g~ l M,g G G. In this case, 
£ v = (M x^)/ ~ and, by definition, (m, v) ~ (m', v') iff m' = gm, v' = gv. 
The sections s G T(£ v ) of the associate bundle V ^ £ v ^ G/M can be 
identified with the V-valued functions on M, satisfying the equations 

f s (gm) = gf s (m),Vg G G, Vm G M . 

(4) We shall use the construction to the case of induced representations. 

Definition 1.2. Let G be a locally compact group, H a closed sub- 
group and (cr, V) a unitary representation of H. The (left) G-action on the 
space r(£y) of sections of the associate G-bundle 

V ^ E v -» H \ G 

will be called the representation of G induced from the unitary representa- 
tion (cr, V) of if. It is denoted by Indg(a, V). 

Remark 1.2. (1) It is easy to see that G is a left iJ-space, and that 
H ^ G ^ H \ G is a fibration. We shall always suppose that there is a 
Borel section s: H\G^G,x\-^s x such that the decomposition g = h.s x 
is unique. It is easy to see that for every x G X = H \ G and every g £ G, 
there exists a unique h = h(g, x) such that 

Sx-9 = h(g,x).s xg 

and 

a(h(g 1 ,x))a(h(g 2 ,xg 1 )) = o-{h{g x g 2 , x)), 
for all x G X and <7i,<72 G C7. We have therefore a a(if )-valued 1-cocycle 
a(h(.,.)). 

(2) The 1-cocycle a(h(., .)) acts on the fiber V and C7 acts on H \ G by 
the right translations. Together, we have therefore a left G-action on the 
sections of the associate bundle £ V) 

(g.s)(x) = a(h(g,x))s(xg),Vg G G, \/x G X . 

(3) We always suppose that H ^ G ^ H\G is a locally trivial principal 
iJ-bundle and fix a trivialization T on it. It is easy to see that on the 
associated bundle Sy, there is a natural associated ( affine ) connection V. 

(4) It is also easy to see that on the right G-space X := H \G, there 
exists a unique, up to scalar factor, quasi - invariant measure djj, = d/i s , 
depending on the Borel section s. Let £?(., .) be the 1-cocycle defined by 

-1/2 

a(h(g,x)) . 



B(g,x) :-- 



dfi(xg) 
djj,(x) 
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Then the corresponding induced representation lnd H B(.,.) is unitary iff 
B(., .) is a unitary operator - valued 1-cocycle. 

(5) Let Ti,i = 1,2 be the induced representations corresponding to the 
1-cocycles B iy i = 1,2, respectively. Then T x and T 2 are unitary equivalent 
if and only if B\ and B 2 are cohomologuous, i.e. 

B 2 (g,x) = C(x)- 1 B 1 (g,x)C(xg) , 

for some operator - valued function C(.) on X. 

Definition 1.3. Let T be a unitary representation of G on a Hilbert 
space H, X = H \G and C (X) the *-algebra of continuous functions on 
X, vanishing at infinity, and P a ^representation of Cq(X) on the same 
Hilbert space 7i. The pair (T, P) will be called a unitary representation 
of the right G-space X , iff T and P satisfy the so called quasi-invariance 
condition 

T(g)P(f)T(g- 1 ) = P(R(g)f),Vg GG,V/G C (X) , 

where (R(g)f)(x) := f(xg) is the right regular representation of G. In this 
case we say that T can be extended to a unitary representation (T, P) of 
the right G-space X. 

Theorem 1.1 (Criterion of Inductibility) . Let T be a unitary rep- 
resentation ofG. Then there exist a closed subgroup H and a unitary rep- 
resentation (<r, V) of H such that T = Ind^(a, V) if and only if T can be 
extended to a unitary representation (T, P) of the right G-space X = H\G. 

Remark 1.3. (1) The criterion of inductibility is equivalent to the fol- 
lowing condition on the existence of systems of imprimitivity on X: There 
is a one - to - one correspondence between the unitary representations (T, P) 
of the right G-space X and the projection measures A on X . 

Recall that a projection measure A on X is by definition a map from 
the a-algebra B(X) of the Borel sets E in X to the projections in a Hilbert 
space, satisfying the following conditions 

(a) A{E l n E 2 ) = A{E 1 ).A{E 2 ), for all Borel sets E x and E 2 , 

(b) Afu^Efc) = J2Zi A ( E k), for a11 Borel sets E U E 2 ,..., such that 
Ei^Ej = ^i^j, v 

(c) P(f) = f x f(x)A(dx),Vf e C (X), and 

(d) T^A^TQr 1 ) = A(Eg)Vg e G,VE e B(X). 

The assertion above is clear in view of the following facts from functional 
analysis: The representation P of the *-algebra C (X) is just the quasi - 
invariant ( condition in Def. 1.5. ) integral, corresponding to the quasi 
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- invariant (condition (d)) projection ( condition (a) & (b) ) measure A, 
following the condition (c). 

(2) Consider the convolution algebra A = C (G x X) = C (X x 67), 
consisting of all continuous functions with compact support of type a = 
a(x,g), and with the following convolution product and involution: 

(ai * a 2 )(x,g) := / a ± (x, g^ 1 )a 2 (xg^ 1 , g^d^gx), Wx e X, g e G , 
Jg 

a*(x, g) := a(xg, r'lAcfe)" 1 , 
where Ac is the modular function of the right invariant measure d\i r on G. 

A *-representation <fi of the convolution *-algebra A will be called con- 
sistent of type T , iff 

T{ 9l )4>{f)T{g 2 ) = 4>{f) , 

where 

f(x,g) ■= fixg^g^gg^Aaig^' 1 . 

There is a one - to - one correspondence between the unitary representations 
of type (T,P) of Co(X) and the consistent ^representation cf) of the algebra 
A = C {X x G) of type T. 

This remark is also clear from the point of view of the representation the- 
ory: The algebra C (X x G) seems to be the group *-algebra for the homo- 
geneous space X. Thus the one - to - one correspondence between the quasi 

- invariant projection measures on X and the consistent ^representations 
of Cq(X x G) is well-known. 

Proof of the criterion of inductibility. 
Necessity. 

Suppose that T = Ind^(<r, V), realizing on the space L 2 ^ g (X, V) of square 

- integrable sections of the induced bundle £y. For each element / G Cq(X), 
define P(f) as the operator of multiplication by / in the space of sections 
L 2 ^ (X, V) of the representation T. It is easy to see that P(f) is a quasi- 
invariant in the sense of (1.5). 

Sufficiency. Suppose that our representation T extends to a unitary 
representation (T, P) of the homogeneous space X = H \ G. Following 
our remarks 1.7, there exist a consistent ^representation of *-algebra 
A= C (X x G) such that 

(j)(a)= / P(a(.,g))T(g)dfx r (g) . 
Jg 

By restriction to components, we can suppose that is a cyclic representa- 
tion, acting on L 2 (X, V) with source, ( or cyclic vector ) £. 
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For every element (3 E C (G x G) we can produce an element a E 
C (X x G), such that 



a(x,g 2 ) = a(Hg 1 ,g 2 ) := / (3(hg u g 2 )dp r (h) . 

Jh 

Choose a positive function a > on G such that 

/ p{hg)dp r (h) = 1 , 



we have 

(0(«)£,O = J G ((0(«)O(^i) ? C(^i))yp(^i)^r(^i) 

= /g Jjp a ( H 9u 92)(^(9i92), €(9i))vP(9i)dfJ.r(9i)dfJ. r (g2) 

= Ih JG Ig P( h 9l' 92)(^(9l92), Z(gi))vdprdpr{gi)dpr(g2)- 

Changing the variable g\ ~* h~ l g\, we have 

0(a)£,0=/ P(9u 92)^(9192), ^(gi))vdpr(gi)dfi r (g2) ■ 

JG JG 



Taking (3{g u g 2 ) = 9 1 (g 1 g 2 )9 2 (g 1 )A G (g 1 ), with t E C (G), we have 
where, by definition, 

0:= [ 9(g)^g)dp r (g) 

JG 

and because £ is the cyclic vector, the set {9; 9 E C (G)} is everywhere 
dense in V. 

In Co(G) we define (9i,9 2 ) := (0(a:)£, £) and a unitary representation cr 
oftfby 

(a(h)9)(g) := A H {h)- 1 ' 2 MhY^9{h' l g) . 

Consider the induced representation Ind#(<7, V) on the space Tt of func- 
tions F : G — > Co(G') such that 

F(hg 1 ,g 2 ) = Aa 1 (h)F(g 1 ,h- 1 g 2 ) , 

with the scalar product, defined by 

(F 1 ,F 2 ) = J (F 1 (g,.)F 2 (g,.)) Co{ G)pdpr(g). 
The dense subspace 

L = {<f)(a)t;aeC (X xG)} 
in L 2 jls (X, V) can be isometrically mapped into TC by 

r : 0(a)f ELo^F EH , 
^(#1, 52) = a^ifyi, gi 1 g 2 )A G (g 1 )- 1 . 
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The map r commutes with the action of G and really is an isometric linear 

1-1-1 , (~* / ~ 

operator with unitary closure. Thus we have T = Ind^(o", V), where V = 
Co(G) with the scalar product (0(a)£,£) as above. The theorem is proved. 

1.2. The Mackey method of small subgroups. The main applica- 
tion of the theory of induced representation is probably the Mackey the- 
ory, which completely describes the set of all irreducible representations 
of locally compact groups having proper closed normal subgroups via the 
induction process. 

Theorem 1.2 (Mackey Method of Small Subgroups). Let G be a 

locally compact group, N a closed normal subgroup, N the dual object of N 
(i.e. the set of unitary equivalence classes of irreducible unitary representa- 
tions), on which G acts in the natural way, V(er G)(o") G N, Wg G G, 

(ag)(n) := a{gng~^),\/n G iV . 

Suppose that G-orbit space N/G is of class T . Let G a be the stabilizer of 
(a) G N, which contains N. Let t be a representation such that (r) G G a 
and the restriction t\n is equivalent to a multiple of a. We can therefore 
consider the induced representation Ind^ r. 

Under these assumptions, there is a one - to - one correspondence be- 
tween the dual object G of G and the set of all these classes of induced 
representations of type Ind^ r. 

Proof. It is well-known that N is a type I group. Let T be an arbitrary 
(unitary ) irreducible representation of G, in some Hilbert space L. The 
the restriction T\n can be unitarily and uniquely decomposed into a direct 
integral of representations 

t\ n ~ r v a ^(a) , l= r L x dn(\) , 

Jn Jn 

where W x ~ U x ® S X ,L X = V x <8> C n(A) , U x G N and S x is some trivial 
representation of dimension n(A) = 1, 2, 3, oo . 

For every measurable bounded function / on N, we define P(f) as the 
diagonal operator of multiplication by /(A), A G N. It is easy to see that: 

(1) (T, P) is a unitary representation of N, 

(2) the measure /i is quasi-invariant with respect to the C7-action, and 

(3) if T is irreducible, ji is an ergodic measure. 

Therefore \i must be concentrated on a G-orbit in N, say in X. Then X 
is a homogeneous G-space. We take a point (a) G X. Following the criterion 
of inductibility, there exists some (r) G G a , such that r\ N ~ mult a and 
finally T ~ Indg a r . □ 
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1.3. Projective representations and Mackey obstructions. 

Definition 1.4. Let us denote by Ti a Hilbert space, U(H) the group 
of unitary operators and E^.Id = centViH). We define a projective unitary 
representation T to be a homomorphism T : G — > U(7i)/C, such that the 
map G x 7i — > 7i is continuous. 

Remark 1.4. It is easy to see that a projective unitary representation 
T can be always lifted just to a continuous map, but not necessarily a 
homomorphism,T : G — > U(7i), such that 

T(g 1 )T(g 2 ) = c(g 1 ,g 2 )T(g 1 g 2 ) , 

for some § 1 -valued function c(., .) := T(g 1 )T(g 2 )T(g 1 g 2 )~ 1 . 

From the properties of the homomorphism, it is easy to deduce that 

c(gi, 92)c(gig 2 , g 3 ) = c(g u g 2 g 3 )c(g 2 , g 3 ) . 

Thus c(., .) is a 2-cocycle in H 2 (G; T). This cocycle will be a co-boundary 
if there is some function b : G — > T, such that 

/ x Kgi)Kg2) 

c(9i,92)= ^r • 

In this case we have 

b(9i) T (9i)M92)T(g 2 ) = b(g 1 g 2 )T(g 1 g 2 ) 

and therefore 6(.)T(.) will be a unitary representation of G. In general case, 
the cohomology class (c(., .)) G H 2 (G; T) is called the obstruction to lifting 
a projective representation to a unitary ( linear ) representation. 

Now we consider the situation of locally compact groups, having (proper) 
closed normal subgroups, say N. 

THEOREM 1.3. Suppose that for every h G H , the representation ah, cr^(n) = 
aihnh^ 1 ), Wn G iV 7 is equivalent to a. Then there exists a one - to - one 
correspondence between the classes (r) G H, such that r\ N ~ mult a, and 
the set {H/N) pro - of unitary equivalence classes of irreducible projective rep- 
resentations of H/N. 

REMARK 1.5. If one is using the Mackey method of small subgroups 
H = G a the cocycles corresponding to the projective representations from 

{H/N) pro - are called the Mackey obstructions . If the Mackey obstructions 

vanish , then we can obtain the dual object G from the dual objects (G a /N) 
in killing the Mackey obstructions. And so we can use the induction process 
on group dimension. In the orbit method, this will be done by taking either 
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the so called Z/2Z-covering ( see the next sections §6 - §8 ), or the so called 
[/(l)-covering ( see Appendices A2. - A3. ). 

Proof of the theorem. 

For every k G K := H/N, choose a representation p{k) G H, for ex- 
ample by a Borel section, such that every element h G H has a unique 
decomposition 

h = p(k).n,\/k G K,\/ne N . 
Every (r) G H such that t\n — mult a, by definition, is of the form 

r(n) = Iy x (g> a(n) 

, acting on V\ <E> V^. Because <7 ~ cr^V/i G iJ, there exists a family of 
projective unitary operators W(k), k G K, such that 

a(p(A;)np(A;)- 1 ) = W(k)a(n)W(k)~ 1 . 

The operator r(p(k))(Iy 1 ® commutes with all the operators r(n) 

and because a is irreducible, r(p(/c))(/y 1 ® ^(/c) -1 ) = ^(/c) <8> /y 2 - Thus for 
h = p{k)n, we have 

T (h) = S(k)®W(k)<r(n) . 

Now we verify that S(.) : K — > U(Vi)/T is a projective representation. We 
see, on one hand, that p(ki)p(k 2 ) = p(kik 2 ) mod N. Therefore, 

r(p(A; 1 )p(A; 2 )) = S(hk 2 ) ® W^(A;iA; 2 )<T(n) 

for some n E N. On the other hand, we have 

r(p(fci))r(p(A; 2 )) = T(p(h)p(k 2 )) = S(h)S(k 2 ) ® W(h)W(k 2 ) . 

Remark that A <8> B = A' <g> _B' if and only if there exists some constant 
A G C such that A' = XA, B' = \~ l B. Thus from 

S(hk 2 ) <g) W^(A;iA; 2 )<T(n) = 5(^)5(^2) ® W(k 1 )W(k 2 ) 

and from the fact that W is a projective family, we can conclude that 

Wik^Wih) = A(A; 1 ,A; 2 )- 1 Vy(A; 1 A; 2 )(7(n) 

and 

S(k 1 )S(k 2 ) = \(k u k 2 )S(k 1 k 2 ) . 

The last equation proves that S(.) is a unitary projective representation of 
K = H/N. The irreducibility and the inverse direction is easy. 

Remark 1.6. The generalized orbit method proposes a multidimen- 
sional generalization of the idea of the Mackey method to the general situ- 
ation. The rest of this work is devoted to explain this idea. 
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2. Symplectic Manifolds with Flat Action of Lie Groups 

In this section we recall the definition of symplectic manifolds and then 
show that locally, every symplectic manifold with a flat action of a Lie group 
can be considered as some co-adjoint orbit. 

2.1. Flat action. 

Definition 2.1. A symplectic manifold (M,u) is a real smooth mani- 
fold M jointed with a symplectic structure u, i.e. a closed, non-degenerate 
differential 2-form 00. 

It is easy to deduce from this definition the following: 

Corollary 2.1. Every symplectic manifold has even dimension. 

EXAMPLE 2.1. Every cotangent bundle can be transformed into a sym- 
plectic manifold. 

To show this it is enough to construct a closed non-degenerate differential 
2-form 00. We shall construct the so called Liouville form a . Its differential 
B = da will be the desired symplectic structure. 

Let us consider an arbitrary differentiable manifold N and its cotangent 
bundle T*N . If U C N is an arbitrary local coordinate chart with the 
coordinate functions q 1 , q 2 , . . . , q k , the cotangent space T^iV, m G N, has 
the linear coordinates p\,p2, ■ ■ ■ ,Pk, dual to the basis Tp-, . . . , of T m N . 

Let us denote by p : T*N — > iV the natural projection. Then 

p^U = U w U x R k ^ T*N 

is a local coordinate chart oiT*N with coordinates q 1 , q 2 , . . . , q k ,Pi,P2, ■ ■ ■ ,Pfc-We 
define the restriction a\u of form a by 



Let V be another coordinate chart in N, and V := p^V the correspond- 
ing coordinate chart in T*N with the coordinate functions q 1 , q 2 , . . . q k , p±, . . . , pk- 
Then in the intersection [/flVwe have the relations 

q l =q l (q 1 T--q k ) ,i = l,...,k 
Pi =Pi(q 1 ,---,Q k ,Pi,---,Pk) ,i = l,...,k 
and pi, i — 1, . . . , k, are linear functions of Pi,P2, ■ ■ ■ ,Pk of form 



k 




i=l 



130 



6. MULTIDIMENSIONAL QUANTIZATION 



Therefore, we have 

= Ej Ez(E« ^i^r)Pjdq l 

= Ej E; SjiPjdtf 

Therefore {a\u = Ei=iP«^} defines a 1-form a G J1 1 (T*A'"). This form is 
the so called Liouville form . Its differential B = da has the following local 
coordinate form 

k 

B\u = d<j\u = S ^dpi A dq 1 . 

i=i 

Therefore, it is a non-degenerate differential 2-form, B G il 2 (T*N) . This 
example is in the foundation of the standard Hamiltonism of classical me- 
chanical systems. 

Definition 2.2. A vector field £ G Vect(M) is called Hamiltonian and 
denoted £ G Vect (M,u) iff holds one of the following equivalent conditions: 

(i) The Lie derivative of uo along the field £ vanishes, 

£cj := L^uj := Lie^u = , 

(ii) i{£)uj is a closed 1-form. 

A vector field £ G Vect(M) is called strictly Hamiltonian and denoted 
£ G Vecto(M, a;) if the 1-form i(£)uj is exact, i.e. there exists the so called 
generating function f = f^, such that 

^V + rf/ ? = o . 

In this case one says that £ = is the (strictly) Hamiltonian vector 
field, corresponding to the function / , or the symplectic gradient of /. 

Remark 2.1. On the symplectic manifold (M,u), there is a one - to - 
one correspondence between the vector fields £ G Vect(M) and the 1-forms 
G fi 1 (M). Therefore we have the following diagram of two exact 
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sequence of vector spaces 


T 

-> R ^Vect (M,u) -> Vect(M,w) -> H l DR (M,u) ^0 

T 

l7°°(M, R) 

T 

R 

T 
o 

Proposition 2.1. T7ie vertical and the horizontal sequences are in fact 
the exact sequence of Lie algebras. 

Proof. First we prove that 

[Vect(M,w),Vect(M,w)] C Vect (M,cu). 

Really, let C,,i] e Vect(M, u). Consider the function defined by 

/ = h, v ] ■= i(t,Hv)u = rj) . 
From differential geometry, we know that 

i([£>v\) = L £ o i(rj) - i(rj) o L{ 

and 

Lt = doi(Z)+i(£)od. 

Then 

= L t i{r))uj 
= -df^. 

Thus the quotient Lie algebra Vect(M, u)/Vetco(M, u) is commutative 
and is isomorphic to the commutative Lie algebra Hjj R (M;M). 

Recall that for two functions /, g e C°°(M, R), their Poisson brackets is 
defined as 

{/, 9} ■■= i}9 = -Zgf = Zg) = f[(,v] ■ 

Thus 

d{f,g} = df[^ g] = i([£,rj\)u 

and the vertical sequence is also an exact sequence of Lie algebras. The 
proposition is proved. □ 
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Let us consider now the smooth group action of a Lie group G on 
(M, a;). The Lie algebra g = LieG acts on M by the infinitesimal action. 
More precisely, for every x G M and X G g, the one - parameter group 
exp(tX) provides a smooth curve, passing through the point x G M. Let 
thus denote this curve by exp(tX)x and its tangent vector at x by £x(x), 

^x(x) := ^\ t=0 exp(tX)x . 

Suppose that £x G Vect (M, a;), VX G g with generating function /x- 
The quantity 

c(X,Y):={f x ,f Y }-f [xx] 
can be considered as the curvature of the group action of G on M. 

Definition 2.3. The action of G on M is said to be flat iff the curva- 
ture c(., .) of the C7-action vanishes, i.e. 

{/x,/y}-/[x,y]=0,VX,FG fl . 

Remark 2.2. If the action of G on M is flat, the homomorphism g — > 
Vect(M, cj) can be lifted to a homomorphism g — > C°°(M, R), following the 
commutative diagram 


T 

-> \/ect (M,cu)-^Vect(M,cj) -> H}) R (M, R) -> 

T \ T 

L7°°(M,M)^ 

T 

R 

T 
o 



Example 2.2. Every co-adjoint orbit ( or, following A. A. Kirillov, K- 
orbit ) is a simplectic manifold with a flat action. 

Let us consider a connected and simply connected Lie group G with Lie 
algebra g = LieG and the dual vector space g* := Hom^(g,M). With every 
element g G C7 we can associate a map 

AG/):G->G , 

A(g)x := ^rr^ 1 , 
fixing the identity element e G C7 

>%)e = s-e^^ 1 = e . 
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The differential of this map 

Ad(g) := A{g\ 
is called the adjoint representation 

Ad: G 

The corresponding contragradient representation of G in g* is called the 
co-adjoint representation of G, 

K:=coAd :G — > Aut g* , 
K(g) := (Ad(g-')Y : g* — > *. 

Under this co-adjoint action of G on g*, the space 0* is divided on to the so 
called co-adjoint ( or, following A. A. Kirillov, the K- ) orbits , g*/G := 
0(G). 

Remark that the adjoint action of Lie algebra g on itself, 

(adX)(Y) := [X,Y] 

is the differential of the adjoint action of G on g, 

Ad{expX) =e adX . 

Let us now consider a fixed .fT-orbit Q G 0(G). We fix a point F G f2 
and consider the stabilizer Gf at this point, and the bilinear form (F, [., .]) 
on g. It is easy to see that the kernel of this form is coincided with the Lie 
algebra g F := LieGp of the stabilizer G F , symbolically, 

Ker(F,[.,.]) = g F . 

Therefore {F, [.,.]) induces a non-degenerate bilinear form .) on the 
tangent at F space T F Q = g/g F . We write the action of G on Q = Qp on 
the right. So it is natural to identify Q with the coset space Gf\G, and the 
tangent space TpQ at F with the quotient space gp\s — 9/ Bp- The orbit fl 
is a homogeneous right G-space and cup(., .) is a non-degenerate skew form 
on the tangent space T F Q = g/g F . 

Remark that the form uj f : T F Q x T F Q — > R zs AdG F -invariant , i.e. 
VX = X + flF , y = y + 0F and G G F , 

(x(^)f, [x, y]> = ^(A^- 1 !, Ad^ _1 y) 
= (A^)*^(x,y) , 

i.e. 

(F,[x,y]) = ^(A > ,y) . 

Therefore u F can be extended to a G-invariant 2-form cu^ on Q. 
We prove now that this form oj f is closed. Really, 

dw F (X, y, Z) := uj f ([X, Y],Z)- u F ([X, Z],Y) + u F ([Y, Z],X) 

= (f, [[x, y],z} + [[y z],x} + [[z, x], y]> = o, 



= T e G -> = T e G 



of G in g, 
— >• Aut a . 
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following the Jacobi identity for Lie algebras. Thus up is a G-invariant 
symplectic structure on orbit fl = Qp. 

Finally, we show that the G- action is flat. Really, every I G g can be 
considered as a linear function f x '■= (-,X) on g*, and therefore a function 
on n. Hence, 

df x (F) = {F,[.,X]) = -i(£ x )u F 

and 

f [xx] =(.,[X,Y]) = L X (.,Y) 
= L x /y = {fx, fy}- 
Thus, every i^-orbit is a G-homogeneous symplectic manifold with the flat 
co-adjoint action of G. 

The space g* is decomposed into a disjoint union of the homogeneous 
symplectic G- manifolds, with the flat co- adjoint G-action. Together they 
can be considered as the symplectic leaves of a G-homogeneous Poisson 
structure on g*. This idea goes back to the classical one from Sophus Lie. 

2.2. Classification. 

Theorem 2.1 (Classification ). Every homogeneous symplectic man- 
ifold (M, w) with flat action of a Lie group G is locally isomorphic to an 
K-orbit of G or a central extension of G by R. 

Proof. Consider the map <fi : M — > g*, defined by 

(<f>(m),X):=F x (m) , 

where F X ,X G g are the generating functions of £, X ,X G g. To verify that 
this map is G-equivalent , in virtue of connectedness of G, it suffices to 
verify that commutes with the action of elements of type exp Y, Y G g 
on M and on g*. From the flatness of the G-action, {F X ,F Y } = F[xy\, 
one deduces that 0* maps on M to )]y on g*. This suffices for the local 
equivariance and hence also for global equivariance, as remarked before. 
From this G-equivariance, 4>(M) is an X-orbit in g*. It is easy to see that, if 
Xi, X 2 , . . . , X 2 k G g and the corresponding Hamiltonian fields £ Xl , . . . , £x 2fc 
are linear independent, then so are also the differentials of their generating 
functions df Xl , . . . , df X2k . Therefore, 

: M -» 0(M) = n C g* 

is a local homeomorphism. This means that M is a covering of a i^-orbit 
(1 C §*. If this X-orbit Q is simply connected, the covering is unique and 
M is homeomorphic to Q. In other case, iri(tt) 7^ {1}, M is a connected 
covering of Q, which is in one - to - one correspondence with subgroups T of 
7Ti(r2), and M is homeomorphic to T \ Q, where fl is the universal covering 
of ft. 
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Let G and M are the corresponding universal coverings of G and M, 
respectively. Consider the Lie algebra qi, generated by the generating func- 
tions /x,l£g. it is naturally an extension of g by R, 

We have a commutative diagram of Lie algebras and homomorphisms 


T 

-> Vect (M,u) ^ Vect{M,uj) -> Hp R (M; R) = 

T \ T 

C°°(M, R) <— 01 

T 

R 

T 
o 

Thus M is a homogeneous symplectic manifold with flat action of the simply 
connected Lie group Gi, corresponding to Lie algebra jji. The theorem is 
proved. □ 

Remark 2.3. The classification theorem means that every Hamiltonian 
system with flat action of a connected Lie group G is locally isomorphic to 
a co-adjoint orbit of G or its central extension by R. Roughly speaking, 
locally every flat homogeneous Hamiltonian system is a co-adjoint orbit. 

3. Prequantization 

In this section we define the so called procedure of quantization, the rule 
of geometric quantization and show its application to the representation the- 
ory. Our main intention is to do all in the multidimensional context. In this 
situation, there arise s some noncommutative summand in the expression 
of the corresponding curvature. 

3.1. Quantization procedure. Let us consider a fixed co-adjoint or- 
bit f2 e 0(G), a fixed point Fefl, the stabilizer G F at the point F and its 
connected component of identity (GV)o- Recall that Vl m Gf\G is a right 
homogeneous G-space. 

Remark 3.1. 

XF(exp (.)) := exp ('-(F, .)) : (G F ) - T = S 1 C C 

defines a unitary character (i.e. a 1- dimensional representation ) of(Gp)o, 
where K := ^ is the so called normed Planck constant and h is the un- 
normed Planck constant. For the mathematical theory exposed here, the 
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concrete value of K does not play any role. The only importance is that its 
value is nonzero. We use it in the correspondence with the corresponding 
physics theories. Normally, we can suppose that K = 1. 

Really, we have 

g F = LieG F = Ker(F, [.,.]) . 

Then the linear functional ^(F, .) is also a character ( i.e. 1-dimensional 
representation ) of qf, i-e. 

^F,([ 9F ,g F ])=0 . 

Definition 3.1. The orbit Q is said to be admissible ( resp., integral 
), iff there exists a unitary representation a of the whole L7p,such that its 
restriction on (Gf)o is a multiple of xf, 

a \(G F ) - mult xf , 
(resp. , iff xf can be extended to a unitary character r of Gf )• 

Remark 3.2. In virtue of the fact that (Gp)o is a normal closed sub- 
group of Gf, the set of such a is in one - to - one correspondence with the 
projective representations of the quotient group Gf/(Gf)o, 

{a G G F ] <t\{g f ) - mult Xf}^(G f / {G F )o) proj ■ 

Remark 3.3. It is easy to see that G F can be included in the symplectic 
group of the tangent space g/g F of the orbit Qf, Gf ^ Sp(g/g F ). The last 
group has the well-known metaplectic two-fold covering 

1 ^ Z /2Z - Mp(g/g F ) - Sp(g/g F ) - 1 . 

Using the 5-homomorphism lemma, we can construct the unique two-fold 
covering of the stabilizer Gf such that the following diagram is commutative 

1 -> Z/2Z ^G F ^G F -> 1 

1 ^ Z /2Z - Mp( / 0F ) - Sp( / 0F ) - 1 , 

on one hand. On the other hand, The symplectic group has also the well- 
known [/(l)-covering 

1 ^ [/(i) ^ Mp c ( / 0F ) - 5p( / flF ) - 1 . 



Also using the 5-homomorphism lemma, we can construct 
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the unique [/(l)-covering of the stabilizer G F) such that the following 
diagram is commutative 

1 -> U(l) -> G^ (1) -> G F -> 1 

1 ^ [/(i) ^ Mp c ( fl / 0F ) - Sp( fl / 0F ) - 1 . 

Therefore there are two subsets G^/ 2Z and G^ 1 ^ of unitary representa- 
tions in the projective dual object (GF/(GF)o) proj - 

In the future, avoiding the Mackey obstructions of the construction, we 
shall use the two - fold covering in the Duflo's construction ( Sections §§6-8 
) and the [/(l)-covering in the later development ( Appendices A1-A3 ). 

PROPOSITION 3.1. The orbit Q is integral if and only if the cohomology 
class [uq] of the Kirillov's form uq is integral ; i.e. 

M G H 2 (Q;Z). 

Proof. Recall that we suppose always G to be a connected and simply 
connected Lie group, and Gp the closed subgroup. Therefore, Q ~ Gp\G 
and we have the long exact sequence of cohomology groups 

-> H°{Q; R) -> H°(G; R) -> H°{G F ; R) -> 

-> H\tt; R) -> if^G; R) -> ^(Gf; R) -> 
-> # 2 (fi; R) -> # 2 (G; R) -> # 2 (G F ; R) -> . . . . 



#°(G;M)=0 , 
iJ 1 (G;R)=0 . 

# 2 (fi;M) = H l {Gp', R) 

TT^) ^ 7T (G F ) = G/(G F ) 



We have 

Then 
and 

Let us denote by 

p : G — ► ~ Gf \ G 
the natural projection. Then 

p*u>ci.Id = da 

for some a G i? 1 (G;Z). This form a is unique up to a differential, say 
df, f G G°°(G, R) and a := «|(g f ) is closed. Really , a = j^(F, .}. 

Now suppose that the orbit wq) is admissible. Therefore, there exists 
(<t, V") G Gf such that 

^l(G F ) = mult Xf ■ 
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Let us consider the action Ind^ F ( sigma, V) on the sections of th associated 
bundle £y{Q) : = G x Gp (a, V). □ 

Definition 3.2. Under a procedure of quantization , or some time a 
rule of quantization we mean a correspondence associating to each function 
/ G C°°(J1, C) an Hermitian operator / ( which become anti-auto-adjoint for 
real functions / ) in a Hilbert space H, satisfying the so called commutation 
relations what follow 

i = Id . 

In this case the operators /, / G C°°(f2,C) will be called the quantized 
operators. 

Recall that for the associated ( induced ) bundle £y(fi) we have to 
suppose that the principal bundle 

G F 

ir 

f2 ~ Gp \ G 

is locally trivial and that we fix a connection V ( i.e. a trivialization ). 
Then with every representation (a, V) of Gf we can associate an ( affine ) 
connection V on the induced bundle with the connection form a. 

Definition 3.3. For every / G C°°(f2,cjQ), denote its hamiltonian vec- 
tor field by £/, 

t(OV + d/ = o . 

The operators 

/ := / + ?V C , = / + + afrertfo)) 

are called the geometric quantization operators , corresponding to / G 
C°°(fi,C), where / on the right hand side is the operator of multiplica- 
tion by / and vert(£f) is the vertical componenent of the vector field £/, 
following the fixed connection T on the principal bundle. 

Theorem 3.1. The following three conditions are equivalent. 

(1) £afa) - 1^(0 - a(K, i?]) + ^ = v)™, V£, G Vect(fi) 

(2) Curv(V)(^) = [V € , V„] - V K>f|] = -j^foij) = -j^itf/d 

(3) {1Q~2} = llfuMA = Id , 
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i.e.f i— > / is a quantization procedure. 

(1) •<=>- (2) is just from differential geometry of connections. From our 
definition 3.7 we have 

V? : = Lz + l - a {vert{$)) . 
For simplicity, we denote a(vert(£)) as «(£). Therefore we write 

= [L € , L„] + i[L €> afa)] - i[L„, a(0] + (|) 2 K0, 

= {[L f ,L„] - %,„]} + {{[LtMv)] ~ 
-a(K,i7]) + i[a(0,«(»7)]} 
In virtue of Lie derivation, the first summand vanishes. It rests only to 
prove the following 

Lemma 3.1. 

Really , applying the left hand side to a section s, we have 

[L£,a(ri)]s = L^(a(r])s) - a(rj)L^s 

= (Lga(r)))s + a(r))L^s — a(rj)L^s 
= £a(ri).s. 

(2) •<=>- (3) can be proved by a direct verification. 

m,M =i[/i+?v €/1 ,/ 2 +?v^] 

= v €a ] + f[v 5/i ,/ 2 ] + (f) 2 [v C/i , v €a ]} 

= [A, vy + fv, {/iJ2} - fv, {/i , /2} + [v 5/i ,/ 2 ] + f[v 5/i , v,j. 

From differential geometry, we know that 

£{/i,/ 2 } = [f/uf/a] • 
We have therefore only to prove the following 

Lemma 3.2. 

[A,v 5/ J = [v 5/i ,/ 2 ] = -c h (h) = &(/ 2 ) = {/i,/ 2 } • 

Really, Because /i,/ 2 are the scalar functions and f3(fi), /3(/ 2 ) are the 
operator valued functions,/? := |a,the connection form, we have then 

[A,^ /2 )]=o, 
[A,v f/ J = [/i,% 2 ] . 
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Applying this to a section s, we have 

[h,V^]s =/i(L € J-L €A (/ia) 

= -Lz f2 (h)- S = ^(Oi^/ 2 ) s - 

The theorem is proved. 

3.2. Application. Let X G g = LieG be an arbitrary element, and 
{exp(tX)} tGR C G the corresponding one-parameter subgroup in G, and 
£x the corresponding strictly hamiltonian vector field, with the generating 
function fx '■= f% x and the corresponding Lie derivation 

L x := Lf. x . 

It is easy to see that 

[Lx, Ly] = L[ X ,Y] , 

L x f = {fx,f} 

and 

c(X,Y) = {f x ,f Y }-f [XtY] = , 

in virtue of flatness of the G-action. 

Applying the procedure of (pre) quantization, we define 

A(X):=i/, = i/, + V { , . 

It is easy to show that 

[A(X),A(Y)\ =A([X,Y]) + c(X,Y) 
= A([X,F]), 

following the flatness of the G-action. 

Conclusion. The procedure of geometric quantization provides a Lie 
algebra representation A(.) on the space of sections of the induced bundle 

e v (si). 

Remark 3.4. There are some conditions, providing the corresponding 
Lie group representations, namely the E. Nelson conditions: If all the oper- 
ators A(X),X G g and the Casimir operators 

A(C), C G Z(g) = centU(g) 

have operator closures, then 

exp A(X),X G a 

provide a unitaty representation of the universal covering group G of the 
Lie group G. 
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4. Polarization 

In the previous section, we have discussed how to construct the so called 
quantum correspondence 

/.— /,/eC°°(n,C) . 

But we didn't discuss about the arizing here Hilbert space H, on which 
the quantized operators /, / e C°°(fi,C) act. So we had the so called 
prequantization . In general, from a symplectic manifold, one constructs 
the L 2 -space on " coordinates " , but not on "impulsion " . The procedure of 
deleting from the coordinates of the symplectic manifold the half-number 
of "impulsion coordinates" is, roughly speaking, polarization . 

4.1. Some ideas from physics. Let us consider a general symplectic 
manifold (M,u), with the symplectic form 

2k 

cu(x) = a ij j(x)dx t A dx j 

i,j=l,i<j 

in local coordinates x — (x 1 , x 2 , . . . , x 2k ). 

The so called Darboux coordinates are the local coordinates 

(x\x 2 ,...,x 2k ) = (q\q 2 ,...,q k ,p 1 ,...,p k ) 

such that in these local coordinates the symplectic form has the canonical 
form 

k 

v(p,q) = ^dpi Adq 1 . 
i=i 

It is well-known in Differential Geometry that such a system of coordinates 
always exists. In these (p, q) -coordinates the Poisson brackets are just the 
classical canonical commutation relations 

{Pi,q j } =5ij, 

{Pi,Pj} =0, 
{q\qi} =0. 

Thus the so called (classical) polarization means a choice of a maximal com- 
mutative subalgebra P{U) C C°°(U) in a fixed Darboux coordinate neigh- 
borhood U C M. 

There is a physical principle, asserting that the local transformations 
(i.e. symmetry ) do not interchange positions ( i.e. g-coordinates ) with 
impulsions (i.e. p-coordinates). This means that the stabilizer G x at every 
point x G M normalizes the commutative subalgebra P{U). This means 
also that the semi - direct product f) := P(U) x q x is some subalgebra of 
= LieG, where q x := LieG x . 
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In quantum mechanics, one considers the following model: One fixes a 
(separable) Hilbert space Ti = L 2 (R k ), consisting of the complex - valued 
functions with square-integrable module, and with the usual scalar product 
of functions 

(/i,/2>:=/ f 1 (q 1 ,...,q k ).f 2 (Q 1 ,---,Q k )dq 1 ...dq k . 

In this model, the quantum states (f \ are represented by the normed 
vectors / G L 2 (R k ), || / ||= 1, where by definition, 

ll/H 2 :=</,/> • 

Some time the physicists note (f \ for this normed vector /. The quantum 
quantities are represented by the normal, i.e. [A, A*] = ( perhaps, un- 
bounded, but having the operator closure ) operators . Roughly speaking, a 
quantum mechanical system is a pair (Ti, 21 ) consisting of a Hilbert space 
and a *-algebra of normal operators. Their measurable values are just their 
eigenvalues. Therefore the commutator [A, B] of two operators A and B has 
its eigenvalues as the difference of two measuring order of physical quan- 
tities, AB and BA. Therefore every physical quantity A and its adjoint 
quantity A* are always exactly commensurable ( i.e. can be together at any 
state without errors measurable. Quantization means a process associating 

Pi l— ^ PiA = 1? • • • )k , 

q* t-Kf,i = l,...,k , 
and more generally to every classical quantity, i.e. a smooth function, / G 
C°°(R h ) a quantum quantity / G 21, 

/->/, 

in such a way that 




[Puq j ] = {Pi,q j } = Sijid 



where h :— ^, h is the Planck constant. 

This means that / i— > -^p-/, is a homomorphism from the Lie algebra of 
classical quantities with Poisson brackets to the Lie algebra with operator 
brackets, associated with the associate *-algebra of quantum quantities. In 

particular, the classical commutation relations must be mapped into the 
corresponding quantum commutatiom relations. 

The well-known Stone-von Neumann theorem asserts that there exists 
a unique, up to unitary equivalence, solution of the quatum correspondence 

Pi i-> Pi, q l i-> q\ 
satisfying the precedent commutation relations: 
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q l = q l , multiplication by coordinate function q % 
pi = -JL^-^L, derivation by coordinate variable Pi. 

These operators act on the dense subspace 5(IR fc ) C L 2 (M. k ), consisting 
of the Schwartz class functions, and have normal operator closure on the 
Sobolev spaces H s (WL k ), which are also Hilbert spaces. 

This unique solution of the quantum correspondence 

h d 

q % i — > qi = q J , 

satisfying the quantum commutation relations 

^ h 

[Pi, Q l \ = ^f 6 ij Id > 

can be also obtained from our geometric quantization procedure 

This explains the physical meaning of our procedure of geometric quantiza- 
tion. The central problem of constructing the Hilbert space Ji = L 2 (IR fc ) of 
quantum states is therefore reduced to the problem of delating the (q,p)- 
coordinates, which means delating a maximal commutative GVinvariant 
subalgebra h od g, subordinating the functional F e q* i.e. g x = LieG x C 
t) C g, h is a maximal subalgebra of g such that (F, [(),[)])= , what means 
the so called polarization , following the terminology of physicists. We are 
going now to some exact mathematical models of these physical ideas. 

4.2. (F, (repolarizations and polarizations. Let us now consider a 
co- Adjoint orbit = G F \G, and H the connected closed subgroup cor- 
responding to h. The last condition of polarization means that .) is a 
1-dimensional representation of 

f) and therefore can be considered as the diferential of the character 

XF\(G F ) nH = exp(-(F, .)) . 

Suppose that the orbit Q is admissible, i.e. there exists a representation 
denoted &xf £ Gf such that its restriction to the connected component 
(Gf)o is a multiple of the character xf, symbolically 

°Xf\(g f ) = multxF • 

We have therefore a pair (Gf, &Xf) consisting of a group Gp and a represen- 
tation c?xf- From the Lie algebra point of view, this representation can be 
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extended to representation of Lie subalgebra f) C g Thus polarization pro- 
poses some extension of the pair {Gf^xf) to some pair (H,a) consisting 
of H := Gf x Hq and some representation a such that cf\g f = multdxF- 

Remark 4.1. We consider the representations a of, the restrictions of 
which to (Gf)o H Hq are the multiples of xf- Following the theory of pro- 
jective representations ( see §1 ) they are in a one -to - one correspondence 
with the projective representations of H/(G F )o H H = (G F )o \ Gf- There- 
fore we can consider them as linear representations, passing to the two-fold 
coverings of type G F ^ 2Z = G B F or £/(l)-coverings of type G U F ^ . 

Definition 4.1. A real (F, a) -polarization (H,o~) is a maximal with 
respect to inclusion pair of group and irreducible representation, such that 

(1) Gf Q: H C G, where if is a closed subgroup in G. 

(2) The restriction of a to Gp is a multiple of oxf \ 

o\ Gf = mult^XF • 

(3) LieH = \) is Ad Gf- invariant and a\n = mult<To,o"o £ H is Gf- 
fixed. 

Proposition 4.1. If(H,a) is a (F, a) -polarization, then 

codim G H = - dimQ F ■ 
2 

Proof. Because 

(G F )o DH < H , a E H 

and 

o-\(g f )<ih = multXF , 

there is a one - to - one correspondence between these <t G H q such that 
a\ Ho = mult o" an d the projective representations of ((GV) nif )\-^o or the 
linear representations of the coverings ( Z/2Z -coverings or [/(l)-coverings). 
Because 

o~\(G F ) nH = mult xf , 

we have 

°"o|(G F ) rw = mmt Xf , 
a\ Ho = multxF • 

Thus 

(F,[f),f,]) = . 

As a linear space, f) is a maximal isotropic subspace of the Kirillov's form 

<of(,.):=(F, [.,.]> . 
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Thus 

codinig f) = ^rankuF 

= ^(dimg — dimKer 00 f) 
= ^{dimQ — dirriQF) 
= ^dimilp- 

□ 

Definition 4.2. A polarization of orbit Vtp at point F is a maximal 
with respect to inclusion pair (f), a), consisting of a Lie subalgebra h and a 
representation a such that: 

(1) Bf ^ t) ^ B- Denote the (connected ) analytic subgroup correspond- 
ing to h, 

(2) subgroup H := Gf x -f^o is closed in G, 

(3) the subalgebra h is AdGV-invariant, 

( 4 ) a \(G F ) = multxF, 

(5) cf\h q = mult Go, o" G Hq and a is Gp-fixed. 

Remark 4.2. It is easy to see that from a (F, (repolarization (H, a) one 
can construct a polarization (f), a) and vice-versa. 

In oder to obtain some irreducible representations by the construction, 
one consider a restricted condition: 

L. Pukanszky condition 4.6. Let us denote p : g* — > f)* £/ie d^a/ map 

to t/ie inclusion b^fl- 27ie aj^ne subspace p~ 1 {pF) = F + f)- 1 zs contained 
in the orbit flp- 

Definition 4.3. If the Pukanszky is satisfied, we say that F is well- 
admissible and h is an admissible polarization at F. 

Remark 4.3. If f) is an admissible polarization at F then by transla- 
tions, Ad g (f)) is an admissible polarization at K(g)F e JIf- Therefore we 
say that f2 is an admissible orbit. 

Some more general notion of (F, (repolarization and polarization can be 
obtained in passing to the complex domain. 

4.3. Complex polarizations. 

Definition 4.4. A complex (F, a) -polarization (p,H,a) is a maximal 
quadruple satisfying the folowing conditions: 

(a) p is a complex subalgebra of the complexified qc, such that (qf)c C 
P C 0c- 

(b) p is Ad Gp~ invariant. 

(c) I) := (p fl p) fl q and m := (p + p) fl q are real subalgebras. 
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(d) There exists the closed subgroups H and M such that H C M C G, 
where LieH = F), LieM = m. 

(e) a is an irreducible representation, (a) e -H" such that — mult a. 

(f) p is a complex representation of p such that p\^ = Da, the differential 
of a. 

Definition 4.5. A complex polarization of f2 at F is a triple (p, p, <7o), 
satisfying the following conditions: 

(a) p is a complex Lie subalgebra of qc, such that (qf)c Q P Q flc, 

(b) p is Ad Gp-invariant, 

(c) there exist the real Lie subalgebras m and h of g such that 

p + p = m c , m := (p + p) n s , 

pnp = f)c ; i):=(pnp)n fl = pn , 

(d) the subgroups M , H ,M,H are closed, where M and if are the 
analytic subgroups corresponding to the Lie algebras m and f), respectively, 
and M := Gp x M , // := G F K F , 

(e) <7 G i/o an d the point (cr ) m the dual object H is fixed under the 
action of G F and o-o\g f dh = mult axF\c F nH , 

(f) p is a complex representation of p such that p\t, — Da, the differential 
of a. 

THEOREM 4.1. There is a one - to - one correspondence between the 
complex (F, a) -polarizations (p, p, H, a) and the complex polarizations (p, p, a ). 

Proof. It is clear that from a (F, (x)-polarization (p, p, H,a), one can 
construct easily a polarization (p,p, a ). Conversely, considering the surjec- 
tion 

G F xH — > H := Gp x # 
with kernel Gp r\ H . From our assumptions, we have 

^XF\G F nHo — &o\g f c\h ■ 

Because a is G^-fixed we can construct a representation a of H = Gp x H , 
such th at 

o-\h - o-q . 

It is easy now to see from the definition that (p, H, p, a) is a (F, (repolarization. 
The theorem is proved. □ 
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4.4. Weak Lagrangian distributions. 

Remark 4.4. We say that an integrable GV-invariant tangent distribu- 
tion Lonf2^GV\Gis weak Lagrangian iff the semidirect product of 
Lie algebras p := (qf)c x ^g(L), where by Tg(L) we denote the space of 
all the G-invariant sections of the tangent distribution L, is a complex Lie 
algebra and the representation gxf of Gp can be extended to a representa- 
tion of H = Gp x Hq and to a complex representation p of p, satisfying the 
conditions in the definition 4.10 above. 

Definition 4.6. We say that this distribution is closed iff the groups 
M , H ,M,H are closed, where by definition, M and H are the analytic 
subgroups corresponding to the Lie algebras 

m := (p + p) n fl 

and 

t, := (pnp) n = P n fl , 

respectively, and 

M := G F x M ,H := G F x H . 

Thus there is a bijection between the (F, a) -polarizations and the closed weak 
Lagrangian G-invariant integrable tangent distributions. 

4.5. Duflo data. In general, the quotient group (G F fl H ) \ H is 
noncommutative. We considered in our definition of polarizations a G H , 
which is fixed under the adjoint action of Gp and the condition 

O'oIhoCiGf = mmt ®Xf\h c\G f ■ 
The representations of this type are in a one - to -one correspondence with 
the projective representations of group {HqC\Gf)\Ho- In the particular case, 
where we are taking not multi- but one-dimemsional representations (To, we 
obtain the single corresponding projective representation. As a projective 
represntation of Lie group, it can be lifted to a linear representation in 
considering the coverings. Following M. Duflo, we consider now the two - 
fold covering H^ 2Z = Hq of H 

1 -> Z/2Z -> H° -> H -> 1 . 

We denote the generator of the cyclic group Z/2Z by e and define the lifted 
character Xf °f -^o ^y the condition 

X^(e) = -1 • 

Then we consider the so called odd representations a e Hq such that 

(?o\G%nH§ = mult ax B F ■ 
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We have therefore 

(F,[M]> = • 

Thus passing to the two-fold coverings G B F , (Gf)o, Hq, H b of Gf, (Gf)o, H , H, 
respectively, we can in this particular situation consider the real polarization 
(f), a) simply as a maxim al possible with respect to inclusion Lie subalgebra 
f), satisfying the following conditions: 

(a) qf Q f) C g, () is a Lie subalgebra. Let H be the corresponding 
analytic subgroup. 

(b) f) is AdGV-invariant. 

(c) H Q and H := G F * i?o are closed subgroups in G. 

(d) (F, [m]} = 0. 

One can easily generalize this notion of polarization, passing into the 
complex domain. 

Definition 4.7. A ( complex ) polarization is a ( complex ) maximal 
with respect to inclusion Lie subalgebra p of gc satisfying the following 
conditions: 

(a) (& F )c Q P Q 0c- 

(b) p is Ad Gf- invariant. 

(c) f) := (p fl p) fl g = p n g and m := (p + p) fl g are real Lie subalgebras 
of g. 

(d) H , M , i?, M are closed subgroups in G, where H and M are 
the analytic subgroups, corresponding to the real Lie subalgebras f),m said 
above, H := Gp x H , M := Gp x M 

Then one considers a fixed representation er such that its restriction to 
(Gf)o is a multiple of the character xf and lift it to the odd character x S f 
of the two - fold covering G a p . 

Definition 4.8. The pair (F,a) is called a Duflo's datum and the 
complex Lie subalgebra p is called a polariszation in the Duflo's theory. 
Now consider any representation a, satisfying the conditions: 

(e) (a) E H»,<t\( Gf )* = multcrx^. 

(f) there is a complex contination of the representation Da of the real 
Lie algebra t) to a complex representation p of the complex Lie algebra p 
such that the E. Nelson's conditions are satisfied. 

We return then to our theory, exposed above. 

REMARK 4.5. This particular case, dimcr = 1 correspondence to the 
case of Lagrangian GV-invariant integrable tangent distributions. 

We finish this section by recalling a theorem of M. Vergne on existence 
of polarizations. The reader could find more detail in the original works of 
M. Vergne. 
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(1) Let (V,u) be a symplectic vector space and suppose that 

= V cV 1 cV 2 c--'<zV n = V (6) 
is a chain of vector subspaces such that: 

dim Vk = k, k — 0, 1, . . . , n . 

Define 
and 

n 

W(e,uj) := ^Keru; fc . 
fc=i 

Then W(&,u) is a maximal isotropic subspace for u. 

(2) If V is a Lie algebra and (6) is a chain of ideals < V and to = up 
is the Kirillov's form for some F G V*, then W(&, u) is a maximal isotropic 
subalgebra. 

Theorem 4.2 (Real version of M. Vergne's Theorem ) . Let G be 

a real exponential ( i.e. the exponential map is a diffeomorphism ) ( therfore, 
solvable ) Lie group, with Lie algebra q := LieG,F G q* . Then there exists 
a polarization t)Cg such that 

(1) f) = W(&,u F ) for some chain of ideals (&), 

(2) f) is Ad Gp -invariant, 

(3) (F, [f), f)]) = ; i.e. t) is a maximal isotropic subalgebra of up, 

(4) f) satisfies the Pukanszky condition: 

F + t ) ± cn F . 

5. Bibliographical Remarks 

The first idea about a general construction of multi-dimensional quan- 
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Partially invariant holomorphly induced 
representations 

1. Holomorphly Induced Representations. Lie Derivative 

From a (F, (repolarization (p,H,p,a) we can produce some representa- 
tion of G on the space of partially invariant partially holomorphic sections 
of some induced bundle. After that we shall show that the Lie derivative of 
this representation is just the representation of Lie algebra g, arising from 
the procedure of geometric ( multidimensional ) quantization. 

1.1. Partially invariant holomorphly induced representations. 

Definition 1.1. Let D be a closed ( not necessarily connected ) sub- 
group of G, with Lie algebra o := Lie-D. Let a be a fixed unitary ( not nec- 
essarily irreducible ) of D in a Hilbert space V. Then a (D, a)- polarization 
(p, H; p, a) will be any maximal with respect to inclusion quadruple , satis- 
fying the following conditions: 

(a) p is a complex subalgebra such that, Vc C p C qc- 

(b) p is Ad .D-invariant. 

(c) H is a closed subgroup of G such that its Lie algebra is just Lie H = 

i) = pn . 

(d) There exists a closed subgroup M of G with Lie algebra 

LieM := m = (p + p) n g . 

(e) a is an irreducible representation of H, (a) e H, such that a\ D = 
mult a. 

(f) p is a complex representation of p such that all the conditions of E. 
Nelson are satisfied and that the corresponding to a Lie algebra represen- 
tation Da, p^ = Da. 

Example 1.1. Let us consider D = G F , a\F £ 
Rep(G F ) and a (F, (repolarization (p,p,H,a) of fi. it is easy to check that 
we have (p, p, H, a) as a (D, 5"Xi?)-polarization. 
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Consider the principal bundle 

D — > G 
I 

X = D\G . 

It is a locally trivial principal bundle. Fix a connection on it ( i.e. a 
trivialization ). Let us consider a (D, (repolarization (p,H,p,a) and a 
fixed connection T on the principal bundle 

H -> G 
I 

H\G. 

p 

Consider the associated with respect to the projection map D \ G^>H \ G 
principal bundle 

D — »■ G 
I 

D\G. 

There is the so called associated connection V on it such that the following 
diagram is commutative 

D ^G_ H ^G 

ir |r 

D\G ^ H\G. 

We have a representation a oi H and = mult a of D. Therefore we have 
also the corresponding affine connections V and V on the vector bundles 
£v{H \ G) and p*£ v (D \ G), respectively, such that the following diagram 
is commutative 

V ^ £ v p*£y 
|V |V 
H\G ^ D\G. 

Therefore the corresponding spaces of sections could be included as follows 

T(S V (H\G),V)^T(S V (D\G),V) . 
The image of this inclusion is just the space 

{s G T(£y, V); s is left H — invariant). 
We consider also the next projection 
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and we have by analogy the diagram of triple vector bundles with connection 

v\v\£y_ pI£v £v 

|V |V |V 
G-^D\G-^H\G . 

Remark that the last bundle 

V~p* lP *£ v ^G 

is trivial, and we can identify the sections of this bundle with V^-valued 
functions on G. It is easy to see that 

T(£ v ) = {fe C(G,V);f(hx) = a(h)f(x),Vh G H,Vx G G}, 

r(p* 2 £v) = {/ e C(G,V);f(hx) = a\ D (h)f(x),Vh G D,Vx G G} . 

Definition 1.2. Section s G T(£ v ) is called partially invariant and par- 
tially holomorphic iff its covariant derivatives V^, £ G p, along the directions 
of p vanish. 

Theorem 1.1. The space T(Sv, P ,cr{H \ G)) of partially invariant and 
partially holomorphic sections of the induced bundle £y(H\G) is invariant 
subspace in T(£ v ) an d ^ isomorphic to the space C°°(G;p,H,p,o-) of the 
V -valued functions f on G, satisfying the following equations 

f(hx) = o-(h)f(x),VxeG,VheH , 
[L x + p^ x )]f = o,yx ep , 

where, by definition, Lx '■= L^ x is the Lie derivation along the vector field 
ix, X G q. 

Proof. Recall the action L x ■ 

(L x f)(x) : =^f(e W (-tX)x)\ t=0 

and 

f(hx) = a(h)f(x) 

are the left action. Therefore C°°(G;p, H, p,a) is a G-invariant subspace 
with respect to the right translations. 
By analogy, we have an inclusion 

Y{Sv„) - T{£ v ) 
and it is a G-invariant subspace. Looking at the diagram 
V -> G x V = p*£ v V ^£ v 

I IV 
G -5> H\G , 
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we have the natural isomorphism 

T{£ v>p><J {H\G))^C™{G-p,H,p,o) . 
The proof of the theorem is here achieved. □ 

Remark 1.1. It is easy to see that the partially invariant and partially 
holomorphic sections of the induced bundle £v(H \ G) form a structural 
sheaf of the partially invariant holomorphly induced bundle , noted £v,p,a 

Definition 1.3. The natural action of G on r(£y jPj(T ), isomorphic to the 
right translations on C°°(G; p, H, p, a), is called the partially invariant and 
holomorphly induced representation of G and denoted by Ind(G; p, H, p, a). 

Remark 1.2. Our partially invariant and partially holomorphic sec- 
tions are just the image of the partially holomorphic in the sense of R. 
B. Blattner sections with respect to the inclusion 

T{£ V ^{H \ G)) T(£ v , pMd (D \ G)) . 

1.2. Unitarization. Let us denote by Ah and Ac the modular func- 
tions ( for the Haar measures ) of H and G, respectively. Then 

5= ^A H /A G 

is a non-unitary character of H. We have the so called —density bundle 

M* :=Gx Dj5 C 

on D \ G. The bundle 

£ VtP>a (H \ G) := £ V , P AH \G)®M^ 
is a G-bundle oner X = D \ G. Because a is unitary, for every section 

s e r(£ VtP>a ), 

\\s\\ 2 v er(M) , 

where by definition Ai := M.^ ® M. 2 is the so called density bundle. We 
define the scalar product on the vector space r(£y j(£))(T ) by the formula 

(si,s 2 ):=/ (s 1 (x),s 2 (x)) v dx . 
Jh\g 

Let us denote the completion of r(£v, p , a (H \ G)) by L 2 {£y )P ^\ it is a 
Hilbert space, which can be identified with the Hilbert space L 2 (G; p, H, p, a) 
, consisting of ^-valued functions / : G — > V, satisfying the equations 

f(hx) = a(h)^A H (h)/A G (h)f(x),\/x E G,\/h E H , 
(L x+P (X) + iTr 8c/f ,adX)/ = 0,VXGp , 
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with the scalar product norm 

/ II f( x ) \\v dx < oo . 
Jh\g 

From now on we mean Ind(G; p,H, p, a) this unitarized representation of G 
onL 2 (G;p,H,p,a)=L 2 (S v ^). 

1.3. Lie derivation. Remember that Lieg is a functor which can be 
applied to functions, sections, differential forms, vector fields,... and also 
to representations, and gives some infinitesimal ones. We apply here this 
functor Lie^ to our induced representation to have an infinitesimal repre- 
sentation of our Lie algebra q = Lie G. 

Theorem 1.2. For every X in g, 

Lie x Ind(G; p, H, p, a) = -f x ■ 

Remark 1.3. The quantization procedure gives us some Lie algebra 
representation of type 

n 

This is "local version " of the theory. The construction of partially invariant 
holomorphly induced representations gives us a "global theory" of group 
representations. The theorem asserts the relationship between the local 
and global constructions. 

Proof of the Theorem. 

First of all, recall the construction of the Hilbert bundle £v,p,a- By 
definition, we have 

^ = Gx Gf (fo,7) = (GxV)/~ , 
where by definition, 

(9, v) ~ (g', v') g' = hg, v' = S(h)a(h)v , 

for some h G Gp- The representation 8a : Gp — > U(V) x C is unitary 
projective, 8cf{Gf) C U(V) x C. The image of this representation is a finite 
dimensional topological subgroup, and then by the positive solution of the 
well-known Hilbert problem is a Lie subgroup, of U(V) x C. Therefore, in 
virtue of the Stone theorem, every one-parameter subgroup of U(V) x C has 
a skew-self adjoint generator, say A = —A* and the 1-parameter subgroup 
self is therefore of form 

u t = exp(-tA),t e R , 
we can thus define the derivative of 1-parameter subgroups. 
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Recall now the definition of Lie derivative of bundle homomorphisms, 
following Y. Koschmann-Schwarzbach. Let us consider two G-bundles £,£' 
over D \ G of type £v,p,a- Then G acts also on the homomorphism bundle 

End V >-» Hom(£, £') -» D \ C7 = M . 

Consider (u,um) G Hom(£,£'), 

I I 
M ^> M . 

Then G-action on Hom(£,£' ) is just 

g.(u,u M ) := (g.u.g^^.iiM.g' 1 ) . 

Let X G g and g t = exp(tX) C G be the corresponding 1-parameter sub- 
group. We can define 

X.u := — (g t .u)\t= Q , 
which exists following the Stone theorem. 

Remark 1.4. (1) X.u is a differential operator of degree 1, 

\ / i 

M ^> M , 

X.M = X e .M — U.X £ i , 

where X e is a differential operator in Y{£) and X e / is a differential operator 
inr(£'). 

(2) Consider the particular case, where um = Id. Then 

X.u G Hom(£,£') = £* ® £' , 

is the Lie derivative of G-action on £ <g> 5'. 

(3) Consider the case where £ = M. Then w is some section and then 

X.u = Vx« 

is just the covariant derivative of u along the vector field £x- 

Return now to our situation of quantization. We have a (F, (repolarization 
(p, H, p, a) and we can consider the inclusion 

r(£v,p+iTr(ad),<5(T) ^ T {£y,p+\ Tr(ad),5<r) > 

p: G F \G ^ H\G . 

Let us consider 

V = p* V . 
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We have 
where 

ai(&) ■= P{X) + - Tr gc/ „ adX 

is the differential of the representation 5a\c F - 

Consider the differential form (3 on M = Gf \ G, defined by the formula 

C9,0(y):=(y,W>,VyGM . 

The expression ((3,£ x ) can be considered also as the generating function of 
vector field 

(P^x)(y) = (y^x(F)) = (y,X) = f x (y) . 

Thus we have 

=L ix + {a 1 ^ x ) 

= L^ + */ Y + *(a 1 (e x )-c9,e x » 

The theorem is proved. 

Example 1.2. The degenerate principal series representations of semi- 
simple Lie groups can be obtained from our construction, as 

Ind£((r x a)(g)is),a e M disc , P = MAU , 
where G = KP is the well-known Gauss decomposition. 

2. The Irreducible Representations of Nilpotent Lie Groups 

In this section we shall show the Duflo's construction of irreducible rep- 
resentations as a particular case of our construction of partially invariant 
and holomorphly induced representations. This Duflo's construction pro- 
poses to pass to the two-fold covering of stabilizers. It is natural to consider 
the so called Shale- Weil construction. In the particular case of nilpotent Lie 
groups, where the stabilizers are connected, the results give us the original 
Kirillov orbit method. 

2.1. Duflo construction. Recall that our multidimensional quanti- 
zation procedure starts with a (F, (repolarization (p, H, p, <7o), satisfying 
the conditions (a)-(f) of the definition 4.10. This is equivalent to giving a 
(Gf-i&Xf) -polarization (p,H,p,a) of the definition 5.1. In general case, 
<7 is an arbitrary irreducible unitary representation of H such that its re- 
striction to Gf fl H is equivalent to the restriction of &xf to Gp H H , 
symbolically 

&o\G F nH — &Xf\g f C\H ■ 
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For example the degenerate principal series representations of semi-simple 
Lie groups can be obtained in this way. 

For the particular case, where o"o = Xf, one can consider the two-fold 
coverings of type 

1 -> Z/2Z = {1, e} — > G 3 F — > Gp — > 1 , 

and 

1 -> Z/2Z -> # 8 -> #o -> 1 , 
which is obtained by restriction from 

1 -> Z/2Z -> # 8 -> H := G F x H -> 1 , 
and some unitary representation 6" G -ffg; suc ^ that 

where the odd character x B f * s the lifted character of the two-fold covering 
H B from the character xf of H, such that 

Xj.(e) = -1 • 

As it was remarked, considering only the particular case with the lifted a 
in place of un-lifted a, we can restrict our consideration to the Duflo's data, 
and polarization. Interesting to remark that the resulting representation 
is in fact independent from a particular polarization. It depends therefore 
only on the Duflo's data. 

Definition 2.1. A Duflo Datum is a pair (F,a), consisting of admis- 
sible and well polarizable functional F e q* and a some irreducible repre- 
sentation a G Gf of the stabilizer Gf- Recall that admissibility of F means 
existence such an irreducible representation, and the good polarizability of 
F means that there exists a maximal possible ( therefore of half dimension 
of the orbit ) ( complex, solvable following M. Duflo ) subalgebra p in g c 
such that the following conditions are satisfied : 

(a) 0c C p C flc- 

(b) p is Ad Gp-invariant. 

(c) \] := p fl g and m := (p + p) fl g are ( real ) Lie sub- algebras. Let us 
denote by H and M , the analytic subgroups of G corresponding to I) and 
m, respectively, H := Gf x H , and M := Gf x M . Then H , .U„. //. .1/ 
are closed. 

(d) There exists a G i/ , such that 

&\(G F )i = multxjr • 

(e) (F,[p,p])=0. 
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(f) There exists a complex representation p of the complex Lie subal- 
gebra p, such that its restriction to the real part \) is coincided with the 
character |(F, .) and the E. Nelson conditions are satisfied. 

Remark 2.1. The condition 6.1(e) is often referred as the subordinate- 
ness condition .In the construction of irreducible unitary representations 
one assumes always the Pukanszky condition ( see Theorem 4.17 ). 

Remark 2.2. As it was remarked, the Duflo's data are defined as the 
pairs of admissible well-polarizable functional F and some irreducible rep- 
resentation a of Gp, the restriction of which to the connected component 
(Gf)o are multiples of the character xf- This character and representation, 
can be lifted to the two-fold coverings 

1 -> Z/2Z = {1, e} — » G B F — > Gf —* 1 , 

and 

1 -> Z/2Z = {1, e} -> H 3 -> H -»• 1 . 
Therefore we can have also an equivalent version of Duflo's data. 

Definition 2.2. A ( lifted ) Duflo datum is a pair (F,a) of an admis- 
sible and well-polarizable functional F G q* and an odd irreducible unitary 
representation a G G 3 F , such that 

& \(G f )° f - multxF • 



2.2. Metaplectic Shale- Weil representation. Let us consider a sym- 
plectic vector space (V,uj). To this vector space corresponds the Heisenberg 
Lie algebra t)2n(V), which is V © K. as a real vector space and with the 
commutation relations : 

[v e>t,v' e>t'\ = u{v,v') . 

Let H 2 „(l / ) := exp t)2n(V) be the corresponding simply connected Lie group. 
It is called the Heisenberg group , corresponding to the symplectic space 
(V». 

Let pi,p2, ■ ■ ■ ,Pn, Q 1 , ■ ■ ■ , q n be a symplectic " orthonormal" basis of V 
with respect to the symplectic form u, i.e. 

u)(p h q 3 ) = 8ij,Vi,j = 1,2, ...,n . 

It is easy to see that cent t) 2n (V) = K and centU 2n (V) = R. Following the 
well-known Stone-von Neumann Theorem : There exists a unique, up 
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to unitary equivalence, unitary representation T of M. 2n (V) in the Hilbert 
space L 2 (M. n ), such that it restriction to the center ofM.2n.iY) is a multiple 
of the character x, define d by 

i 

X(expt) = exp(-t)Id . 

Its differential is the representation DT of the Heisenberg algebra f)2 n (V), 
defined by : 

Pi | — *■ Pi '■= f j^T; the i th partial derivation, 

q l i— > q l := q % , multiplication with the coordinate function q % , 

These differential operators are defined on the dense subspace iS(IR n ) 
consisting of the Schwartz class functions, in the representation space Ti = 
L 2 (R n ). 

From the point of view of the orbit method, this representation T corre- 
sponds to the parameter t* — 1* e t)2n(V)*, where {p*, . . . (g 1 )*, . . . , (q 1 )*, 1*} 
is the dual basis of f)2n(V)* an< ^ the rea ^ P polarization (f),Xi*), generated 
by the p-coordinates pi, ■ ■ ■ ,p n . 

The symplectic group Sp(V) acts on V and we can consider the semi- 
direct product Sp(V) x H 2n (l / ). We want to extend the representation T 
of the normal closed subgroup H 2 „(l / ) to some representation of Sp(V) x 
H2n(V r ) and also its subgroups. This question is solved by the Shale- Weil 
theorem, what follows. Recall that the fundamental group 7Ti Sp(V) = 
Z. Then to the quotient group Z/2Z = there exists a two-fold 

covering Mp(V) of Sp(V), called the metaplectic group, i.e. there is an 
exact sequence 

1 -> Z/2Z {1, s} -> Mp(V) -> Sp(V) -> 1 . 

Theorem 2.1 (Shale- Weil Theorem). There exists a unique repre- 
sentation S ofMp(V) inH = L 2 (M. n ) such that, for every x G Mp(V), with 
image x e Sp(V) and for each n e H 2n (l / ) ; 

S , (x)T(n)S'(x)- 1 = T(x.n) , 
S(e) = - Id . 

Remark 2.3. The two-fold covering Mp(V) of Sp(V) is called the meta- 
plectic group and the representation S of Mp(V), extending the representa- 
tion T of H 2 „(l / ) is called the metaplectic representation or the Shale- Weil 
representation. 
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Corollary 2.1. Every representation a e Sp(V), realized in the Hilbert 
space 7i can be considered as a representation of the semi-direct product 
Sp(V) x HI 2n (V) ; which is trivial on the normal subgroup HI 2n (V) ; or as a 
representation o/Mp(V) x HI 2n (V) 7 which is trivial on the normal 

s 

subgroup (Z/2Z) x H 2n (V) ^ (Z/2Z) x e 2n (V). Therefore, a <g> S.T is 
a representation ofMp(V) x HI 2n (V) such that its restriction to HI 2n (V) % 
s a multiple ofT, 

a® S.T\-a 2n{v) ~ multr . 

Conversely, every representation of Sp(V) x HI 2n (V) ; which is a multiple of 
T on HI 2n (V) can be considered as a projective representation of Sp(V). 
This projective representation can be transformed into a linear ( unitary ) 
representation, if the Mackey obstruction cocycle is trivial. Often one can 
do this for Lie groups, by going to the two - fold coverings of type 

i -> z/2z -> Mp(y) -> Sp(y) -> 1 , 

or to the U{1)- coverings, U(l) = T = S 1 , of type 

1 -> 17(1) -»• Mp c (V) -> Sp(F) -> 1 . 

T/ie /irs^ version will be done in the Duflo's construction. The second ver- 
sion will be done in more advanced studies. 

This mechanism of extension of representations is now applied to our 
orbit method. 

2.3. Irreducible unitary representations of nilpotent Lie groups. 

Let G be a connected and simply connected nilpotent Lie group, g = Lie G 
its Lie algebra, g* the dual vector space and F e g* a fixed functional. In 
this situation, Gp = (Gf)o, and every functional F is integral. Following 
Theorem 4.2, there exists real polarizations f) C g, which is Ad GV-invariant, 
maximal isotropic with respect to the Kirillov form up{., .) = (F, [., .]), sat- 
isfying the Pukanszky conditions and which is positive in the following sense 

For every ( not necessarily real ) polarization p, ujf\ s / Sf induces some 
Hermitian form iuf{v,v), v e [ := p/(g)c- The last induces a unique Her- 
mitian mapping on 1. The positivity condition asserts that the negative 
inner index of ojf vanishes, 

q(p) := ^{strictly negative eigenvalues} = . 

With this Hermitian form up, we can consider xf as an 1-dimensional 
unitary representation of H = H , in this case, and we can induce it to 
obtain Ind(G; f),7). 
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Theorem 2.2 (A. Kirillov, B. Kostant, L. Auslander etc.). (1) The 

representations Ind(G; f), F) for real polarizations and the representations 
Ind(G; p, p, F) for complex polarizations , satisfying the Pukanszky condi- 
tion, are irreducible. 

(2) These representations are independent from polarizations f), from the 
fixed point F , but only from the orbit Q = Q F . We denote them therefore 
by T n . 

(3) The correspondence 

n e 0(G) ^T n eG 

is a homeomorphism, 

Q */G = 0(G)nG . 

Remark 2.4. We omit a detailed proof of this theorem, remarking only 
that to prove (1), one reduces the representations to the tensor products 
of two extended representations of some Heisenberg groups corresponding 
to the polarizations. To prove (2), one remarks that by changing the point 
Fefi, the polarizations are changed by conjugations, what does not change 
the equivalent classes of representations. To prove (3), one considers in more 
detail the topology of the orbit space q*/G and the well-known continuity 
of the induced representation functor lnd H . 

2.4. Irreducible representations of extensions of nilpotent Lie 
groups. Using the Shale- Weil representations, we extend now the repre- 
sentations of nilpotent Lie groups to more general situations. 

Suppose that G is a connected and simply connected group, D a sub- 
group of automorphisms of G preserving Gf, i.e. D is a subgroup of diffeo- 
morphisms of the orbit Q = flp, conserving the symplectic structure, 

L>^Sp(p/( 0F ) c ) • 

Following the well-known five homomorphisms diagram lemma, the follow- 
ing diagram 

1 -> Z/2Z D -> 1 

i a 

1 ^ Z /2Z - Mp(p/( 0F ) c )^Sp(p/( flF ) c ) - 1 

can be completed to a commutative diagram follows 

1 -> Z/2Z -> D s -> D -> 1 

II I* 
1 ^ Z /2Z ^ Mp(p/( flF ) c )^ Sp(p/( fl ) c ) ^ 1 • 

The group D B is just the fibered product of p and i, 

D B := {(d,x) G D x Mp(p/(fi) c ) | i(d) = p(x) (denoted x or d p/Mc )} . 
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Consider a fixed element d G D. Then, following Auslander and Kostant, 
there exists a positive polarization p such that p + p is normalized by d. 
The operator 

(S' p (d)f)(x):=\detd g/P \-V 2 f(d(x)) 

does not depend on p. Then if U is a intertwining operator between the 
representations rnd(G;p,F) and Ind(G; p', F'), then 

S' p (d) = u- 1 S' p ,U 

and 

S' v (d)lnd(G;p,F)(x)S' v (d- 1 )=lnd(G;p,F)(d(x)) . 

Thus 

d G D i— > S' p (d) / unitary equivalence = S'(d) 

is a projective representation of D. 

The character 5 = det(-) 1 / 2 is well defined on Sp(p/(g)c), because the po- 
larization is positive and is a character. It can be lifted easily to a character 
5 B of the two-fold covering such that 

5 l a(e) = -l . 

THEOREM 2.3 ( M. Duflo ). For every d G D B , the operators 

S{d) :=5 3 {e)S'{d),\/deD 

are unitary and S(.) is a unitary representation of D such that S(e) = — Id, 
i.e. a so called odd representation. 

Corollary 2.2. For every so called odd representation U of D s , i.e. 
U(e) — — Id, the tensor product U <8> ST n is a representation of D x G, 

(U ® ST n )(d.x) := U{d) ® S(d)T n (x) . 

REMARK 2.5. We can not go to the two-fold covering Mp(p/(g) c ) of 
Sp(p/(g)c), but to the L r (l)-covering Mp c (p/(g) c ) to obtain another version 
of the theory. 

3. Representations of Connected Reductive Groups 

This section is devoted to expose the so called Duflo's construction. It 
seems to be an analytic version of the quantization procedure in cases, where 
°o — Xf- We start with some Duflo datum (F,t), then reduce to the case 
of connected reductive groups, where we shall start our exposition. 

First of all, we recall that in the nilpotent case, the K-orbits are affinc 
planes in g*. Therefore the Pukanszky condition : F + ^ C Vl F is automat- 
ically satisfied. The situation is not so in the reductive case. 
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Lemma 3.1. (1) For a reductive Lie algebra q, F G g* admit a good 
polarization ( i.e. satisfied the Pukanszky condition ) if and only if the Lie 
algebra qf is a Cartan subalgebra. 

(2) Let a be an ideal of q, which is contained in qf, 8 '■= £)/<*, F' G q* is 
the induced from F form on g'. Then F has a good polarization if and only 
if such one has also F' . 

(3) Suppose n to be an nilpotent ideal of q, f := F| n; g x := Qf C g ; 
F\ := F\ 3l . Then F has a good polarization if and only if Fi G g\ has a 
good polarization. 

The proof of this lemma is not difficult. We refer the reader to M. 
Duflo's works. 

Remark 3.1. The last assertion reduces the question about existence 
of good polarizations to the reductive case by induction. 

Let us denote X G (F) the set of all the unitary representations r of the 
two- fold covering G F of Gf, which are odd in the sense that 

r (e) = - Id 

and the restrictions of which to (G\f)o are multiples of the odd character 
Xf = Xf8 f . This set is in a one - to-one correspondence with the set X G (F) 
of all representations a of the stabilizer Gf such that their restrictions to 
the connected component (Gp)o are multiples of the character xf- Denote 
its subset of the irreducible representations by Xq t (F), 

X% r (F) := {r G G|;r( £ ) = -Id,r| (Gj?)o = mult XF } 

and the corresponding subset of Xg(F), consisting of the irreducible ones 
by X'£ r (F). Recall that F G g* is said to be admissible iff X G (F) ^ 0. 
Recall also that 5 B = 5 F is an odd character of G B F , such that 5(e) = —1 
and its differential D5 F G y/^lyp, 

The multiplication by the odd character 5 F realizes the bijections between 
the sets X G (F) and X G (F), and also X£ r {F) and X^ r {F). 

Remark 3.2. Suppose that there exists a positive ( with respect to the 
Hermitian form iujf{v,v) ), Ad GV-invariant Lagrangian subspace I in the 
symplectic vector space (g/g F )c ~ {Tf^)c, then such the odd character 
can be easily constructed. It is realized in the single non trivial cohomology 
group of the complex associated with the adjoint action of group on ( metric 
) tangent bundle of the orbit il F (see the works of M. Duflo for more details 
). This is the case, for example, for the solvable or semi-simple Lie groups. 
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Definition 3.1. Denote by AV{G) the set of all admissible and well- 
polarizable Junctionals F in g*. For such a functional, a Duflo's datum is 
a pair (F,r), with r G X G (F). We define X(G) := U Fe ^ (G) X G (F). 

This definition is a particular case of Definition 4.15. We recall here for 
the concrete usage for reductive groups case. 

Let us consider a connected reductive group G and an admissible well 
- polarizable functional F G AV(G). This means that X G (F) ^ and g F 
is a Cartan subalgebra, denoted f) . Let if be the centralizer of f) in G and 
A = A(gc ? t)c) be the associated root system. For every root a G A, denote 
the corresponding root space by g Q 7^ {0}. It is easy to see that the Cartan 
subalgebra f) can be decomposed into the sum 

f) = t© a© 3 , 

of the center 3 of g, the split torus a, and the compact torus t. Therefore 
V— It + a will be the real linear span of co-roots. Let us denote by M the 
centralizer Z G (A) of the split torus A, and m := LieM. Then A(m c , f) C ) is 
contained in A = A(gc, f)c) as the subset of purely imaginary roots. 
If £ is a subset of A, we denote 

the half-sum of roots in S. With each a G £ one can associate a character 

Xa := £ a ■■= exp (a, .) 

of H = G a , the stabilizer of the point a e f)* C 0*. The last inclusion is 
possible in virtue of the root decomposition 

= • 

It is reasonable to recall that t) = g°, as eigenspace. 

Recall that A G fj£ is said to be g-regular iff \(H a ) 7^ 0,Va G A, where 
H a is the co-root, corresponding to a. This notion can be applied also to 
m and we can say for example about m-regular elements 

For every a G A, consider 

«c : = 0° © © • 
For each a G A m := A(m c , f) C ), 

S C = l s c n 0) 

and therefore a G A m is said to be compact ( resp., noncompact ) root, iff 

s a ■= s g n g = su(2) 
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( resp., = s/(2,R) ). Denote A mjC ( resp., A mj „ ) the set of all compact ( 
resp., noncompact ) roots. 

Consider now a functional A £ ^ such that A is m-regular and A| t G 
y/^lt*. Denote 

A+(\):={aeA+;\(H a )>0} , 
K,n-= A+(A)nA m , n , 
A: c W:=Ai(A)nAm,c 

and finally , 

S X := P(A+ n (A)) - p(A+ C (A)) . 

Let us recall some notations from Vogan : By denote the set of 

all the so called M-regular unitary pseudo-characters (A, A) consisting of a 
m-regular functional A G v^— If) and a unitary representation A of H with 
differential 

DA = (A + Do" A ) Id . 
Remark that the last condition 

DA = (A + L>o" A ) Id 

is equivalent to the assertion that 

A | Ho = mult5 A XA , 

what figures in the orbit method. 

Denote by R irr (H) the subset of R(H), consisting of the irreducible 
pseudo-characters. For a fixed A G y/^lt)*, denote 

R{H, A) := {(A, A) G R{H); DA = (A + 5 X ) Id} 

and 

R irr (H, A) := R(H, A) n iT r (#) . 

The Weyl group 

W(G,H) :=M G {H)/Z G {H)=M G (H)/H 
acts on both R(H) and R irr (H). 

3.1. Harish-Chandra construction of 7r(A, A). Recall that 

&,(.) := exp (a, .) 
for each a G A. Let us denote 

F:= {xGffji centralizers m and |£ a | = l,Va G A} . 

Then 

if : = F# := F \x Hq , 
Hf]M = H 
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and 

FM = F x M . 

Denote 

U = (f)c© s Q )n fl 

agA„,c 

and Km the corresponding analytic subgroup. Let us denote 7r M °(A) the 
irreducible unitary representation of Mq, which is square-integrable modulo 
the center of M , and which is associated with A. This representation, 
following Harish-Chandra is characterized by the following condition. 

The restriction ^ m °{^)\k Mo contains the ( finite dimensional ) irreducible 
unitary representation of Km with the dominant weight \+D5 x with respect 
to A+ c; as a minimal Ku^-type 

Now a representation 7r FM °(A, A) of FM := F x M can be constructed 
as follows 

7r™°(A, X)(y.x) := A(y)®Tr Mo (\)(x),Vx e M ,y e F . 

Let P = MN be a parabolic subgroup of G with the Levi component M 
and the unipotent radical N, 

M = FM = FM , 

P = MN = (FM ) k N . 

Define now 

7r(A,A):=/n^ Mo><iV (7r FM »®Id i v) . 

Recall that if A is is irreducible and A is g-regular, the representation 7r(A, A) 
is irreducible. 

Theorem 3.1. The representation of type 7r(A, A) can be also obtained 
from the procedure of multidimensional quantization. 

Proof. Let us consider F e g* which is admissible, i.e. X G (F) ^ 
and well-polarizable, i.e. gp = f) is a Cartan subalgebra of g. Therefore, 
the stabilizer Gp = H is the corresponding Cartan subgroup ( because G 
is connected ! ). By the assumption, A := y/^lF^ is a g-regular functional 
from \f . There is a positive G^-invariant Lagrangian subspace [ C (g/g F )c, 

I: = A"© (A)fl~ a ©n c , 

aeA+ >n (A) ae A+, c 

where n := LieA^. In general, [ is not a subalgebra. But in any case, there 
is a character 5 F of two - fold covering G 9 F = H B with the differential D5 F . 
Now we have 

A G R irr (H, A) = X^ r {Ff^X irr {F) . 
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This means that there exists a unique r G H = Gp, such that 

t\ Hq = mult(xF5 F ) 

and 

A = t5 f , 

7i(t5 f ,\) = Ind(G; I, t, F) . 
The theorem is proved. □ 

3.2. ( Possibly non connected ) reductive groups. Let us now 

consider the case, where G is (non-)connected reductive with Lie algebra g = 
LieG. Consider an admissible well-polarizable F G AV(G), i.e. Xq{F) ^ 0, 
qf — f) is a Cartan subalgebra, if := ^(fj). In this case, we have 

H CHnG CHCG F ■ 

Let A = v 7 — T-^lfp 

A+ := {a G A; 3A(# a ) > or %\(H a ) = & &(A(if a )) > 0}, 

aeA+ 

Then 

b + := t) C ©n+ 
is a GV-invariant polarization at F and 

e + := (b + + b+) H fl 

is a parabolic subalgebra with the reductive part 2 g (j), where 7 := F| , a 
is the split component, 7 can be considered as a linear form on g, which is 
null on t © 3 © [fj, 0] and on the nilpotent part (ZlaGA,a( 7 )>o £>") n £>■ 

Consider now any polarization b at F, which is GV-stable. Let e : = 
(b © b) fl g be the parabolic subalgebra of g, with unipotent radical u and 
with reductive part r, i.e. t © u = e. Let R be the analytic subgroup with 
Lie algebra t and U its unipotent radical, u = Lief/. Define R := Gf x Ro 
and E := (Gf k -Ro) x U, r — F\ t . it is easy to see that the stabilizers Gf 
at F in G and R t at r in R are the same, i? r = G F - Therefore r has a good 
polarization. Consider the two-fold coverings 

1 -> Z/2Z -> GJ, -> G F -> 1 

1 -> Z/2Z -> Rl -> i? r -> 1 . 

Therefore, we can define £ G and i£i?J for every x E G F = R r and <5 F 
and 5 r as in the connected case, which are not necessarily to be a character, 
but a odd one. By the condition of admissibility, there exists the well-known 
bijection 

t G X£ r (F)t>V G Xl r (r) 
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and it holds 

5 F (x)r(x) = S r (x)r'(x) . 

The subspace c := b fl tc is a Lagrangian subspace of (t/t r )c which is totally 
complex , i.e. c fl c = {0}. Therefore, h is also a fundamental Cartan 
subalgebra of t and R fl H = H , x 

X%l{r) = {x\;$ r -X\ e char(H ), with differential A = D5 X }, 

which has only a unique element X\- 

As in the connected case, we have a representation tt° of R , 

tt° = n(xxS r , A) = Ind(i? ; b, Xx, A) 

in the space 7i. Recall that c := b fl tc, with the unipotent radical o = 
Rad„ c, is a Lagrangian subspace of (r/r r )c, cflc = {0}, i.e. is totally 
complex. 

Recall the notation of root spaces 

V„ := {v eV;3ne N; (H - X(H)) n v = 0, VH G {,} , 

corresponding to the root fx G f) c . Let g r (c) be the number of the negative 
eigenvalues of oo\ cXc and let us denote 

p(c) := p(S), 

where £ is the set of roots of f)c in t> : = Rad u c. The space H°° of smooth 
vectors in 7i can be considered as some f)c-module and, following Vogan, 

'o ifjWW 



1 if j = ^(c) 



M. Duflo proved that there exists a unique representation S of the two-fold 
covering R z r = G B F in the space H denote 

p(c):=p(S) , 

where £ is the set of roots of f)c in o := Rad u c. The space 7Y°° of smooth 
vectors in H can be considered as some f)c-module and, following Vogan, 

'0 ifj^<f(c) 



dim^( ;H oo ) A+p(c) 



otherwise 



of 7r°, such that 

SO^vr ^)^)- 1 = Ti°(xyx- l )^y G R ,Vx G G F ,Vx G i£ . 

Because R r r = G F , S can be considered as a representation of G F in posing 
S(x) := 5(5) . Therefore, for every odd representation r' G X R (r) of i?*, 
the formula 

ir(xy) := t'{x) ® S(x)n°(y),Wx G R v r ,Wy G i? 
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provides a representation of semi-direct product R = R r \xR = Gp\x R . 
This representation can be considered as the representation (V CgjSV ) ®Id[/ 
of E. Then Ind^((r' ® S^ ) <g> Id^) is a representation of G, which is also 
denoted by 7> )Tjf) := Tp )Tj6 +. 

Corollary 3.1. JTie representations T FjT;b ■= Ind((r' ® S^ ) <g> Idu) 
are obtained from the multidimensional quantization procedure. 

It is reasonable to remark that various concrete polarizations give us 
equivalent representations. Thus the representation Tp, T ,b is independent 
from the polarizations. We denote it from now on simply as Tf T . The 
upper index G indicates the group, we are interesting on. 

3.3. The induction procedure for general ( separable ) Lie 
groups. Let us now consider the case of general ( separable ) Lie groups. 
Consider a Duflo's datum (F,t), i.e. F G AV(G) is an admissible and 
well-polarizable functional ong = LieG and r G Xq t (F). 

Let J be a subgroup of Gp, acting trivially on g/g F . Following the 
extension 

1 -> Z/2Z = {1, e} — > G 9 F — > Gp — > 1 
we can for each x E Gp choose a preimage x = r F (a;) by a map 

such that 

5 F (r F (x)) = l . 

The map r F can be chosen to be a homomorphism. 

Assumption For each subgroup C in the center centG of G, if r G 
X£ r {F) is such that 

r(r F (x)) =^(x)ld,yx eC , 
for some character ip G C , then so is the representation Tp tT , 

T FjT (x) = ip(x)Id,Vx G C . 

Consider the case dimg = 0. Then G is a discrete group, F = and 
T F>T (x) = r(r F (x)),Wx G G. The assumption is satisfied. 

Suppose now that dimg > and that T F ^ are defined for every G\ with 
dimfl! < dimg and (Fi,Ti) with F 1 G AV(G) and Ti G X Gl (Fx), satisfying 
the assumption. 

Consider the Duflo datum (F,r) G X{G) := Up e _4p(G')XG'(i 71 ). Let us 
denote by n the nilpotent radical of g and the corresponding analytic 
subgroup, which is the nilpotent radical of G ( i.e. a closed normal analytic 
nilpotent subgroup ). 
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Denote 

f-=F\ n , 
q := kerF fl n/ < g/ , 

fli := fl//q • 

I s * case : dimgx = dimg. Then g is reductive and the representations 
Tp T are defined as in §7.3. 

2 nd case : dimg! < dimg. Let us denote f) := gj, h := and H := 
Gf. Because N is nilpotent, the stabilizers of K-orbits are connected, and 
therefore the two-fold coverings are trivial, 

Nj Z/2Z x (N f ) = {l,e} x jV/ . 

Because F is admissible, so is also / := F| n , i.e. there exists a character x 
of Nj such that 

X (e) = l,£>x=^/| n/ . 

Denote Q := (A;erx)o, the connected component of identity. It is a normal 
subgroup in H = Gj, with Lie algebra q := LieQ = KerDx fln/< g/. 

Define G 1 := G n f /Q and p : H = G n f — > Gi, the canonical projection. It 
is easy to see that (G^) 1 ' C if^. Really we have 

For some element x G G F , we denote x a representative of the preimages of 
x in Cp, 

x a representative of the preimages of of x in 

x a representative of the preimages of x in (G^) 6 . 

Then there exists r' G XqZ, acting on the space H T , such that 

r'^)^^)^^) = r(x)5 F (x) . 

Because Nj acts trivially on Ij/tip there exists a section 

r h : Nj ^ (Njf 

such that 

^(r ft (x)) ee 1 . 

Therefore, there exists r' G X H (h), such that r'(y) is defined above for all 
y G {G F f and 

r'(r ft (y)) = Id, G iV; . 
It is easy to see that 

(G F ) Fl = Hl/r h (Q) 

and there exists T\ G X Gl (F 1 ), such that r' — T\op. By induction, T"^ 1 is 
well-defined. 
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Consider now U := T^ 1 n op and C = Nj/Q. Then by the assumption, 

U(y)= X (y) W, Vt/GiV; . 
Let us denote by TV the universal covering of N. Then, we have 

G f x N -» G/ x iV . 

The representation [/ <g> SfT^ is trivial on the kernel of this surjection ( i.e. 
the preimage of the identity element ). Therefore it defines a representation, 
denoted Tg n <g> S/Tf of G/.7V. 

Finally for (F, r) e 1(G), we define 

: = ^.^(^n ® 5 / T f ) • 

REMARK 3.3. In the case where g is reductive and dimgx < dimg, we 
have therefore two construction of Tp T . But it is easy to see that they are 
equivalent. 

We finish this section by stating the functorial properties of the con- 
struction of representation, referring the reader to the works of M. Duflo 
for a more detailed exposition. 

Theorem 3.2 (M. Duflo). (1) For every (F,t) e X{G), the commut- 



a 



IS ISO- 



ing ring C(Tp ) of intertwining operators of the representation T\ 
morphic with the same one C(r) of the representation r . In particular, if t 
is irreducible, so is also the induced representation Tp . 

(2) For every automorphism a e AutG, 

rpG arpG 

I a(F,r) - I F,r ■ 

In particular, the G-equivalent pairs (F, r) ~ G (F', r') give the equivalent 
representations Tp T ~ Tp, T , . Therefore the representation Tp T depends 
only on the quasi-orbit G.(F,t) C X{G). 

(3) If F is not in the K-orbit of F' , then the representations Tp and 
Tp, T , are disjoint. 

(4) There is an isomorphism of the spaces of intertwining operators 

C(T° t ,T^ t ,)^C(t,t') . 

(5) If C is a subgroup of the center centG of G and 

r(r F (x)) =ip(x) Id,Vx G C 
for some character xjj G C , then 

T° T {x) =^j{x) Id,Vx G C 
i.e. the assumption is always satisfied. 
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(6) If n is any ideal of g and N the corresponding analytic subgroup in 
G, (F,t) G X{G), f = F\ n , etc.... as in the beginning of §7.4-, then 

TZ T = Ind° f . N (T°) Ti ®S f T») . 

(7) The representations Tp T are normal ( i.e. of type GCR ) if and 
only if in this construction dimr < oo and the K-orbit Qf = G.F of F in 
g* is locally closed , i.e. an intersection of closed and open subsets. 

4. Representations of of almost algebraic Lie groups 

This section is devoted to the so called almost algebraic Lie groups . For 
this class of Lie groups, the construction of irreducible representations can 
be reduced to the case of reductive groups. The set of irreducible unitary 
representations is so big, enough to write out the Plancherel formula, one 
of the most important part of the harmonic L 2 -analysis. 

4.1. Co-isotropic subalgebra s. 

Definition 4.1. The real separable Lie group G is called almost alge- 
braic , if and only if there exists a discrete subgroup Y of its center Z{G) 
and there exists an algebraic linear group © over R, such that the quotient 
G/T can be included as an open subgroup in the group <S(R) of real points 
of ©. 

Definition 4.2. Let F G g*,g = LieG. Subalgebra p C g is called co- 
isotropic iff p F C p, where by by definition, 

p F :={X ep;(F,[X,p]) = 0} . 

Let us define p := F\ p . Then it is easy to see that p p = p F . Let (P p )o 
be the analytic subgroup of G, corresponding to p p = p F . Then the subset 
(P p ) .F is open in F + p ± . Recall that p satisfies the Pukanszky condition 
iff 

(P p ) .F = F + p ± . 

For a fixed F, let us denote cos(F) the set of all co-isotropic subalgebra s, 
satisfying the Pukanszky condition. 

Example 4.1. (1) For every F e g*, g e cos(F), i.e. cos(F) ^ 0. 

(2) If p is a real polarization of F, satisfying the Pukanszky condition, 
then p G cos(F). 

(3) If b is a complex polarization, so that b + b is a complexification of 
p := (b + b) fl g, then p is a co-isotropic subalgebra and p p = b H g. 

Conversely, if p := (b + b) fig G cos(F), then b is a complex polarization, 
satisfying the Pukanszky condition. 

(4) For a semi-simple Lie algebra g, p C g is a co-isotropic subalgebra iff 
p is a parabolic subalgebra. 
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Proposition 4.1. Let p e cos(F). Then F has a good polarization if 
and only if a such one has p = F\ p . 

Proof, (i) Sufficiency. Suppose that p = F\ p has a good polarization 
E> Q Pc- Then b is also a good polarization at F in qq. 

(ii) Necessity. Suppose that b is a good polarization at F in gc- We 
prove that there exists a good polarization at p in p c . This will be done by 
induction on dimension. 

If dimg = 0, it is obvious. 

Suppose that the assertion could be proved for the Lie algebras of strictly 
less dimension. There are several cases (a)-(e) : 

Case (a) : There exists a non-trivial unipotent ideal a C g, contained in 
KerF. In this case, the assertion is trivially proved by considering the 
quotient algebra g/a, which has the dimension, strictly less than dimg. 

Let us denote 3 the unipotent part of the center centg. Due to the case 
(a) we can restrict our consideration to the case, where dim 3 < 1 and and 
F\ } 7^ if 3 7^ {0}. Let us denote u := Rad u (g) the unipotent radical of g. 

Case (b) : u = 3. In this case g = r x 3, where r is the reductive part 
and gp is a Cartan subalgebra of g. Therefore gp C p will be a parabolic 
subalgebra, and pc contains a Borel subalgebra b C gc, which is a good 
polarization at p — F\ p . 

Case (c) : Lie algebra g contains a characteristic commutative ideal a 
such that 3 C a C u and g 7^ p © a. In this case, let us denote 

a:=F\ a , 

p' := (p D d) + a, 
h:=F\ h . 

Then p' G cos(h). If b is a good polarization at F, then b' := (b fl t) C + 
ac will be a good polarization at h. By induction, p' c contains a good 
polarization, 

say b" at h and 

b" C p c © a c = g' c ■ 

Let F' := F\' g . Then b" is a good polarization at F' in g C g. There- 
fore by the induction hypothesis, there exists a good polarization, which is 
contained in p. 

Case (d) :u is a Heisenberg algebra with center 3 7^ u. Let us define 
u := F| u , u := g u , r := F\ t . Let p' := p © u, £ := p' fl r, p" := r © u. Then 
£ G cos(r) and p" G cos(F). Let b be a good polarization at F in g^. Then 
there exists a good polarization b' at F in gc, such that b' fl uc is a good 
polarization at u in uc and b' fl uc is a good polarization at r in re- 

Suppose p 7^ g. Apply the induction process hypothesis to p' to find a 
good polarization at p in pc . 
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Otherwise, g = p' = p + u. If p = g, it's trivial. If g ^ p, let us denote the 
unipotent radical of p by o = u p = p fl u. Then, 

t[w, f ] C[jj,m]CzC p. 

Therefore t) is an ideal in q = p © u. Let us denote to := Z u (v) the centralizer 
of in u. Then fl ro is a commutative proper ideal in 3. This is the case 
because in the opposite case , n to = 3, and, as p-modules, there exists a 
p-invariant subspace m in ro, such that m © 3 = ro. Let F' G Q* be such a 
functional that F'| p = p, F'\ m = 0. By the Pukanszky condition, p G cos(F') 
and m C (p') F ', what is a contradiction. 

So we can apply the case (c) to the proper ideal t> fl to 7^ 3. 

Case fej : = p. It is so clear ! 

Now let us show that, if dim g > ; one of the cases (a) - (e) must be 
satisfied. 

non (a) : dim$ < 1, F| 3 7^ 0, u := u g, the unipotent radical. 
non (b) : u 7^ 3. 

non (c) : There is no characteristic ideal a<Q, i.e. there is no such an 
ideal a, that jCaCu,g = p©a. 

non (d) : u is not a Heisenberg algebra. 
non (e) : g 7^ p. 

We show that it must be therefore some contradiction. Really, if u isn't a 
Heisenberg algebra, there exists some commutative ideal, chosen of minimal 
dimension, a < q, such that 3 C C u. We have [u, a] C 3 , by minimality 
of dim a, and p fl a C 3 . Let := "p. Then o is contained in u, because 
p © u = q, and any ideal of p, contained in is an ideal in g. Therefore by 
non (c) there is no commutative ideal in 0, which is different from 3. So 
is a Heisenberg algebra with center z or it is 3 itself. 

Consider a' := cent u, which is a commutative ideal in g, and a' fl = 3, 
a' © = u . Replacing a' by a, we assume that [a, a] = 0. Suppose m be a 
subspace of a, such that 

= m©3 , 
[0, m] C m . 

Let F' G Q* be such a functional that F'\ p — p, F'\ m — 0. By the Pukanszky 
condition, p G cos(F'). This is a contradiction to the fact that m is a 
non-zero subspace in p F . The proposition is then proved. □ 

4.2. Irreducible representations. Returning to the almost algebraic 
Lie group (G, T, (3), let us now consider a Gi?-stable element p G cos(F) and 

the corresponding irreducible subgroup of 65, with Lie algebra p, and P 
the analytic subgroup of G with the same Lie algebra p,P:=L7 F xP ,^P 
the algebraic closure of P/Y in <&. Therefore ^P(R) is closed in (55 (R) and 
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the group P is open in the inverse image of *P(R) in G, and so, it is a closed 
subgroup of G. Finally the triple (P, T, *J}) is an almost algebraic group. 

Let us denote := u p p the unipotent radical of p p , V(M) the correspond- 
ing simply connected subgroup of <5(R) and therefore the corresponding 
analytic subgroup V of G is closed and simply connected. From the Pukan- 
szky condition, one deduces that P p = G F .V and that V/(Vf]G F ) is simply 
connected. 

Theorem 4.1. (i) F is admissible if and only if p = F\ p is admissible, 
(ii) For every r G Xg(F) there exists a unique t' G Xg(p) , such that 

(5 f t)(x) = (5 p t')(x),Vx G G F . 

(Hi) The correspondence t i— > r' in (ii) provides bijections 

X G (F)~X P (p) , 

XZ r {F) l ^X i ; r (p) . 

Proof. Some parts of this lemma were checked before. The other ones 
are also not difficult to be checked. □ 

Theorem 4.2 ( The main result). Suppose thatT is finite. Let (F, r) G 
X{G), p G cos(F) is Gp-stable,p := F\ p and t' corresponds to r in the 

bijection X G (F) 1 ^ 1 X P (p). Then (p,r') G X(P) and 

T^ T = lnd G P (T p p Tl ) . 

Remark 4.1. The unipotent radical n := u q of g is G-invariant. Let 
/ := F| n and p := ©n, P := Gf.N, P := H F .P , where P is the analytic 
subgroup corresponding to p. It is easy to see that 

p G cos(F) , 

P = P P , 
T p P y = Ind P (T p P T ,) , 
T p P y = Tg] T1 © S f Tf 



and 



Ti? T = Ind?Ind^(T^) = Ind^(T^) . 
Remark 4.2. If p g q G cos(F). then Tp T = Indg FGo (T^ G °). 
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Proof of the Theorem. It is the same as in the proof of Proposition 
8.4, the induction on dimension of g can be deduced from the cases (a)-(e). 

The assertions of the theorem are trivial in the start of induction, where 
dimg = 0. 

The case, where dimg > is covered by the cases (a) - (e). For theses 
cases, the induction assumptions suppose that the theorem is proved for 
every Lie algebra pi of dimension dimgx < dimg. 

Case (a). This case is a particular case of a previous remark. Therefore 

Tl = lnd$ fAo (T^) . 

Case (b). We have 3 := u cent g = u := u g. In this case, as in the proof 
of Proposition (b), g F is a Cartan subalgebra and p G cos(F) is a parabolic 
subalgebra. Therefore pc contains a Borel subalgebra b, which is a good 
polarization at p = F\ p and 

1 F,t — lna G i ,.P V J p,r' ) ■ 

A more detailed proof of this case is contained in Bouaziz' work [Bol] about 
non connected reductive groups. 

Case (c). Let us denote a, {),p',g' as in Proposition 8.4. Denote 
H := G F .H , P' := G F .P , G = G F G . Therefore with r G X G (F) 
we can associate the representations T H , T p ' , T G ' , T p , T G of H, P' , G, P, G, 
respectively. We do 

not here precise the lower indices of these representations, they are clear 
from the context. From the induction assumption, we have 

T G ' = Ind£'(T p ) = Ind^(T p ') , 
T H = Indp;(T p ) , 

T G = lnd G (T H ) = Ind|(Indf,(T p ')) = Ind£,(T p ') . 

Case (d). Let us introduce p',p" as in Proposition 8.4(d). Define 
p> ■= G F .P^ P" := G F .P£. Let T P ',T P ",T P ,T G be the corresponding 
representations in giving r G Xg(F). Consider the sub-case : p' 7^ g. 
Then by induction assumption, we have 

T p ' = Ind p ;,(T p ") = Ind p '(T p ) . 

Therefore it's enough to prove that T G = Indp„(T p "). Let us denote r := u g, 
the unipotent radical, R := C7", t := p' fl r ,k := F\ h r := F\ x , K := 
(R r ) K C R. Therefore, by Lemma 8.5(h), there exist (r, r") G X R (r), to 
provide T R and (k, t'") G X K {k) to provide T K and T G = Indg u [7 (T p ® 
S U .TU). By the induction hypothesis, we have T R = Ind|(T K ). 
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Consider p" u . It is easy to see that (P^) u = K, and P" = P^.U,T P " = 
T K .S U .TU. Therefore 

T G = Indg^and^T*) ® S U T*>) 
= 1ndg umU (1nd%(T K ®S u T*)) 
= lnd%,(T p "). 

For the sub-case : p' = g ^ p, it is enough to apply the case (c). 
Case (e) , g — p, is trivial. 
The theorem is therefore proved. 



5. The Trace Formula and The Plancher'el Formula 

This section is devoted to the two central theorems of harmonic analysis 
in the class of square integrable functions with integrable module : Trace 
formula and the Plancherel formula. We propose here only a quick review 
of the theory without technical proofs. It seems to be more clear for our 
"Introduction to the theory" . 

5.1. 9.1. Trace formula. Recall first of all a result of M. Duflo about 
his construction : The representation Tp T is of class GCR if and only if 
dimr < oo and ftp is locally closed. 

Recall that the representation Tp T is traceable if for every smooth func- 
tion on G with compact support a G Cq°(G), the operator 



T«» := / T^ T (x)a(x)dfi r (x) 

JG 



is traceable and there exists a distribution, noted trTp !T (a) G T>{G) := 
[C?(G)Y, such that 

(TrT^ T ,a):= / TrT G T (x)a(x)dfi r (x) := TrT^ T (a) . 

JG 

For each X G g, we introduce 

JW - Hdet( 5M™ ))r , 

fa := (l7r)~ d (d!) _1 |u;n A • • • /\oun\, with d — \ dimf2, and is the Kirillov 
symplectic form on Q = Qp. 

Therefore fin is a positive Borelian measure on g*, concentrated on = 
Q F c 0*. 



Theorem 5.1 (The character formula ). Suppose thatT FjT is a nor- 
mal representation and that gp is nilpotent. Then T Fr is traceable if and 
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only if the measure [3q is tempered . In this case there exists a neighborhood 
of in g, in which the following formula holds 

J(X) 1/2 TrT F)T (expX) = dimr I exp(V^l(F,X))dp n (F) 

Jg* 

in sense of distributions, i.e. for every a G C^°(g) ; with compact support in 
the indicate neighborhood of in g, 

{jWQtrTp^exp (.)),«(.)> =dimr f g J g ,e X p(y/=T{F,X))a(X)d/3 sl (F)dX 

= dimr f g *a(F)d(3 Q (F), 

where 

a(F) := I a(X)exp(V^l{F,X))dX 

is the Fourier transform of a. 

This theorem is the so called universal character formula , proposed 
firstly by A. A. Kirillov in the more simple case, where dimr = 1. 

Suppose now, for simplicity, G to be connected. Let us denote U(qc) 
the universal enveloping algebra, Z{gc) := cent U(qc), S(qc) the symmetric 
algebra, on which G acts and /(0c) : = S(Qc) G the set of G-invariants. It is 
well-known that there exists an isomorphism 

a : Z(q c )^I(Qc) ■ 

Theorem 5.2 (The infinitesimal character formula ). For every u E 
Z(qc), the operators Tp jT (-u) 7 acting on C 00 -vectors, is scalar, 

T F , T (u) = a( M )( v /Z l>)Id . 

Remark 5.1. If the trace formula holds for all the orbits of maximal di- 
mension, then the Laplace operators are just the operators of multiplication 
by the G-invariants a(u),u G Z(g). It is true also the inverse assertion. If 
the Laplace operators Tp jT (-u), u G Z(q) are the operators of multiplication 
by invariants a(u), on the union of all the orbit of maximal dimension , 
then for the orbit of this type, the both sides of the trace formula are the 
distributions satisfying the same system of elliptic differential equations. 
Therefore they are coincided. This is the relation between the universal 
character formula and the infinitesimal character formula. 

5.2. Plancherel formula for unimodular groups. Let us consider 
an almost algebraic Lie group (G, T, C5) , with Lie algebra g := LieG. De- 
note u := u g the unipotent radical, j a subalgebra such that j C cent q C u, J 
the analytic subgroup ( which is closed and central ). Then TJ is also closed 
and central, because its image in G/T is closed and central, 7 fl J C {!}. 
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Let us consider E G char (T J), such that its differential cG = \/— 1£ £ 
-lj*. Consider G/(kerE) if necessary, we can suppose that £ is injective 
: dimj < 1 and that, if dim) = 1, £ ^ 0. 
Let us denote 

G H := {T G G;T| r j ~ mult 2} 

and 

We introduce the set of all the so called S-admissible functionals 

X G (F, E) := {r G X G (F); r(r F (x)) = E(x) Id} 

and its subset X^ r (F ) E) of the irreducible ones. It is easy to see that the 
representation T F>T G Ge if and only if r G X^ r (F, E). 

Consider the set of smooth S-functions with compact support modulo 

rj, 

C °°(rj \ G, E) := {0 g C °°(r \ G); 0M = E(y)cf>(x), Vy G IV, VxgG} . 

Let us denote <iX the Lebesgue measure on j \ g and dx the right-invariant 
measure on T \ G, L 2 (TJ\ G, E) the completion of (T J \ G, E) , on which 
there is a natural right regular representation of G. 

From now on, suppose that G is unimodular . Let us recall that if n is 
a unitary representation of G, and G L 2 (T J \ C, E), then 



7r(0) := / (j)(x)ir(x)dx 
Jrj\G 



which is well-defined. 

With the assumption about uni-modularity of G, there exists a unique 
so called Plancherel measure ji on G~ '■= {tt G G;7r|rj = multH}, such 
that for every G L 2 (TJ \ G, S), the so called it Plancherel Formula 



0(1) = / tr(<j>)d»(ir) 



holds. 



Remark 5.2. If the index (G F : r(G F ) ) is finite, the set Xg r (F,E) is 
also finite and the Plancherel formula for G L 2 ((r(Gi?)o) 9 \ G 9 F , E) is 

0(1) = #iWm^ ^ dim rtrr(0) 
for0GL7-((r(G F )o)n^,H). 
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Let us consider a regular F G g*, i.e. Qf is commutative and dimg^ is 
minimal. If its reductive factor Sf in Qf is of maximal possible dimension, 
we say that F is strongly regular and note F E g* t . 

It is not hard to prove that Q* st is an Zariski open set in g* and there 
exists a finite subset {si, 2 , ■ ■ ■ , Sjv} Q {sf,F G g* t } of representatives of 
conjugacy classes. 

Consider now U := g* t fl g| and a G-invariant closed subset PCW, 

P := {strongly regular & H — admissible F G g^} 
It is not hard to see that, if F G "P, then F has a good polarization. Denote 

y = y G (H) := {(F, r) G X^(F, S); F G F} C *(G) . 
The Duflo's construction of representations gives us a map 

(F,r)^Tg T 

and a natural projection 

y/G^V/G , 
(F,r)^F . 

Theorem 5.3 (Plancherel Formula ). If G is a unimodular almost 
algebraic Lie group, there exists a G-invariant function ( on y, with values 
in (0, oo), such that for every <fi G C^iTJ \G,E), 

x ^ dimr.C(F,r) 
a G-invariant p(F)dF -measurable function on V and 



^(1) = / M F )dm(F) , 

</:P/G 

where dm(F) is the corresponding to p(F)dF quotient measure onV/G and 
p{F) some function on V . 

This theorem is the highest point of the Duflo theory. 

6. Bibliographical Remarks 

The main idea about partially invariant holomorphly induced repre- 
sentations are due to the author fT54| j - RD 5|| . The analytic version of this 
construction of representations were due to M. DuFLo pjul| - PTu2 |. 
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CHAPTER 8 



Reduction, Modification and Superversion 

1. Reduction to the Semi-simple or Reductive Cases 

The aim of this appendix is to suggest a reduction of the procedure of 
multidimensional quantization to the indicate cases. The geometric con- 
struction is based on some ideas of M. Duflo about reduction. By using a 
new comprehension of polarizations, we can construct the representations 
of G, starting from the solvable or unipotent co-isotropic tangent distri- 
butions. We shall modify also the construction of partially invariant and 
holomorphly induced representations Ind(G; L, B, a ). 

1.1. Co-isotropic tangent distributions. As usually let us denote 
by g the Lie algebra of G and by q* its dual vector space. The group G acts 
on g* by the co-adjoint representation, some time K-representation. Let 
F be an arbitrary point in an K-orbit, say Q = Qp and Gp the stabilizer 
at this point. Denote, as usually Qp its Lie algebra, tp the radical of Qp 
and R F the corresponding analytic subgroup in G. Let Sp be the semi- 
simple component of Gf in its Cartan-Levi-Mal'tsev's decomposition Gf = 
S F x Rf- 

Recall that we have had suppose that on the principle bundle 

G F ^G^Q^G F \G 

a connection T ( or the same, a trivialization ) was fixed. We have therefore 
an induced connection on the principal bundle 

S f — >Rf\G 
i 

G F \G « n . 

This means in particular that we obtain a fixed decomposition of the tangent 
bundle into the corresponding horizontal and vertical parts 

T(R F \ G) = T h (R F \ G) © T V (R F \ G). 

In particular the Kirillov's symplectic form of the K-orbit Qp induces a 
non-degenerate closed G-invariant 2-form luq on T h (R F \G), defined by the 
formula 

cuq(X, Y) = Ld n (k*X, k*Y), 
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where k : R F \ G -» G F \ G is the natural projection of the principal bundle 

Sp — >Rp\G 

Ik 
G F \G 

and k*X, k*Y are the lifted following the connection vector fields, which are 
just sections of the tangent distribution T h (R F \ G). 

Definition 1.1. A smooth tangent distribution L C T(R F \G) is called 
a solvable co-isotropic distribution iff: 

i) L is integrable and G-invariant, 

ii) L is Ad GV-invariant, 

iii) L is horizontal, i.e. L C T h (R F \ G), 

iv) L is co-isotropic at / G Rf \ G such that k(f) = F with respect to 
the form uq, i.e. 

(L f ) f C Lf, 

where {LfY is the set of all elements X e T h (R F \ G) such that 

It follows from the definition that if L is co-isotropic at one point / G 
R F \ G, then so is it at all the other points of R F \ G. 

Theorem 1.1. There is a one-to-one correspondence between solvable 
co-isotropic distributions and Ad G F -invariant co-isotropic Lie sub-algebras 
ofQ- 

Proof. Let L C T(R F \ G) be a solvable co-isotropic distribution, ac- 
cording to the Frobenius theorem, L is a sub-algebra of the tangent subspace 
Tj(R F \ G) and then L F = k*Lf is a sub-algebra of T F Q pa q/q f . Thus the 
inverse image b of the sub-algebra 1 = L F under the natural projection 

P ■ -> 0/Sf = T ^ fi 

is an AdGV-invariant sub-algebra of $j. 

Denote by b F the orthogonal complement of b in g with respect to the 
Kirillov form oj f . Now we verify the co-isotropic property of b. Indeed, let 
X G b F . We have therefore 

u F (X,Y) = 0,VY eb=p- 1 (l), 

then 

Y) = 0, VF G I = L F ; X G T F fi. 

This means that 

k*Y) — 0, \/y G Lf, X G Tj(R F \ G). 
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Therefore, X G (LfY C Ly, since L is co-isotropic. It follows that X = 
k*X G L F — I. Thus X £ b = and b F C b, i.e. b is a co-isotropic 

sub- algebra. 

Suppose now that b C g is an AdG^-invariant co-isotropic sub- algebra. 
We define a smooth distribution L C Tf2 by the formula 

L F :=p(b), 

Ljv := K(g)L F ; VF' = G ft. 

By definition L is integrable, G-invariant and AdGi?-invariant. Let us de- 
note by L the horizontal lift of L into the tangent bundle T(R F \ G), i.e. 
L C T h (R F \ G) and k*(L) = L. Then L is G-invariant, integrable, hori- 
zontal and AdGi?-invariant. Now verify that L is co-isotropic. Indeed, for 
every X e {LfY , we have 

£ n (F)(x,y) = o,vreL / . 

By definition, this means that 

u n (F)(KX,kS) = 0yhY e L F 

or 

(F,[X,Y\) = 0, VV G b;F = fc # y. 

Hence, X G b F C b, since b is co-isotropic. Thus X G = fc*L/. The last 
means that 

X eK 1 (L F )DT}(R F \G)=L f . 

Then we have (LfY Q Lf. The theorem is therefore proved. □ 

We can do the same for the unipotent radical in place of the solvable 
radical. For this aim suppose that G is an algebraic Lie group. Let F G g*. 
Denote by U F the unipotent radical of G F and by Uf its Lie algebra. Let 
Q F be the reductive component of G F in the Cartan-Levi's decomposition 
G F = Q F k U F . Using the (^-principal bundle 

Q F ^U F \G 

i 

G F \G w n, 

we can construct a non-degenerate closed G-invariant 2-form u oj^ on the 
horizontal component T h (U F \ G) of T(U F \ G) = T h (U F \ G) = T h (U F \ 
G)@T V (U F \G) 

Definition 1.2. A smooth distribution L C T(C/ F \ G) is called a 
unipotent co-isotropic distribution if it is integrable, G-invariant, AdGi?- 
invariant, horizontal and co-isotropic at / with respect to u uJq. 

The following theorem can be proved by the similar arguments. 
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Theorem 1.2. There is a one-to-one correspondence between the unipo- 
tent co-isotropic distributions and the Ad Gpinvariant co-isotropic Lie sub- 
algebras of the Lie algebra g. 

1.2. (er, xp)-polarizations. 

Definition 1.3. A point F of g* is said to be r-admissible ( the pre- 
fix r— is for solvable radical ) iff there exists a character ( i.e. a one 
-dimensional representation ) xf of Rf such that its differential Dxf is the 
restriction ^j^-(F, .) | tF . 

Denote by r X l Q r (F) the set of all equivalent classes of irreducible unitary- 
representations of Gf such that the restriction of each of them to Rf is 
a multiple of the character xf- Then there is one-to-one correspondence 
between r X^ r (F)and the set of all equivalent classes of irreducible projective 
representations of the semi-simple Lie group Rf \ Gp. 

We can do the same for the unipotent radical u F of g F . 

Definition 1.4. Let G be an algebraic Lie group. We say that a func- 
tional F G g* is u-admissible iff there exists a character, the differential of 
which is equal to the restriction of ^^-{F, .) to the unipotent radical Up. 

Note that the Lie algebra Up of the unipotent radical Up is unipotent. So 
from the fact that in this case the exponential map is a diffeomorphism, it 
follows that there exists such a character, say xf of Up with the differential 
equal to the restriction .)| UF . Hence we can say that every point 

F E g* is -u-admissible. 

Denote by u Xq t (F) the set of all equivalent classes of irreducible uni- 
tary representation of Gf such that the restriction of each of them to C/p is 
a multiple of the character xf- Following the general theory of projective 
representations, there exists a one-to-one correspondence between u Xq v (F) 
and the set of equivalent classes or irreducible projective unitary represen- 
tations of the reductive group C/p \ Gp. 

Since the reductive component Qf of Gf has only a trivial covering, we 
can identify u Xq v {F) with the subset of the set of all equivalent classes of 
irreducible unitary representations of Qp. 

With the aim to find out the irreducible unitary representations, as 
usually, we consider an important generalization of the notion of co-isotropic 
distribution by going over to the complex domain. This means that we 
define the co-isotropic distribution L in such a way that Lj is a complex 
subspace of the complexified horizontal part of the tangent bundle Tj(R F \ 
G)c ■ Then the Theorems 1.1, 1.2 rest true also for these complexes versions. 

Let L C Tj(R F \ G)c be a co-isotropic distribution such that L n L 
and L + L are the complexifications of some real distributions. In this case, 
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the corresponding, following Theorem A1.2 complex sub-algebra p C g c . 
satisfies the condition: p F fl p F and p F + p F are the complexifications of the 
real Lie algebras t) F := p F fl g and m F := (p F + p F ) fl g. Denote by H F and 
M F the corresponding analytic subgroups in G. 

Similarly, we can construct also the unipotent co-isotropic distribution 
L C T h (U F \ G)c- Now suppose that the sub-algebra [) := p fl g is algebraic 
co-isotropic. 

Definition 1.5. A solvable ( resp., unipotent ) co-isotropic distribution 
L is called closed , iff all the subgroups H F , M F , and the semi-direct 
products H := Gp K F F , M := Gp K M F are closed in G. 

Definition 1.6. Let a be some fixed irreducible unitary representation 
of Gf in some Hilbert space V such that its restriction to the radical Rf 
( resp., unipotent radical Uf ) is a multiple of the character The 
triple (L, p, <t ) is called a (a, xf) solvable ( resp., (a, xf) -unipotent ) 
polarization, and L is called weakly Lagrangian distribution , iff: 

(1) (To is an irreducible representation of the group H F in a Hilbert space 
V, such that: (a) The restrictions are equal, co\ GFnH F = L\ Gf , nH F, (b) The 

point do in the dual H F is fixed under the natural action of Gf- 

(2) p is a representation of the complex Lie sub-algebra p F in V, which 
satisfies E. Nelson's conditions and p\^F = Da , the differential of a . 

Proposition 1.1. Suppose that F E g* is r-admissible, L is closed and 
(L, p, (T ) is either a (a, xf) -solvable or (L, xf) -unipotent polarization. Then 

(1) There exists a structure of mixed manifold of type (k,l) on the space 
H F \ G, where k = dim G - dimM, / = |(dimM - dim# F ). 

(2) There exists a unique irreducible representation a of the subgroup 
H := Gp x H F such that 

°~\g f = ct\ h f = (T 

and 

p\ p F = Da ■ 

Proof. (1). The assertion follows from Theorem 1 in Kirillov's book. 
(2). Note that p F is invariant under the action Ad of Gf and Gf acts 

naturally on the dual H F of the group H F . From the assumptions, <r is 
fixed under this action of Gf- The formula 

(x,b)^(x)o- (b);Vx G G F ,yb G H F , 

define a representation of the product Gf x H f in the space V = V <E> V . 
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Indeed, since o"o is fixed under the natural action of Gf in H F , we have 
on one hand that 

t(x, b)r(x', b') = a(x)a (b)a(x')a (b') 

= a(xx')[a(x'r l ^(b)a(x')]a (b') 
= a(xx')[a (b)a (b')] 
= a(xx')a (bb'). 

On the other hand, by definition, we have 

T({x,b).{x',b')) = T(xx',bb') = a(xx')a (bb'). 

It is clear that the representation r is trivial on the kernel (, which is by 
definition the inverse image of the identity element ) of the surjection 

G F xH F — > H = Gf x H f , 

(x, b) i— > x.b. 

Thus, there exists a unique representation of the semi-direct product H = 
Gpt< H F . We denote this representation by a. Obviously, a is an irreducible 
representation and a\a F = cr, &\h f — °o- The proposition is proved. □ 

1.3. Induced representations obtained from the solvable or unipo- 
tent polarizations. Suppose that a is the representation obtained from 
Proposition 1.1 Denote by £ v ,a '■= G x Ht(T V the smooth G-bundle associ- 
ated with the representation a of H = Gf k H F . Similarly, let us consider 
the G-bundles £y,a '■= G Xg f ,ct\ Gf V an d £y,a '■= G Xr f ^\ Rf V f° r solvable 
radical, or := Gxjj F ^ a \ Up for unipotent radical. 

Recall that to obtain the unitary representations, we apply as usually 
the construction of unitarization, considering the non-unitary character 5 = 
■^A H /A G of H, the half-density bundle M 1/2 := G x RptS \ RF C and finally 

the tensor product £ v ,Sa ■— £y,a ® M 1 ^ 2 . The last is called the unitarized 
induced bundle. 

According to the construction, the unitarized induced G-bundle £y.Sa 
can be identified with the set of pairs (g,v) G G x V factorized by the 
following equivalence relation: (g,v) ~ (g',v') iff there exists an element 
h G Rf, such that g' = hg and v' = 5{h)a{h)v. Then we have a natural 
isomorphism of vector spaces 

r(^) = C 00 (G'; J R F ,H ) 
s i-> fs, 

where C ao (G; Rf, 5a) is the space of the V-valued smooth functions on G 
satisfying the following equations 

f(hg) = 5(h)a(h)f(g),Vh G R F ,Vg G G. 
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Similarly, we can obtain the unitarized induced G-bundles £vm an d £vm- 
Recall that a section s G T(Sv,8o-) is said to be Sp-equivariant iff the 
corresponding U-valued function f§ satisfies the following equations: 

h(hg) = 5(h)a(h)fs(g),\/h G R F ,Vg G G 

Denote by T Sf (£vm) an< ^ ^ s f .h f {£v,5c) the vector spaces of V- valued Sp- 
equivariant or ^.if^-equivariant sections on the unitarized induced G- 
bundle £v,Sa, respectively. 

Proposition 1.2. There exist isomorphisms of vector spaces 

Fs F (£v,5a) — r(£y,<5a) 

and 

These assertions follow directly from the definition of SV-equivariant 
section and the construction of unitarized induced G-bundles £y,sa an d £vm- 
Fixing a connection T on the principal bundle 

G 
I 

B\G, 

we obtain the corresponding connection V on the unitarized induced G- 
bundle £v,Sa- Using the natural projection n : Gf \ G — > H \ G and the 
projection k : Rf \ G — > Gf \ G, we obtain the affine connection V on the 
unitarized induced G-bundle £y,Sa- We have the following diagram 

(£ VM ;V) (£ y> ;V) (£ VM ;V) (GxV;d) 

■J, J, J, J, 

B\G^ G F \G ^ R F \G <- G . 

Definition 1.7. A section s G ^s F .H F (£v,Sa) I s called partially invari- 
ant and partially holomorphic , iff the corresponding function f s satisfies 
the following equations 

[L x + p(X) + D5(X)]f = 0, VX G p. 

Denote by H := L 2 (£ v ,8a) '■= Ly(G;L,H = Gf x H F ,p,a ) the com- 
pletion of the space of all the partially invariant and partially holomorphic 
square-integrable sections of the unitarized induced G-bundle £y,Sa- The 
natural unitary G-action on 7i is called the partially invariant and holo- 
morphly induced representation of G and denote by Ind(G; L, H, p, a ). 
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Remark 1.1. Suppose that the Lie group G is algebraic and a is the 
unitary representation obtained in Proposition Al.9. corresponding to a 
(ct, Xi?)-unipotent polarization (L,p,a). We can then construct also the 
unitarized induced G-bundles £y,6a '■= G Xn,Sa V, £y,Sa '■= G Xg f ,($v)\g f V 
and £v,5a '■= G Xu F ,(8a)\ UF V- We also denote the resulted representation by 
lnd(G;L,p,a ). 

THEOREM 1.3. The representation Ind(G; L, p, a ) of the Lie group G 
in the space H is equivalent to the representation of this group by the right 
translations in the space L 2 (G; L, H, p, ctq) of the V -valued square-integrable 
functions on G, satisfying the following equation in the sense of distributions 

(1) f(hg) = 5(h)a(h)f(g);Vh G H := G F x H F ^g E G, 

(2) [L x + p(X) + D5(X)]f = 0, VX G p F , 

where Lx is the Lie derivation along the vector field £x on G corresponding 
to X. 

Proof. According to the definition, the partially invariant and partially 
holomorphic sections s are identified with the V^-valued functions f§ on G 
satisfying the equations (1) and (2). Then the action of g G G on a section 
s is identified with the action by right translation of the function f§. □ 

1.4. Unitary representations arising in the reduction of the 
multidimensional quantization procedure. As the model of the quan- 
tum mechanical system, we choose the space H = L 2 (£ Vt s a ) = L 2 (G; L,H — 
Gp x Lf F ,p,a ). The ( reduction of the ) multidimensional quantization 
procedure proposes the same quantization correspondence 

(?) : c*>(n)-> C(H), 

f ^f--=f + ^if » 

where V|- is the covariant derivation associated with the connection V on 
the G-bundle £v,8a- ^ e recan that h is defined by the following formula 

% = % + ^r a fe)> 

where y j^-a is the connection form of V, Lg is the Lie derivation along f/, 

which is the horizontal lift of the strictly Hamiltonian field and |^/ is the 
vertical component of £/. 

We have also the following result 

Theorem 1.4. The following three conditions are equivalent: 
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(i) The application f i— > / is a procedure of quantization, 

(ii) Curv V(|, 77) = -^u;n(l fj)Id, 

(iii) d^a(^,fj) = —un(l;,f})Id, where £ ; 77 are the horizontal lifts of the 
strictly Hamiltonian fields £, 77 and ujq is the lifted on Q 2-form. 

We obtain therefore a representation A of the Lie algebra q by the (per- 
haps unbounded) normal ( i.e. self - commutative and admitting operator 
closure ) operators, 

A : - C(H), 

X^A(X)= i -f x , 

where leg and fx G C°°(fl) is the generating function of the Hamiltonian 
field £x corresponding to X. 

If G is connected and simply connected, we obtain a unitary represen- 
tation T of G defined by the following formula 

T(exp X) := exp (A(X)); X e 9. 

We say that it is the representation arising from the reduction of the proce- 
dure of multidimensional quantization. 



2. Multidimensional Quantization and U(l)-Covering 

As it was remarked before, to avoid the Mackey's obstructions, M. 
Duflo lifted every things to the Z/2Z-covering by using the metaplectic 
group Mp(fl/fl F ). By using the technique of P.L. Robinson and J. H. 
Rawnsley | [RoR| |, we shall lift all things to the [/(l)-covering via the Mp c - 
structure,i.e. the group extensions of type 

1 Mp c ( / 0F ) - S P ( / Sf ) - 1 

in place of the metaplectic structure Mp. Our purpose is to eliminate the 
Mackey's obstructions of the arising projective representations to obtain 
linear ones for our induction procedure. As in the Z/2Z case, for the 
Bargman-Segal model we lift the character \f of the connected compo- 
nent of stabilizer Gp to an fundamental character °f G U F ^ l \ modify 
the notion of positive polarization and then construct the induced repre- 
sentation. A reduction of this construction is just proposed to construct 
representations, starting from the so called semi-simple or unipotent. This 
appendix is a revised exposition of the works |[Vuil|| , |[Vui2|| . 
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2.1. Positive polarizations. As usually, let G be a connected and 
simply connected Lie group, g = LieG its Lie algebra and g* the dual 
vector space. The group G acts on g by the adjoint representation Ad and 
on g* by the co-adjoint representation K(.) := Ad((.) -1 )*. Let F G g* be 
an arbitrary point in a fT-orbit Q = Q F , G F the stabilizer of this point, 
g F := LieGp the Lie algebra of this stabilizer, uj f (X,Y) := (F,[X,Y]), 
which has its kernel Keru F = gp, Cbp the corresponding symplectic form on 
the quotient space g/g F and also on its complexification {g/g F )c and finally 

the Kirillov 2-form on Q. Denote by Sp(g/g F , uj f ) the symplectic group 
of this symplectic vector space. 

Recall 

Definition 2.1. A complex sub-algebra p of g c is called a positive po- 
larization iff: 

1- (0.f)c ^ P Q 0c and it is invariant under the cation Ad of the stabi- 
lizer G F , 

2. the subspace [ := p/(g F )c of the symplectic vector space (T F tt)c = 
(s/0f)c — 0c/(0f)c satisfies the following conditions: 

(a) codimc p = \ dim^ Q, 

{(3) uj F (X,Y) = 0,yX,Y el, 

(7) \^lu F (X, X) > 0,VX G t, where X is the conjuga- 

tion of X in the complex space (g/g F )c- 

3. p is invariant in the sense that \/g G G, Ad(g -1 )(p/(gp/) c ) satisfies 
(7) in the space 0c/(0F')c, where F' := K(g)F. 

We say that p is strictly positive if the inequality (7) is strict for each 
nonzero element X G I. 

Let us recall the standard notations i) :=pflg = pn p n g, m := (p + 
p) C\g, H := G F x H and M := G F x M , where H and M are the analytic 
subgroups corresponding to the Lie sub-algebras f) and m, respectively. 

Suppose that our orbit Q is admissible, i.e. there exists a ( perhaps 
projective ) representation U , which is a multiple of the character xf in 
restricting to the connected component of the stabilizer , i.e. 

U(expX) = XF(expX)Jrf = exp {UF,X))Id, 

for all X e g F . 

We shall now, following R. L. Robinson and J. H. Rawnsley con- 
struct the vector space of vacuum states on which the subgroup H acts. 
For this reason, let us consider a positive polarization [ := p/(0f)c hi the 
complexified symplectic space ((g/g F )c,u F ). Denote by d := t)/g F , we have 
[ n I = D c , d 1 - = m/g F = ((p + p) fl g)/g F , where by definition, 

X := {X e g/g F , Co{X, Y) = 0, VY e V}. 
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It is therefore true that ilCD 1 , i.e. d is an co-isotropic subspace of the 
symplectic space (q/q f ,Cof). By using the co-isotropic reduction then ujp 
descends to a symplectic structure on the space 0" L /f , denoted by u>p )0 .We 
have 

O-L/T) = (m/ 0F )/(f)/ 0F ) S m/fj, 
thus there exists the symplectic structure on the space m/f) with the strictly 
positive polarization r of (d^/d, oop^) in the sense of P. L. Robinson and 
J. H. Rawnsley (see |[RoR|| ,§3l ) as follows. 
Consider the canonical projection 

7r a : -> (0 ± /D) c , 

T a = 7r a (L) = [/0 C = (p/(flF)c)/(f)c/(flF)c) = P/f) c - 

Proposition 2.1. 27ie subgroup H acts on the Bargman space H(tn/J)) 
and preserves the one dimensional subspace of the so called vacuum states 
{£v'{m/\))yl^. 

Proof. Since m/fj is a symplectic space, we have a rigged Hilbert space 
in the sense of I. M. Gel'fand as follows 

£(m c /f)c) C H(m c /f)c) C £'(m c /t)c) 
In this case we have the fixed point set 

S'(m c /i)c) p/i)c = {f e ^(mc/f|c)|W(«)/ = 0,Vu e p/fj c }, 

where : m c /f)c - * £'( m c/hc) ; defined by 

(W( Vl + >/=I« 2 )/)(*) := -df z ( Vl + Jv 2 ) + - Jv 2 )f(z), 

(.,.) is the scalar product in rtlc/fyc an d J denote the multiplication by 
i = v 7 — T on m/f). 

Since r a = p/f) c is strictly positive polarization, ^(roc/W^ is a 
complex line with the basis vector / ( see |[RoR|| ,§4 ). The action of H on 
£'(m c /t)c) p/i)c given by 

(U(h)fv)(v) = U(h)f v (v),Vv e mc/fjc- 
In the neighborhood of the identity of subgroup H we have 

XF(expX)/ = exp(^(F,X))/ I) . 

We may therefore regard the action of H on H(mc/fyc) given by the formula 

expX ^ exp(UF,X))fzId. 
a 

Therefore H conserves the one-dimensional space £'(m/f}) p / l,c . The propo- 
sition is proved. □ 
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Proposition 2.2. xf(X) can be considered as a unitary integral oper- 
ator with L 2 -kernel ux{z, w), 

u x (z,w) = exp(^[ v /z T(F,X) + -(z,w) - ~(w,w)}), 

where z,w G mc/fjc- 

Proof. It is enough to remark that the identity operator Id in H(tric/f)c) 
has its L 2 -kernel 

I{z,w) = exp(^(z,w) - -^(w,w)). 

□ 



Remark 2.1. (1) If (a, V) is an irreducible unitary representation of 
Gf, then the tensor product cf®xf is a representation of Gf in the Hilbert 
space of V- valued holomorphic functions on m/f), square- integrable with 
respect to the Gaussian measure. For every X G Qp the representation 
operator cr(expX).x F (expX) has its L 2 -kernel u(., .), 

u(z,w) = a(expX)exp{^j^(F,X) + ^( z , w ) ~ ^ w > w )}- 

(2) From the principal if -bundle H M -» H \M and the represen- 
tation U of H := Gf x Ho m the one-dimensional space S'(mc/i)c) p ^ c with 
the basis vector / and the scalar product 

(fv,h) = / \h\ 2 dn, 

Jm/t) 

where fi is the Gaussian measure on m/f) associated with the density func- 
tion 9, 

\z\ 2 

9(z) := (2irh) m exp (-Mr), G m/f);m := dim c m/f), 

2h 

we can construct the induced unitary representation Ind^/ in the space 
My(m c /i)c) p/t)c ( see (JRaRJ,§13) for more detail ). 

2.2. Lifted characters. Recall that if Qf ^ 0, the symplectic group 
Sp(g/g F ) is non trivial and has the well known [/( recovering by the so 
called the Mp c -structure group Mp c (g/g F ), which is an extension 

1 ^ £/(!) ^ Mp c (g/g F )ASp(g/g F ) - 1 

(see [ |RoR|| ,§2 for more detail ). Each element U of this group Mp c (g/g F ) 
can be presented by two parameters of type U = (A,g), such that g G 
Sp(g/g F ),A G C; |A 2 detC 9 | = 1; C g : = \(g - V^l o g o y/=T). In this 
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parameterization, the surjection n of the extension can be precised as the 
projection on the second factor 

7T : Mp c ( / 0F ) -> Sp(fl/fl F ), 
= 9 

with kernel Ker7r = U(l) 

It is clear from the definition of the stabilizer Gp of the point F in the 
K-orbit Qf under the co-adjoint action that the following assertion is true. 

Proposition 2.3. There exists a natural homomorphism j : Gf — > 
Sp(fl/fl F )- 

PROPOSITION 2.4. There exists an extension G F ^ of Gf with help of 
U(l) such that the following diagram is commutative 

!_> !/(!)_> G JM G F -> 1 

[Id Ik [j 

1 _» M p c ( / 0F )^Sp ( / 0F ) - 1. 

Proof. We have the following diagram 

l^U{\) G F -> 1 

1 ^[/(i) _» M p c ( / 0F )A S( / 0F ) - 1. 
Then from the well-known five-homomorphism lemma, we can construct 

G U F {1) :={(U,g)\n(U)=j(g)=Adfi}, 
where by definition, U = (A, /) G Mp c ( / 0F ) with / G Sp( / 0F ), A G C; 

|A 2 det{^(/-^To/ov^T)}| = l, 

such that the desired diagram is commutative. So we have n(U) = 7r(A, /) : = 

/ = i(fiO = Adg -1 and the general form of the elements of the U (l)-covering 

G? 1) is((A,Ad7 ri ),^). □ 

Now we consider an TT-orbit Q = Qp passing through F G *. We do 
not assume that the orbit is integral. From the exact sequence of Lie group 

1 -> 17(1) -> G F (1) -> G F -> 1 
we have the corresponding spiii exact sequence of Lie algebras 
— > u(l) — > 0F = LieG F — »■ 0F — »■ 

Therefore 0F (1) = 0F x u(l). 
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Definition 2.2. The If -orbit tt F is called V "(1)- admissible iff there 
exists a unitary character 

such that its differential is 

D X *$\x,<p) = y^((F,X} + M,V(X,y?) G f£ {1) = fl F »(l), 

for some foxed k G Z. The character := Xfi"* * s called fundamental . 

It is clear that if k = 0, the if-orbit is integral; some if-orbit could not 
be integral, but [/(l)-admissible. 

Proposition 2.5. In a neighborhood of identity of G U p l \ we have 

X? 1} ((A, Ad^ 1 )^) = exp{^I((F,X) + <p)}, 
where <p G K, < ip < 2ith such that 

A 2 det (Ad g- 1 - V^l o Ad g- 1 o = exp (^j^-(p). 

As an operator, acting on the Hilbert space Hy(mc/f)c); it has the following 
integral L 2 -kernel 

u(z,w) = exp{^j^((F,X) + ip) + ^^-( z ,w) - ^ w ' w ^ 
for all z,w G m<c/f)c- 

Proof. This proposition is easy to check directly. Applying the opera- 
tor 4|t=o to the expression x^^((A, Ad exp (— tX)), exp (— tX)) in combin- 
ing with the previous proposition, we have these formulae. □ 

It is easily now to construct the U(l) -covering H u ^> = K Hq for 

the polarization group H := Gp x Ho, starting from the homomorphism 

■pr\ : H := G F X H — >■ G F 

and the U(l)- covering 

1 -> 17(1) -> G^ (1) ^G F -> 1, 
such that the following diagram is commutative 

1 ^G U f {1) kH ^G f kH -> 1 

|/d | prj | pr x 



Remark that the Lie algebra of H u ^> is just h 1 ^ 1 ) = f) x u(l). 
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Now assume that the K-orbit £l F is £/( Inadmissible, p a positive polar- 
ization in 0c- 

Definition 2.3. A unitary representation a of Gf in a separable Hilbert 
space V, such that its restriction to the connected component (Gf)q^ is a 
multiple of the character Xf^ * s sa ^ to t> e fundamental. 

Fix one of this type representation a. The triple (p,p, <7 ) is called a ( 
positive) (d-jXF^^-polarization iff: 

(1) (Bf)c Q P Q 0c, 

(2) p is Ad Gf- invariant, 

(3) f) := (p Hp) fig = p fl g and m := (p + p) fig are real Lie sub-algebras 
of 0, 

(4) H , M , H, M are closed subgroups in G, where H and M are the 
analytic subgroups, corresponding to the real Lie algebras f),m, said above, 
H := Gf x H , M := G F x M , 

(5) (F, [fj, h]) = 0, codim g f) = \ dimfi F and P/(qf)c is a positive polar- 
ization of the symplectic space £)c/(0f)c, 

(6) <t is an irreducible unitary representation of the U (l)-covering (H ) u ^ 
in a Hilbert space V such that 

(7) p is a representation of the complex Lie algebra p x u(l) in V such 
that its restriction 

Plf)xu(l) = -Dcrolf)xu(l)- 

As in the previous consideration, the following result is easily to be 
checked. 

Proposition 2.6. Let £l F to be V "(1) -admissible . The set X G (F) of 
fundamental representations is then non-empty. Let a be an irreducible fun- 
damental representation and let (p,p, er ) is a (a, Xf^) -polarization. Then 
there exists a unique unitary irreducible representation a of the U {X)- covering 
such that 

i - U(l) 

a\ uw =0-0 ttjXf 

and 

Da = p|(, xu (i)- 

2.3. Induced representations. We introduce the following conven- 
tion: For the trivial functional F = G 0*, the stabilizer is therefore the 
whole group G Fo = G. By definition, Mp c ($j/0 Fo , u Fo ) = U(l), we put 
G U W := g x 17(1) 
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Proposition 2.7. There are isomorphisms of the fibered products 

Gx h H u(1 ^Gx Gf G u f W = G u( V 

in the category of principal bundles. 

Proof. By fixing a connection T on the principal bundle H >— > G -» 
H \ G we have the projection map pr^ : G — > if. Therefore by fixing a 
trivialization, we can construct the commutative diagram 

1 -> 17(1) ^G 17 ^ G -> 1 

j. Jd |pr r | pr r 
1 -> 17(1) ^tf^ 1 ) -> 1 

. The rest of the proposition is trivial. □ 

REMARK 2.2. From two previous isomorphisms, we have a principal 
if 1 ^ 1 ) -bundle over H\G and a principal G^^-bundle over Gp\G and a 
projection between two bases 

I I 

if \ G f \ G, 

where n is the natural projection from Gf\G onto H\G. 

It is therefore natural to consider the bundle S v>a , P '■= G u( ^ x H u(i) a V 
over H \ G, associated with the representation a of H u ^ from Proposition 
A2.10. The inverse image of this bundle ~K*£v,a,p is a vector bundle over 
the orbit Q = Qp = Gf \ G. It is easy to see that in the category of 
vector bundles, tt*£v<to and G u ^ x„um V are equivalent. Denote 

F 

by T(7i*Sv,a,rho) the space of smooth sections of the bundle ir*Sv, P ,a- The 
connection T on the principal if^^-bundle H u ^ >— ► G u ^ -» H\G induces 
a connection T on the principal G^^-bundle G^ 1 ^ >— > G^ 1 ) -» f2 Gp\G, 
we then obtain an affine connection V r on the associated bundle ir*Sv, a ,p = 
G u ^x r u W . V. 

G F ,<T\ (7(1) 

Recall that there is a one-to-one correspondence between the (5", Xf*' 1 '')" 
polarizations of type (p,p,a ) and the integrable Ad G^-invariant closed 
weakly Lagrangian tangent distributions I We put by definition 

r ( (7r*£v>, CT ) := {s e T(7r*S v ^ p )\V r ( s = 0,V£ G I}. 

The natural G-action on this subspace of sections is denoted by Ind(G; p, p, <7o) 
and will be called also as the partially invariant and holomorphly induced 
representation . 
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Remark 2.3. Now we show that with the technique developed in |[RoR|| 
one can obtain also these induced representations. 

First we construct a canonical representation of the metaplectic group 
Mp c ( /s F ). 

For every v G q/q f , consider the unitary operator W(v) defined by 
(W(v)f)(z) = exp{±_(2z,w)}f(z-v),Vf G M(q c /(q f ) c ), Vz G Q C /(Qf)c- 
The map 

W ■ d/s F — > AutH(g c /(gF)c) 
is an irreducible projective unitary representation of the vector group g/g F 
with multiplier exp ( j_ xt fi p). This is therefore the canonical projective rep- 
resentation of the symplectic group Sp(g/g F ) and gives the corresponding 
unitary representation fi of the [/(l)-covering group Mp c (g/g F ), called the 
(complex) metaplectic representation. 
Using the rigged structure 

£(flc/(flF)c) C H(flc/(flF)c) C £'(Qc/(&f)c) 

we can compute the corresponding representation W of (q/(qf)c on the 
space £'(Qc/{&f)c) as follows 

{W{v l +\f^iv 2 )f){z) = -df z (v 1 +Jv 2 )+—{z,v 1 -Jv2)f(z),Vz,v 1 ,v 2 G q/q f , 

where / G £' (qc/(Qf)c)- 

For convenience in what follows, we write ^3 for the principal G*p- 

bundle G F {1) ^ G u ^ -» G F \ G. By using the homomorphism k : G F — ► 
Mp c (g/g F ) and the metaplectic representation 

/i : Mp c (g/g F ) -> Aut £'(g c /(g) c ), 

we have the associated with the representation \i o k vector bundle with 
the typical fiber £'(qc/(Qf)c)- F°r a fundamental representation (a, V) of 
Gp 1 ' the tensor product a ® (fi o fc) defines a representation of in the 
space 1/ ® 5' (qc/(&f)c)- Denote by £' V(J ($!>) the vector bundle associated 
with the representation a®{jj,ok) of the typical fiber G F ' of the principal 
bundle ^3. 

Proposition 2.8. For each F' G Q F there exists a canonical linear map 
W F , : (T F ,Q) C — > End(^(^)) F ,, 

= -^EI^,(x,y),vx,y g (T F ,n) c . 

n 
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Proof. It enough to prove the commutation relation at one point F 
because at the other points it is transported in changing by conjugations, 
what do not change the first. Because the representation a is fundamental 
, its restriction to (G\f)o is just a multiple of the fundamental character 

Xp^ ■ The commutation relation at F is therefore deduced from a direct 
computation. □ 

Remark 2.4. We assume that our if-orbit is of dimension dimfip = 
2m. Recall (see |KoK|| ) that the line bundle fC L := A m (L J -) is a complex 
line sub-bundle of the bundle A m (TQc)* with the basis vector section Kg. 



Put 



£v„JX)f- ■= if G £'y^)F'\W F> {X)f ee 0,VX G L F ,}. 



Then S' v {V^) is a tensor product of the complex line bundle £'(%$) with 
the bundle £y )(Ti/£ ,($P) , associated with the fundamental representation a of 
the fiber G^ 1 ^ of ^J. It is not hard to prove the following result. 

Proposition 2.9. There is a canonical isomorphism of the complex 
bundles 

REMARK 2.5. In our multidimensional situation, by putting 
Q{^) L ■.= S' V ^) L ® K l 

we have then 
Hence , 

Taking Proposition A2.16 into account, we get 

As in the above section, on £v>,p(^P) there is a connection V r and V r (g> 
I + I ® Lie provides a connection on [<£V,<r,p(^P)]® 2 , and therefore defines 
uniquely a connection V L in Q{ty) L . Denote by r^(Q(*p) L ) the space of all 
the sections of Q(^3) L , the covariant derivatives of which vanish along the 
directions of L, 

vfs = 0,V£GL. 

We consider its subspace of sections ,say s with compact support square 
module (s, s)^.Then in this subspace, we can consider the scalar product 
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of type (s,t)i. The completion of this subspace with respect to this scalar 
product is a Hilbert space, denoted Hg. 

We summarize the obtained result as follows 

THEOREM 2.1. With any (a, Xf^) -polarization (p,p, a"o) , there exists 
a natural unitary representation of G in Hi, denoted by Ind(G; p, p, o~q). 

2.4. Multidimensional quantization. As a model of the quantum 
system, we choose the Hilbert space Tig as in the previous subsection. We 

shall use the bundle Q(¥) L = Evwffi) ® £'(V) L ® & to construct the 
procedure of quantization, 

V ® £'(qc/(9f)c) L ® IC L -+ £v,<,,pW)®£W L ® & 

n ^ g f \g. 

We define the quantization procedure on this [/(l)-covered situation as fol- 
lows 

T:C7»(f2) - 

/ f •■= f + j=Fi, 

where C(7ii) is the space of ( perhaps unbounded ) Hermitian operators 
, admitting operator closure on Tig and is the covariant derivation 

associated with the connection V L on the bundle <2(^P) L . Recall that 

The first summand is the well-known Lie derivation and the second sum- 
mand is the connection form. 

By a similar argument as in previous section, we have the following 
result 

Proposition 2.10. The following three conditions are equivalent: 

(i) d vL a(£,r}) = -^±u Q (t,r})Id. 

(ii) Curv(V Z ) = -£±u> a {£,ri)Id. 

(Hi) The correspondence f i— > / is a procedure of quantization. 

Remark 2.6. Having this procedure of quantization, we obtain also the 
corresponding representation A of the Lie algebra q 

A: - C(H L ) 

where leg and f x G C°° (Q) is the generating function of the correspond- 
ing Hamiltonian field £x corresponding to X. If G is connected and simply 
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connected, we obtain the corresponding representation T of G, 
T(expX) = exp (A(X)),VX G 0. 
It can be also prove that 

Lie x Ind(G;«P,<7,p) = A(X),VXGg. 

2.5. U(l)-covering of the radicals and the semi-simple or re- 
ductive data. We shall now reduce the procedure of multidimensional 
quantization on £/(l)-coverings of the stabilizers to the one with the semi- 
simple or reductive data, following an idea of M. Duflo and another one 
of P. L. Robinson and J. H. Rawnsley. 

As usually, let us denote tp the solvable radical and Up the unipo- 
tent radical of the Lie algebra Qf of stabilizer Gf, respectively. Denote 
by AV U{1 \G) the set of all F in 0*, which are £/( Inadmissible and positive 
well-polarizable, X^ 1 \f) the set of all equivalent classes of fundamental 
irreducible unitary representations of G^ 1 ^ such that the restriction of each 
of them to (Gp)o^ is a multiple of the fundamental character Xf^' '■ Then 
the elements a G X^\F) are in a one-to-one correspondence with the 
projective representations of the discrete group (Gf)o \ Gf- Recall that the 
set of the [/(l)-data is defined as 

X U W(G) = {(F,a)\Fe AV u{1 \G),ae x^\f)}. 

For every [/(l)-data (F, a) G X U ^(G), we can choose a (&,Xf^)~ 
polarization (p,p, a). Then we can construct the corresponding represen- 
tation a of the [/( recovering H u ^ := Gp {1) x H and finally induce to 
obtain a unitary representation of G. We reduce here the consideration to 
the case of semi-simple or reductive groups. For this aim, let us denote 
Sf the semi-simple component of Gp in its Cartan-Levi-Mal'tsev's decom- 
position., Gf = Sf x Rf- Due to the fact that the principal Sp-bundle 

k 

Sf Rf \ G — >Gf \ G, is locally trivial, there exists a connection ( i.e. 
a trivialization ) on it. Therefore the tangent vector fields on the base 
£1 Gf \ G can be uniquely lifted to the corresponding horizontal vector 
fields on Rp \ G. Then the Kirillov 2- form ujq of our orbit Q ~ Gp \ G can 
be lifted a non-degenerate closed G-invariant 2-form uj^ on the horizontal 
component T h (Rp \ G) defined by the formula 

Q n (f)(X,Y) :=Lu n (F)(KX,KY), 
for all the horizontally lifted vector fields X,Y, where / G Rf \G, F = 

k(f) g a 
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The symplectic group Sp(Tj(R F \ G),o)q(/)) has also a [/(l)-covering 
M P c (T}(R F \G),Co n (f)), 

1 ^ u(i) ^ M p c (T}(R F \ G))^Sp(Tf(R F \ G)) -> 1. 

Proposition 2.11. There is a natural group homomorphism j from the 
solvable radical R F and a natural group homomorphism from the unipotent 
radical U F of G F to Sp(Tj(R F \ G)), and therefore a metaplectic represen- 
tation of R F and one ofU F . 

Proof. To prove it is enough to remark that due to lifting we have 

K : T}(R F \ G)^UT m Q « g/g F 

and every element g G R F ^ G F acts on the tangent space TunVt ~ q/q f 

by the Adjoint action K(g) = Adg^ 1 . The same argument is true for the 
unipotent radical U F . □ 

Corollary 2.1. There are natural U "(1) -coverings R U F {1) and U U F {1) of 
R F and U F , respectively. 

PROOF. It's enough to use the well-known five-homomorphisms lemma 
from homological algebra, 

R U F {1) := {(M),9)\5{\4>)=j{s) := k^Adf^K}, 
where G Sp(Tf(R F \ G)), A G C; 

1 



|A 2 det {^((j) - o o = 1. 

Therefore, every element of R%P^ is of type ((A, Adg -1 ), g). □ 

Return now to the situation of the i^-orbit Q. We have a short exact 
sequence of Lie groups 

1 17(1) -> i?F -> 1 

, and therefore a short exact sequence of Lie algebras 

-> u(l) -> c? 1} := Liei^ (1) -> r F -> 0. 

Thus as vector space, = tp © u(l). Moreover in ( ||Koii| ,§5) it was 

shown that it is the direct sum of Lie algebras. 

Definition 2.4. A point F e g* is called (r, Z7(l))- (for solvable radical 
case, or (u,U(l))- for unipotent radical case )admissible iff there exists a 
unitary character 
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with the differential 

D X p-f(X,p) = ^((F,X) + k<p), 

where (X,<p) G t? 1} , k G Z is some fixed integral number. If k — 0, 
(r, [/(Inadmissibility is coincided with the previously defined r-admissibility 
and (w, [/(Inadmissibility is coincided with -u-admissibility. If k = 1, we 
say that the lifted character Xf^ = Xfi* * s fundamental. 

Denote by r X$ 1) (F) ( resp., "A^^(F) ) the set of all equivalent classes 
of the so called fundamental irreducible unitary representations of G 1 ^ 
such that the restriction of each of them to R 1 ^ ( resp., Up^ ) is a multiple 
of the fundamental character Xf^ • 

Definition 2.5. A smooth complex tangent distribution L c T(R F \ 
G)c is called a positive solvable (tangent) distribution iff: 

(i) L is an integrable and G-invariant sub-bundle of T h (Rp \ G)c, 

(ii) L is invariant under the action Ad of Gp, 

(iii) For each / G Rf \ G, the fiber Lf is a positive polarization of the 
symplectic vector space (T h (R F \ G) c ,^n(f)), i.e. 

(a) dim L/ = \ dim Tf 4 (R F \G), 

(P) Mf)(X, Y) = 0, VX, y G Tf(R F \ G) c , 

(7) >/=Ta>n(/)(X, X) > 0, VX G T}(R F \ G) c . 

We say that the distribution L is strictly positive iff the inequality (7) is 
strict for every non-zero X G Lf. 

It is easily to see that if L is a positive solvable distribution, then the 
inverse image p := p~ l (Lp), where Lp '■— k*Lf, for F := k(f), under the 
natural projection 

V '■ 0c — ► 8c/($f)c 
is a positive ( solvable ) polarization in Qc at F. 

Suppose that L C T h (R F \ G)c is a positive solvable distribution such 

that L H L and L + L are the complexifications of some real distributions. 
In this case, the corresponding complex sub-algebra p := p~ 1 (k*Lf) satisfies 
the following conditions: p fl p and p + p are the complexifications of the 
real Lie sub-algebras f) := p fl g and m := (p + p) fl g. Denote by H and 
M the corresponding analytic subgroups. 
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Definition 2.6. A positive (solvable) distribution L is called closed iff 
the subgroups H , M Q and the semi-direct product H := R F x H and 
M := Rp K M are closed in G. 

In u;/ia£ follows we assume that L is closed. It is also easy to prove the 
following. 

Proposition 2.12. In a neighborhood of identity of R F ^\ we have 

X? (1) ((A, Adfi),g) = exp (^V, X) + y,)), 
where tp G K, < ip < 2nh such that 



A det (Ad g- 1 - V-L o Ad g- 1 o V 3 !) = exp t" 5 ^ </?)■ 

i4s an operator, acting on the Hilbert space Hy(mc/f)c); ^ ^ e following 
integral L 2 - kernel 

■s/— T 1 1 

u(z,iu) = exp{— ^— ((F,X) + y?) + ~i^( z ^ w ) _ ^( w ? w )}, v ^ w e mc/bc- 

According to the definitions, Hq is a normal subgroup in if and there is 
the adjoint action of Rf on Hq. Moreover, we have the projection epimor- 
phism 

ttj : R F {1) -> -Ri?, 

Thus -R^ 1 " 1 acts on H . Hence we can define the semi-direct product R 1 ^ x 
Hq and the following commutative diagram 

1 -> 17(1) -> R U f [1) kH q -> i? F x/J -> 1 

1 -> 17(1) -> -> i?F -> 1, 

where by pr\ be denote the projection map on the first factor. Then H u ^ : = 
R F {1) K if is the [/(l)-covering of H := R F k H . It has f) ©u(l) the 

corresponding Lie algebra. Denote as usually by the inverse image of 

H in if 6 ^ 1 ) under the [/( recovering projection map. 

Let us say that a fixed irreducible unitary representation a of G U F ^ in 
a separable Hilbert space V is fundamental iff its restriction to i?^ 1 ^ is a 
multiple of the fundamental character Xf^ ■ 

Definition 2.7. The triple (L,p,a ) is said to be a solvable (cr,x^ (1) )- 
polarization and L is a weakly Lagrangian distribution iff 
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(i) o"o is an irreducible representation of the subgroup in a Hilbert 
space V — V ®V such that 

(ii) p is a representation of the complex Lie algebra p © u(l) in V such 
that 

Plfieu(i) = Da , 

the corresponding infinitesimal representation of the Lie algebra. 

It is easy to prove also an analogue of the Proposition A2.10 as follows 

Proposition 2.13. IfQ F is (r,U '(1)) -admissible, (L,p,a ) is a(a,x F ^)- 
solvable polarization, then there exists a unique irreducible unitary represen- 
tation a of H u ^> in V such that 

(J | r/(i) = a 

and 

Do- = p|i,eu(i)- 

It is reasonable to remark that the same can be done for the unipotent 
radical in place of the solvable radical. We have an analogous reduction of 
the procedure of quantization on the i7(l)-coverings. 

2.6. Induction from semi-simple data. Let (F, a) is a semi-simple 
[/(l)-data, i.e. F is a (r, C/(l))-admissible, therefore there exists the fun- 
damental character of the [/( recovering R 1 ^ of Rf, and a is a fun- 
damental representation of G F ^ in the sense that its restriction to the 
[/( recovering R 1 ^ of the radical R F of G F is a multiple of the fundamen- 
tal character Xf^' '• 

Recall that for the element F = G Q*, the stabilizer is the whole group, 
G F = G. It is reasonable to put Mp c (g/0 Fo , u Fo ) = U(l) and G u( ~ 1} = 
G x U(l). Fixing a connection T on H^G^H\G we have the 
corresponding ones T, F on G F >— > G -» G F \ G and R F >— ► G -» R F \ G, 
respectively. Passing to the ?7( recovering of the leaves i.e. the structural 
group are lifted to the corresponding [/( recovering, we have the following 
isomorphisms between the total spaces of principal bundles 

qU(1) ^ qU(1) ^ qU(1) ^ qU(1) 

we have a principal if^^-bundle on H\ G, a principal G U F ^ -bundle on the 
orbit f2, a principal .R^^-bundle on on R F \ G and two homomorphisms 
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between them as follows 

IfU(i) _^qU(V qU{1) _^ q u(i) R u(i) _^ q u(i) 

-J-- -J, 

B\G A G F \G £ R F \G, 

where n and k are the natural projections. 

With the fundamental representation a of H u ^ we can construct the 
induced bundles £ v ^ p , £ Vj<T \ U(1) , P \., £~v,a\ U(1) , P \. over the bases H\G, G F \G, 

Rf \ G, respectively. In the category of smooth vector bundles k*ir*£v,a, P , 
k*£y, a \ l7{1) , p | and £*v,o-| V m,p\. are equivalent. The fixed connection T induces 

a connection T on the principal bundle G^ 1 ^ — > G u ^ — > f2 G f \G, and a 
( affine ) connection V r on the associated bundle £v,c\ uw ,p\.- By analogy, 

we obtain also an affine connection V r on £ v ,a\ u(i),p\-- We P u ^ 



S L,s F (£v,*\ n um ,p\) ■= i s e 5 5F (^y, CT | p|.)|V r f s = 0, V£ G L}, 

Hp Hp 

where Ss F (£v,a\ uw ,p\.) is the vector space of SV-equivariant sections of the 

Hp 

bundle £v,a\ um,p\.- The natural action of G on this space of sections is 

r f 

denoted by Ind(G; L, p, o" ) and is called the (reduction of) the partially 
invariant and holomorphly induced representation. It is easily to unitarize, 
and do, this representation to the unitary one on the completion Hi of 

Ss F (£ V ,a\ uw ,p\.) 

Hp 

As above, for our convenience in what follows we write for the princi- 
pal bundle R U F (l) ~ G u{1) -» R F \ G. By using the well-defined homomor- 
phism 

1 :R UW ^Mp c (T}(R F \G)) 

and the complex metaplectic representation 

fi : Mp c (T}(R F \G)) — ► End £'{T}{R F \ G)), 

we have the bundle associated with the principal bundle ^3 via the homo- 
morphism p o I. Consider now the tensor product representation cr.Xp^ 
of the fiber R U F ^ . Denote by £' Va \ vi ^ (p) the corresponding associated 

Hp 

bundle. 



Theorem 2.2. With every solvable (a, xf) -polarization (L,p,a ), there 
exists a natural unitary representation of G in the Hilbert space Ti^. 
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Proof. According to Proposition A2.14, and since fc* is the linear lifting 
isomorphism, there exists for each /' G Rf \ G a canonical linear map 

W r : T},(R F \ G) c — End(^| p(1)lP |.(p)/0, 

such that 

[W>(X),W>(y)] = -^u n (f')(x,Y),VX,Y G T},(R F \G) C . 

We assume that dim R (i?p \ G) = 2m, the top exterior power IC L is a 
complex line bundle in A m Tf(FF \ G) with the basis vector K~ L . Putting 



then 



R F ji H F 

is the tensor product of the complex line bundle £'(*P) L with the associ- 
ated bundle £y,oi As m Proposition A2.16 , there is a canonical 

Rp 

isomorphism of complex bundles 



Putting Q(ty) L := £{^1 I (^P) L <E> /C L , we have as in the previous 
subsection 

We have also the affine connection V r on the associated bundle £ v ^\ u j(t >|.(^P), 

r f 

the affine connection V L on the associated bundle Q(^P) L ). Denote by 
Si Sf (Q(^P) l ) the space of the SV-equivariant sections of Q(^3) L such that 

V Z s = 0,V£ G L. 

Define 

:= G 5 Zi5f (Q(^) Z )|( S , s > £ G C ^(G f \ G)} 

and denote also by the completion with respect to this norm. The 
natural unitary representation of G in the Hilbert space is the required 
representation. □ 
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2.7. A reduction of the multidimensional quantization proce- 
dure on U(l)-covering. We use the associated bundle 

Rp 

to realize our reduction of the quantization procedure on ?7( recovering. 
Define 

::C-(n)->/:(w £ ), 

/ ->/ = / + , 

where £(Hi) is the space of all ( perhaps unbounded ) Hermitian operators 
admitting operator closure on the space Hi and V| is the covariant deriva- 
tion associated with the connection V L on the G-bundle <2(^P) L . Recall that 
by definition, 

where ^^-a is the form of connection and L^ f is the Lie derivation along 

£f which is the horizontal lift of the strictly Hamiltonian vector field £j 
corresponding to /. 

It is easy also to check the following results 

Proposition 2.14. The following three conditions are equivalent: 

(i) dy~ L a(l,fi) = -u> a (£,fj)Id. 

(ii) CurvV^ = — : ^-ua(i,fj)Id. v (Hi) The application f i— > / is 
a procedure of multidimensional quantization. 

Theorem 2.3. // one of the previous condition holds, with every solv- 
able (a, Xf^) -polarization (L,p,a ) there is a natural representation, de- 
noted Ind(G; L, p, er ) of G in the Hilbert space of quantum states Tii, which 
is the completion of the space of of partially invariant partially holomorphic 
Sp-invariant sections of the induced bundle Sy,a\ t/ri) >p|-(^P) with respect to 

Rp 

the indicated scalar product (., .)i of sections. The Lie derivation of this 
representation is just the representation of Lie algebra q associated with the 
reduction of the reduction of quantization procedure on U{\) -covering, 

Lie x Ind(G; L, p, a ) = A(X) := ^fx, VX G g. 

3. Globalization over U(l)-Coverings 

In the previous sections, we have realized representations in section 
spaces of the induced bundles. It is well-known that this is not enough 
in some situations, say the discrete series representations of semi-simple 
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Lie groups is better to be realized in L 2 -cohomologies. W. Schmid and J. A. 
Wolf [|ScW|| proposed an algebraic model of the geometric multidimensional 
quantization to realize the discrete series representations of semi-simple Lie 
groups, using the Z/2Z-covering of the stabilizers of .fCorbits. Using the 
[/(l)-covering, we can also give an algebraic version of the multidimensional 
quantization procedure. In this section we expose a revised version of the 
work [ |Dol| 1, Po2| . 



3.1. Classical constructions and three geometric complexes. 

Let G be a connected linear semi-simple Lie group, g = Lie G its Lie algebra 
and g* its dual space. Recall that G acts on g via the adjoint representation 
Ad, and on g* by the co-adjoint ( i.e. contragradient ) representation . Let 
F G g* and Gf be the stabilizer of this point. Suppose that f) = g F is a 
Cartan sub-algebra . . This is the case, for example for the discrete series 
representations. In this case the functional F G g* is admissible and well- 
polarizable. Then the stabilizer group H = Gp at this point F is a Cartan 
subgroup of G. It is reasonable to suppose that it is £/( Inadmissible, i.e. 
there exists a unitary character, said to be fundamental Xf ■> such that 

Dx mi) = ^H ((j p )X) + ^ ))V(X;V9) e fj 0u (i) c . 

Let b be a closed positive polarization in gc- It is well-known that b 
is therefore a Borel sub- algebra of gc, containing the Cartan sub-algebra 
f). Let a be some fixed fundamental irreducible unitary representation of 
H u(i) = qUJX) guch that its res t r i c tion to H% {1) is a multiple of the funda- 
mental character Xf^ ■ We can then consider the associated bundle 

Suppose that dimc^F = Tn. Recall that in the orbit Qp there is a nat- 
ural complex structure related with the polarization b.Let C q (Sy ~) denote 
the sheaf of differential forms of type (o, q) on Vtp w H \ G with coefficients 
in the induced bundle £y -. Each differential form of this type is a section of 
the bundle £ v - <8> /\ q N* over the base H\G, where by definition J\f -» H\G 
is the homogeneous vector bundle with the fiber n = b/f) and M* is its dual. 
Denote by 0(Sy ~) the sheaf of germs of partially holomorphic C°° sections 
of £ v - that are annihilated by the action of nffiu(l)c- Then we have a 
sequence of sheaves 

- O n {8 v -)^C\S v J^4 . . . 8 ^4c m {E v ~) - 0, 

where the map i is induced by the inclusion of the space of partially invariant 
and partially holomorphic sections of Sy ~ into the space of smooth sections, 
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and the maps ds~ are induced by the usual differential operator, mapping 
a (0, g)-form into a (0, q + l)-form. Therefore we have the corresponding 
sequence of global section spaces 

— > C°°(H \ G; O n (£ v ^)) -^C°°(H\ G; C°(^-)) - . . . 

...^C°°(H\G;C m (£y~))^0 

and this sequence of abelian groups form a cochain complex, denoted by 
(G°° (H\G;£ va <g> A* A/"* ) , dg. ) . For the cohomology groups of this cochain 
complex it is easy to prove the following analogue of the well-known Dol- 
bault's theorem 

Proposition 3.1. There are canonical isomorphisms of between this 
type cohomology groups 

H*{C°°(H \ G; £ v ~ ® A*Af*)) = H»(H \ G; O n (£ v ~)),Vp > 0, 

where the right handside is the sheaf cohomology group of the space H \ G 
of degree p with coefficients in O n (£ vs ). 

We refer to this complex as the first. 

Let us now consider the second complex. It is easy to see that the dif- 
ferential &£, . can be extended to the hyperfunctions section of the sheaves. 

So we have the second complex (G~ w (iJ \ G; £ v a ® A*jV*), de~ ). Let us 
denote by X the flag variety of the Borel sub-algebras of Qc- It is a well- 
defined complex manifold. The G-orbit G.b of b is a G-invariant analytic 
submanifold of the complex manifold X. Therefore S has also the structure 
of CR manifold ( i.e. Cauchy-Riemann structure ). Since the subgroup 
H = Gp normalizes b, we have a natural G-invariant fibration 

H\G ^> S :=G.bn B\GCX. 

Recall that there is a unique fundamental irreducible representation 
(a, V) of the [/(l)-covering B U W = H u ^ x B of B := H x B such 
that cr\ H u(i) = a Then the bundle £ v - -» H \ G can be considered as the 
push up of the bundle £y,a -» S ~ B \ G, or equivalently the first one 
push down to the section one. we obtain as in [SuWfl the Cauchy-Riemann 



complex (C~ W (S; £ v ,* ® A*Af s ),d s ), where J\f s := T '^^), the second com- 
ponent of the decomposition of the tangent bundle into holomorphic and 
antiholomorphic parts, with respect to the complex structure defined by 
n/(nnn) 

Denote by X u ^ the flag variety of {/(l)-invariant Borel sub-algebras of 
g © u(l)c- We obtain the natural projection 

Tlx : X u ^ ^ X. 
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By using the Gauss decomposition G = K.B, for some maximal compact 
subgroup of G, we have B\G = B u ^ \ K.B ui - l \ Note also that K.B U ^ 
acts on the flag variety X u ^\ Let us denote 

S U M = (K.B u ^).(b © u(l)c) ~ B u ™ \ K.B U ^ 

the orbit passing through b © u(l) c in X u ^\ Then there exists a diffeo- 
morphism of S u ^ onto S. By projection ttx '■ X u ^ -» X, we can make 
the homogeneous induced bundle 

7T x £ V , a -» S U ^, 

and we have the complex 

(C- U (S U W; n x £ v , a © A*Af* sum ),d s u W ), 

where by definition, M s uw :— n x Afs, and d s uw is induced from the CR 
operator ds- 

The bundle n x S v ,a © A P JV*„ (1) — ► S U W « B \ G pull back to the trivial 
bundle on G, so we have an isomorphism of the complexes 

(C- u (S u W;n* x £ Via © A*M* DU(1) ),d s u W ) = 

= {{C-{G) ®V® A*(n/n n n)*}^'*^, d^), 

for relative B^W-equivariant cohomology of the pair (n/n n n) with the 
hyperfunctions coefficients. 

A section s e C~ U (S U ^; ir x £ VtU ®A p Af s u W ) is said to be H u{ $ -invariant 

iff 

s(hx) = a(h)s(x),Vh e H u W,Vx e S u{1) =B\G. 
Let us denote by C~£ (1) (S u ^; n x £ v ,a®A p Af s um) the space of if ^W-invariant 

partially holomorphic C°° sections of C~ UJ (S U ^; 7r x £ v ,a® A p Af s ua)) , we have 
a canonical isomorphism between the vector spaces 

C% uw (S u ^; n x £ v , a © AW s u W ) = C-"(S; £ v , a © A%*). 

We see that the fibration H\G — > S uly1 ^ has Euclidean space fibers. By 
applying the well-known Poincare Lemma to those fibers, we see that the 
inclusion of the complex ({C~ W (G) © V © A*(n/nn n)*} nn ^ BUm , d^mn) into 
the complex (C~ UJ (H\G; £y,a® A*A/**), <9,? Vct ) induces an isomorphism of the 
corresponding cohomology theories The following result is therefore proved 

Proposition 3.2. There are canonical isomorphisms between the coho- 
mology theories 

H P {C~"{H \ G; £v> © A'Af*)) H p (C H ^ uw (S u{1) ;7r*£ v ^ © AW*^)) 
= H P ({C~ U (G) © A'(n/nnn)*}" n "' Bt ' <1) ). 
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Now we consider the third complex. Let us denote by S the germ of 
S in X. Then the bundle £y,<7 -» S has a unique holomorphic g-equivalent 
extension Sy,a ^ S G X and we obtain an analogue of the Dolbeault complex 
(C~ W (S; £v,a®T x ' 1 ), d), with coefficients that are hyperfunctions on S with 
support in S. 

Similarly, we have also the vector bundle ix* x £ v ,<t — > C X u( -^ 

over the [/(l)-covering and then obtain the complex (C^S^ 1 ); n\£v,<r <8> 
T^u(i)), djj(i))- By using the canonical isomorphism 

C-£ (1) Tt*x&v,tj ® AT°£ {1) ) - CT^S; 4> ® T^ 1 ), 

we havec also the following result about cohomology of the third complex 

Proposition 3.3. There is a natural isomorphism of cohomology groups 

H p (C H " uw (S u ^; n* x £ v>ff ® A*T^ (1) )) = H P S (S; 0(£ v , a )), 

where the right hand side is the well-known local cohomology along S. 

3.2. Isomorphisms of cohomologies. We fix a basic datum (H, b, a) 
as in the previous subsection. Denote by Y the variety of ordered Cartan 
sub- algebras. As homogeneous G c -space, we have Y H c \ G c , where G c 
is the adjoint group of $j c , and H c is the connected subgroup corresponding 
to the Lie algebra f)c- Since Hq normalizes b, there is a natural projection 

p : Y — ► X 

with fiber p _1 (b) = expn. Let Sy = G.b, C Y be the G-orbit of the base 
point in Y, we have 

p : Sy — > S 

with fibers of type exp (n D g) = exp (n D n D g). Remark that by definition 
n = b/t) <^-> g for some fixed inclusion, related with the connection on the 
principal bundle. Then Sy is a real form of the complex manifold Y and 
u := codiniR(S') is the dimension of fibers of the projection p : Sy — > S . 

Pushing up to the [/(l)-covering of the map p : Y — > X, we have the 
following commutative diagram 

yf(i) x u ^ 
Y -±+X, 

where i\x and iry are the natural projections. Let us denote by Ty\x 
the complexified relative tangent bundle of the fibration p : Y — > X and 
Ty|x = © Tyfx ^ s decomposition into the subbundles of holomorphic 
and antiholomorphic directions. We have also an Gc-invariant isomorphisms 

P *T X © Ty\ X = Ty, 
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which is compatible with the comple structure and the Lie bracket. 
We obtain also the complex 

{C-"{S Y -p*£ v , a ®{T^ x y),d). 

Let Sy {1) = (K.B u ^).(b, © u(l)c) C Y U W be the orbit passing through 
f) ©u(l)c- We see that Sy^ ~ Sy. By using the previous diagram, we 
have the complex 

(C-"(5? (1) ; (p^r^Sy^ © A*((T Y f x ) u ^r),d u{1) ), 

where by definition, (T Y '^ X ) U ^ = (-k x )*T y ^ x , and du(i) = i^x)*d. 

We see that T Y \ X is a bundle with typical fiber n = b © u(l) c /f) © u(l) c 
and (ttx)*£v,<t is also a bundle with if^^-module V as the typical fiber. It 
is not hard to see that the complex 

(C^ (1) (^ (1) ; (p U{1) T(n x y£ v , a © A*((T^)^))*),^ (1) ) 

coincides with the complex 

(C-"(H\G;£ v , a ®A*\*),de v J. 

We obtain therefore 

Proposition 3.4. There are canonical isomorphisms between algebraic 
G-modules 

H*>{C-"{H \ G; £ v , a © A*jV*)) = # p (C^(i) © A^ (1) )) 

We fix a Cartan involution 9 of G such that 9K = K. Then the cartan 
subgroup H = Gf can be decomposed into the direct product H = T x A, 
such that the corresponding Lie algebra decomposition h = t © a is the root 
decomposition of h, into the ±l-eigenspaces of the corresponding endomor- 
phism 0|f,. Put A := exp (a fl q). Consider the orbit S = G, b C X, where 
b is as usually a fixed Borel sub- algebra, containing f). 

We can suppose for instance that b = b max is maximally real . This 
condition will be removed by the so called change of polarizations . We 
have then S max = G.b maX) f) d b max . 

Consider a parabolic subgroup P = MA.N H ■— (M x A) x N H , where 
9M = M, i.e. M is a maximal compact semi-simple subgroup of P and 
b = bmax C p := Lie P. The fibrations S -» S max and S max -» P \G 
induce a fibration S —» P \ G. Since S u ^ ~ 5, we obtain therefore a 
fiberation S^ 1 ) -» P \ C Let C^S^ 1 )) be the sheaf of germs of hyper- 
functions on S u ^\ that are C°° along the fibers of S u ^ -» P \ G. Then 
C p\g(' SC7(1) ) defines a complex of sheaves Cp^S^ 1 ); 7r^£y i(7 © A*W* U(1) ) of 
germs of if^^-equivariant sections of the bundle k x £v,<t®A p N'* u{1) -» S u ^ 
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with coefficients in C p ^ G (S u ^). Taking global sections, we have a sub- 
complex (CJ^ G {S U W; n x £ v>rT ® A*jV* u(1) ), d s v W ) of (C~£ (1) (S U W; ** x £ v>a ® 

Proposition 3.5. The inclusion 
(C^ G (S U W; ir x £ v>a ®A*Af* sum ),d sUW ) - (C H % (1) {S U W; Tr x £ v>a ®A*N* um ),d s u W ) 
induces isomorphisms of cohomology groups. 

Proof. Applying the usual Dolbeault Lemma and the standard ar- 
gument on hyperfunctions, we see that the sheaves C~^ G (S UW ; 7i* x £ v ,a ® 
A*M* U{1) ) and C~" w (S u( -^; tt x £ v>(T (g) A*Af* u{1) ) are soft and the inclusion of 
C p\g( SU{1) i **x£v,a® AW S V,) into C-^CS^ 1 ); 7r££y i0 . ® A *-/V* u(1) ) induces 
isomorphisms of cohomology sheaves. 

On the other hand, it follows easily that the inclusion of sheaves induces 
an isomorphism of hyperfunction coefficient cohomology. Since both com- 
plexes consist of soft sheaves, the hyperfunction coefficient cohomology is 
just the cohomology of the associated complexes of global sections. The 
proposition is therefore proved. □ 

Remark that the theory of hyperfunctions with values in a reflexive 
Banach space is developed exactly in the same way as the one for complex 
valued hyperfunctions. By a similar argument as ( |[ScW|| ,§7) we obtain the 
following result. 

Proposition 3.6. The vector spaces Cp^ G (S uw ;ir x £ Via <g> A p Af s u(i) ) 

have natural Frechet topologies. On those topologies d s uw is continuous 
and the natural actions of G are Frechet representations. 

3.3. Maximal real polarizations and change of polarizations. 

Recall now some notions from [|RoR : 

Definition 3.1. An admissible Frechet G-module is said to have prop- 
erty (MG) iff it is the maximal globalization of its underlying Harish- 
Chandra module. A complex of Frechet G -modules has property (MG) iff 
its differential d has closed range and each cohomology group H P (C', dB) is 
admissible, of finite length as G-module, and has property (MG). 

Given a basic datum (H,b,a), we say that the corresponding homo- 
geneous vector bundle Ey >a -» S u ^ has the property (MG) iff the asso- 
ciated partially smooth Cauchy-Riemann complex (Cp^ G (S u ^; n* x Ev,a <8> 

A*N s u{i)) 1 d s u(i)) has property (MG). 

Let us denote H p {S u ^;£ v>a ) := # P (C~£ (X) (S u ^; n x £ Via <g> A*JV* U(1) )). 
Proposition A3. 5 shows that H P (S U ^; £v,a) is calculated by a Frechet com- 
plex , then we can consider the Frechet subcomplex H P (S U ^; £v,o)(k) of 
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A-finite forms in this Frechet complex. In particular, we can define mor- 
phisms 

HP(S u ^;e v ,a)(K) — A*(G,H,b,d), 

where 

A P (G, H, b, or) H p (C for (H \ G; £ V>(T ® A*Af* sU{1) ) {K) ) 

are the well-known Harish-Chandra modules for G . Then H p {S u<yl '' ) Sv,a) 
will be the globalization of A P (G, H, b,a) if the homomorphism 

H p (S u ^;£ v>a ) (K) — A p (G,H,b,a), 

are really isomorphisms. 

Recall another notion from |KoK| : 

Definition 3.2. The bundle £ v>a -» S 11 ^ is said to have property (Z) 
if the homomorphisms 

H p (S u ^;£ v ,a)(K) ^ A p (G,H,b,a), 

are isomorphisms, i.e. we have a globalization. 

Note that the functional / G fj* can be identified with the functional 
F G (f) © u(l)c)* such that -F| u (i) c = 0, i.e. we have an inclusion f}* <^-> 
(f)©u(l)c)*. 

Condition A3. 9. There exists a positive root system $ + and a number 



U(l)\ 
F 



C > 0, such that: If the bundle £y, a -» S^ 1 - 1 irreducible, A = D\ 
b* , Am := A|(, R , i/ie restriction of A to £/ie real form be on which roots take 
real values, and (Ar, a) > C, /or a// a G $ + ; i/jen t/ie bundle £y, a -» S u ^ 
has both properties (MG) and (Z). 

Proposition 3.7. Fix a pair (H, b). If the condition A3. 9 holds, then 
for every datum (H, b, a), the associated bundle £y >a ~» S u ^ has both prop- 
erties (MG) and (Z). 

Proof. We can always reduce the argumentation to the case where the 
fiber bundle is irreducible because if the assertion of the property is not true, 
it's must be for some irreducible component. Choose ro as in [ RoR |, we see 
that A satisfies the condition A3. 9: Suppose Ao G f) R ; (Ao, at) > 0, Va G $ + . 
Thus the bundle £y, p -» S u ^ has both properties (MG) and (Z). Fix such 
a A and put 

si : = sup{r > 0| || Ar— Ao ||< r implies (MG) and (Z) for £y,<r -» S u ^}. 

We see that s\ > r . This number s\ must be infinite, because in other 
case, we could choose s 2 > si with the same properties, see [ |RoR| | for more 
detail. □ 



Recall the notation S := Gb C X, and u : = codings'. 
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Proposition 3.8. The properties (MG) and (Z) satisfy for every max- 
imally real polarization b . 

Proof. Property (Z). 

Recal that b C p, for some cuspidal parabolic subgroup P = (M x A) k 
N H , M C K, H = T x A, with T = H H K, A = exp (a fl g). Then 
5(C/(1) (if.iV H ) \ G and S u(1) is a fibration over P\G with holomorphic 
fibers T \ M. Let us suppose, what we can always do, that the fiber bundle 

S v ,a -» is irreducible, A = Dxp^lt, G h* and := X^Um, 

where T 1 ^ 1 ) is the C/(l) -covering, i.e. the inverse image of T in H u<yl \ We 
see that Dxt^U — r lt Suppose that the scalar curvature of the bundle 
£v,ct\t\m is sufficiently negative, i.e. less than some negative number. Then 
it is not hard to check the isomorphism 

H P (T \ M; £ v>a | t\m) (k<im) —^A p (M] T,bHm, 

These (m, K fl M)-modules are non zero just for 

p = dim c T\(K n M) . 

Let Z p and B p denote the corresponding spaces of closed and exact, 
respectively (K fl M)-finite £y,o--valued (0, p)-forms om T\M, and °Z P and 
°B P denote the corresponding spaces with "smooth" replaced by "formal 
power series" for the coefficients. It is also not hard to check by using the 
Taylor series decomposition, that as (m, K fl M)-modules, 

B p \ Z p = °B P \ °Z P 

Applying the Poincare Lemma to the fibers of the fibration Nh >— ► 
H\G -» (H.Nh) \ G « S u ^ we see that A P (G, H, b, can be com- 

puted from the complex of left If -finite, righif fl M-invariant functions 
from K to the Zuckerman complex for T \ M, i.e. it is induced from 

#(M,T,bnm,xf (1) ). Thus applying the functor Ind to both the sides 
of 

H p (T \ M; S v ^\ T \ M ) {KnM) ^A p (M; T, b n m, 
we have isomorphism 

H p {S u ^-S v ^\ K) ^A p {G, H, b, xT)- 

Property (MG). We can also here suppose that the fiber bundle £y,a -» 
s u(i) ig i rre d uc ible, A = D X U F {l) U G h*. Let A = v+ V^la, v e ^/^l{tn q)* 
is in the interior of the negative Weyl chamber of the root system $(m, t). 
We see that 



H*(S U W; S v , a ) = H p {C-«{S u V-Xx£v,* ® A^«)) 
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vanishe except in degree p = dim c (T \ K n M) and in this dimension, 

md^Cr? ® e^) := H*°(S U <»; EyJ). 

The induced module H P0 (S U ^; £v,a) has finite length because r] is irre- 
ducible and its restriction to A is a multiple of Xu ■ As in ( ||RoR |, Lemma 
9.8) we see that this induced module H Po (S u ^; £y,a) satisfies the property 
(MG), and the operator d s uw has closed range. In particular it inherits a 
Frechet topology from the space C~^ G (S UW ; Sy a ® A Po J\f* u{1) ). This com- 
pletes the proof of the proposition. □ 

It is therefore proved for every maximally real polarization the following 
result 

Theorem 3.1. For any maximally real polarization b and any basic da- 
tum (H, b, Xf^)> there are topological isomorphisms between Frechet G- 
modules 

H P (C^(H \ G- S Via ® AW*)) = H p (C H " uw (S u ^; ir x £ v>a ® A*Af* sU(1) )) 

which are canonically and topologically isomorphic to the action ofG on the 
maximal globalization of A P (G, H, b, Xf )■ 

Now we consider arbitrary polarization, not only the maximally real. 
The final result is 

Theorem 3.2. Fix the Cartan sub-algebra H and consider an arbitrary, 
not necessarily maximally real polarization b. Then for a basic datum 
(H, b, Xf )> the associated bundle £y, a -» S u ^ has both the properties 
(MG) and (Z). In other words, the theorem A3. 12 holds for arbitrary basic 

data (H, b, Xf )■ 

Proof. Suppose that H = Gf is fixed, b C g c is a polarization such 
that h C b and that b isn't maximally real. It is easy to see that there exists 
a complex simple root a such that a $ + . Denote $q := s a $ + , b := s a b 
and 5*o := G.bo- 

Given 7 e $(gc, h), we can view 7 as an element of (f) © u(l)c)*- Since 
f) is the Cartan sub- algebra of 0c, we obtain a representation x 7 := e 7 : 
ftUi 1 ) — » C x . Then we have a vector bundle Cj -» So and a vector 
bundle -» S u ^\ Applying Lemma 10.6 from [[RoR|l , we can obtain 

G-equivariant morphisms of complexes 

C-£ (1) ; 7T* x £ Vi<7 ® A p Af; uw ) - C~£ (1) (S u ^ ; 7r x £ v>l7 ®£ U _W ®A p+1 Af* sUW ) 



3. GLOBALIZATION OVER U(l)-COVERINGS 219 
and this morphism restricts to a morphism of subcomplexes 

Let C^ w (S u(1) ;n x S Vi(7 <g> <g> AW* be the subcomplex of the 

complex C~ U (S U( -^; 7i x S v>(T ® ® A*J\f* u{1) ) , consisting of forms u such 

that d s u(i)U vanish on (0, 1) vectors tangent to the fibers of S u ^ -» Sq^. 
Applying the Dolbeault Lemma, we see that the inclusion 

C:Z (1) (S U W; n x £ v , a ®£ u _V®A*M* sU(1) ) - rfS^Vx^^-i^A*^,) 







induces isomorphisms on cohomology. 

On the other hand we have a morphism of complexes 

C-(^ (1) ; 7r x £v,*®AW* sUW ) -> C^ m (S u <»; n\S v ^C u _^® A P+1 A/> (1) ). 
Let 



^0 



b« = b®Q a = b ®Q- a . 

Denote by X a the flag manifold of parabolic sub-algebras of 0c which are 
Int (flc) -conjugate to b a and consider the orbit S a := G.b a C X. The 
natural projection p a : X -» X a is holomorphic and there is a [/( recovering 
homomorphism pi^ : X 1 ^ 1 ) — > X^ 1 ' such that 

p a ott x = 7i Xa op u J l \ 

where 

is the natural projection. 

Let U a C S a be an open subset, whose U a is compact and has an X a - 
open neighborhood over which p a : X — > X Q is holomorphly trivial. Let 

and 

we see that 
localizes to maps 



b 
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Let CI(Uq^)~, the closure, and BcI(Uq^)~, the boundary, denote 
germs of neighborhood of Cl{U^ (l) ) and Bd(U^ l) ) in S u ^ U S ^ (1) . From 
the theory of hyp erf unctions, it is not hard to see that 



C- w (Uo {1) -7r* x E Va <g> A*Af* um ) = 

10 X ' 5 « C«{Bd{U^)-FVU®K-vN: um y' 



1 ' J _ i > 

where c := dimc^So, the complex dimension with respect to the complex 
structure given by the indicate CR-structure, and JF^ 1 ) := £ Va <g> £^2p+2a- 
Similarly, we have 



C'-^ 1) (^ (1) ;7r^®/:-i ) ®A p+1 ^ (1) ) = — — - , 

s % (1) (M^ () )~;^ (1) ®a-^ (1) )' 

where c + 1 = dim CR S a , JF^ 1 ) = (tt^v> ® ® £^ a . Thus by a 

similar argument, we obtain the dual statement, as follows: The restriction 
maps 

c^ (1)i5 , ( ^ 
c^ (1)i5 , (1 ^ 

induce isomorphisms in cohomology. 

We know that these restriction maps are continuous and surjective, and 
are dual via 

c-iciiu^)-^)®^-^* (1) y 

and 

C^ (1) (C7Z(t^ (1) )~;^«®A-^ (1) )' 

' s c- (1) (sd(^ (1) )~;^ (1) ®A-^ (1) )' 

to the maps 



Thus we obtain the following statement: Suppose that a G -X^ 1 ^, A = 
^Xf^I*) e an <^ suppose that 2 ^-7~^r^ ^ s n oi a positive integer. Then 

C^ (1) (^ (1) ; 4^®AW; :(1) ) - C7^ (1) (^W;7r^®£^ 1) ®A^ 1 ^ (1) ) 
induces an isomorphism of the corresponding cohomology groups. 
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One rests only to apply Proposition A3. 11 and we may assume by in- 
duction on dim S u ^ — dim Smax that every Sy,a -» admits both the 
properties (MG) and (Z). Since the cohomologies and the maps that oc- 
cur in theorem A3. 12 all are compatible with coherent continuation, we 
may assume that 2(A + p — a, a)/ (a, a) is not a positive integer, where a 
is irreducible, A = Dxp\^ e [)*. From the last assertion Suppose that 
o G I^J 1 ', A = Dxp \f) £ i)* , and suppose that 2 ^x^r^ is not a positive 
integer. Then 

C H - UW (S^ 1] ; rr* x S v ^Af* s u W ) - C H " U(1) (S U ^; tt^®^ 1 W + ) 

induces an isomorphism of the corresponding cohomolohy groups , one fol- 
lows that 

C P ^ G (S U ^; 7T* x £ v>a ® C U J^ ® A p+1 N* SU(1) ) 

has both the properties (MG) and (Z). This completes the proof of the 
theorem. □ 



4. Quantization of Mechanical Systems with Supersymetry 

" Graded Lie algebras have recently become a topic of interest in Physics 
in the context of "super symmetry" relating particles of different statistics " 
, as it is pointed out in the survey ||CJNS|| . In the physical systems where 
the Bose-Einstein particles and Fermi-Dirac particles interact together sym- 
metry must be replaced by supersymmetry. Lie superalgebras and Lie su- 
pergroups are therefore important mathematical tools of physics and they 
must be studied seriously. 



B. Kostant has developed in his work fKos2l the representation theory 
of Lie supergroups along the line of the Kirillov-Kostant orbit method for 
the ordinary Lie groups. His theory is founded in differential geometry and 
uses symplectic structures, Hamiltonian formalism, integrality condition, 
line bundles with connection and prequantization for the supergroup case. 
But polarizations and unitarity are lacking by himself in general. Perhaps 
the main difficulty is the fact that the Lie's theorem is not true in in the 
general case of solvable Lie superalgebras: They have also irreducible finite- 
dimensional representations rather than the (one-dimensional) characters. 
This means that we must work with multidimensional induced bundles in 
place of line bundles. 

Using the new notion of polarization, exposed in the previous chapters, 
one can develop also a theory of quantization for Lie supergroups, see |P22 



4.1. Hilbert superbundles with connection. 
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Definition 4.1. As usual, let us denote by C the ground field of com- 
plex numbers, by Z/2Z the residue field consisting of two elements and I. 
Recalll that a (complex) vector superspace V is by definition a Z/2Z-graded 
vector space V = Vq © V\. The elements of Vq are called even , i.e. their 
graded degree is 0, \x\ = 0; those of V\ are called odd , i.e. their graded 
degree is 1, \x\ = 1. 

Throughout what follows if for some X expression \x\ occurs, then it is 
assumed that X is homogeneous, and that the expression extends to other 
elements by linearity. 

Suppose that the vector superspace V = Vq © V\ admits a complex 
sesquilinear form b : V x V — > C, a so called scalar product which is linear 
relative to the first variable, and: 

• superhermitian , i.e. for all homogeneous x, y in V, 

b{x,y) = {-l)^^y~x), 

• consistent , i.e. for all x and y of different graded degrees, 

b(x,y) = 0, 

and 

• nondegenerate , i.e. if b(x, y) = 0, G V then x — 0. 
It is easy to deduce the following 

Corollary 4.1. Let (V,b) be a vector superspace with scalar product. 

1. (i) The restriction of b on Vg is a scalar product, and the restriction 
of b to Vj is a nondegenerate skew- symmetric form. 

2. (ii) The correspondence z \— > b(., z) establishes a monomorphism V 
V*. 



Remark 4.1. In the category of superspaces there is a special functor 
of changing the graduation degrees U, 

(UV)o := V~ u (ILV)i := Vq. 

Suppose that there is also a scalar product b u on UV and that (V, b) 
and (nV, b u ) are the Hilbert spaces. In this case we say that (V, b, b n ) is a 
Hilbert superspace. It must be remarked that in work [|D22|| it was not true 



that the Hilbert superspace structure can be deduced from a single scalar 
product &(.,). Indeed it must be defined by a pair, consisting of two scalar 
product &(., ) and b n (., .),with respect to which the space V is complete. 
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Definition 4.2. For an operator u G Aut(V, b, b n ), we define u 11 :— 
II o u o II G Aut(6, 6 n ). We have therefore a commutative diagram 

V y 
in n in 

nv ^ nv. 

Corollary 4.2. w zs symplectic in V\ if and only if u u is unitary on 
the Hilbert space W := TlVi. 

Let us consider a Hilbert superspace (V, b, b u ). Denote by q and q 11 the 
corresponding quadratic forms on V and YiV respectively. 

Corollary 4.3. (i) q is nondegenerate on Vq, but identically on 
Vi. 

(ii) g n is nondegenerate on UVi , but identically on UVq 

Definition 4.3. We now define the norm of supervectors on V by the 
formula 

II v ||= \/q{x) + q n (x), 
forall x G V = YiV as complex vector spaces, and as usually the associated 
norm of operators, 

|| A ||= sup || Ax ||. 

IMI<i 

Now it is easy to see that the vector superspace V = Vg © V\ with scalar 
product b on V and b u on YiV = (UV)q®(UV)i := V\®Vq = V ( as complex 
vector spaces ) becomes a Hilbert superspace iff it is complete with respect 
to this norm of supervectors. 

By an (even) unitary -symplectic operator u G USp(V) we mean an even 
automorphism u G Aut(V, 6, 6 n )g , i.e. uVj C Vj, i = 0, 1. 

COROLLARY 4.4. The set of all unitary- symplectic operators forms a 
group denoted also USp(V). On this group the strong topology is equivalent 
to the weak topology. 

The proof is the same as in the classical case by using the well-known 
Cauchy-Bounjakowski-Schwarz inequality for scalar product. 

Lemma 4.1. The topological group USp(V) is isomorphic to the direct 
product of the unitary groups of Vq and (UV)i. 

Proof. By definition we have b(ux,uy) = b(x,y) and b u (ux,uy) = 
b n (x,y), i.e. 

°W«k ) 

V M lvi/ V M l(nvW 
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We have therefore 

Aut(V, b, 6 n ) = Aut(Vg, 6) x Aut(Vi, b) 

= Aut(Vg,&) x Aut(n^,6 n ). 

□ 

Definition 4.4. A linear superoperator A : V — > V is said to be anti- 
supersymmetric iff for every homogeneous element x, y 6 V, 

b(Ax,y) = -(-l)W-\*\b(x,Ay), 

b n (Ax,y) = -(-iy A ^b n (x } Ay). 

Lemma 4.2. Antisupersymmetric superoperators form a Lie superalge- 
bra, the even part of which is a Lie algebra consisting of all pairs of an- 
tisymmmetric (unbounded) operator on the direct product of Hilbert spaces 
Vq x UVi. 

Proof. It is enough to verify that the vector superspace of antisuper- 
symmetric superoperators is stable under the brackets 

[A, B] := AB- (-l) lAm BA. 

But this is clear from the definition; see also (|[Ka||,§5.3.4(b)). □ 



From the well-known Stone theorem for Hilbert superspaces, it is easy 
to deduce the corresponding superversion. 

Theorem 4.1 (Stone Theorem ). Every one (real) parameter con- 
tinuous subgroup {u(t)} t ^K of even unitary- symplectic superoperators on a 
Hilbert superspace V admits a generator y/—LA , which is antisymmetric 
continuous (perhaps, unbounded) superoperator. 

Definition 4.5. Let (G, A) be a Lie supergroup and let g := Lie(G, A) 
be the Lie superalgebra, U(g) the enveloping superalgebra of q, M.(G) the 
function algebra on G and A(G)* := E(G, g) = R(G)®U{g) the Lie-Hopf 
coalgebra, where by (s) we denote the so called smash product , see also 
Kos2|| . Let (V, b, b u ) be a Hilbert superspace, and let End V be the super- 



algebra of continuous superoperators on V. By a smooth unitary represen- 
tation of (G, A) on V, we mean a homomorphism of superalgebras 

r : A(G)* — ► EndV, 

such that: 

(1) The restriction r\o is a continuous representation of the Lie group G 
in the group of even unitary-symplectic automorphisms 

r\c '■ G — ► USp(V). 
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(2) Each vector v G V is smooth, i.e. the map G — > V, g t— > r(g)v is of 
class C°°. 

(3) r(X)« = |(r(exp*A>)|i=o,Vi; G V,VX G g . 



The rest of this section is in large similar to the same of ( ||Kos2|| ,§4) 



where the theory is developed purely for line superbundles. Our need is 
essentially in the multidimensional case. So we are trying to modify these 
results and notions for the multidimensional situation. 

Notation Let (X, A) be a supermanifold and let U C X be an open 
set, Der A(U)the Lie superalgebra of all superderivations in A(U), which is 
also a A(U)-module, T(U) the tensor algebra of Der A(U) over A(U), 

oo oo 

T(U) =0f([/) = Per A(U) ® A{ u) • • • ©a ( lq Per A(U) , 

b times 

which is Z © Z/2Z-(bi)graded. 

Now let J(U) be the two-side Z © Z/2Z-graded ideal in T(U) generated 
by the elements in T 2 {U) of the form £ © rj + (—ly^^T) © £, where £,77 G 
DerA(£/) are homogeneous. Denote also J b (U) = T b {U) H ./(£/)• 

Let us denote by £ a projective (locally free) A-module sheaf on (X, A). 
Then for every b G N, Hom A ^ U )(T b (U), E(U)) can be considered as the 
set of all bilinear maps on Der A(U) with values in E(U) which satisfy the 
conditions 

(£ 1; . . • , . . • , £ 6 |/?> = (-1)1/1 SU Mffa . . . , m . 

Now let ft b (£7; E) the set of all (3 G Hom A(c/) (T b (?7), £([/)) which vanish 
on J b {U). It is easy to see that the elements (3 in Q b (U; E) are characterized 
by the additional condition 

(a, . . . , o, o+i, ■ • • , &i/?> = (-i) 1+m€s+i %, • • • , o+i, & ■ • • , 6i/9>- 

Corollary 4.5. tt b (U,E) = tt b (U, A) ® E(U). 

Proof. It is enough to mension that for the locally free sheaf E(U), 
Rom A{u) (T b (U),E(U)) Hom A(C7) (T 6 (f/), A(C/)) © A(C7) £([/). 

□ 

Definition 4.6. Let us denote by End-E the projective (locally free) 
A-module sheaf of all endomorphisms of the superbundle E. Then it is easy 
to see that tt b (U,E) and Kom A{u) (T b (U), E{U)) are End £(?7)-modules, 

(£1, . . . , i b \(3f) = (£1, . . . , ai/?)/, V/ G End £([/) 

and 

(td, . . . , /6, . . . , = (-1)1/1 161 (£ 1; . . . , V/ G A(C/). 
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Also tt b (U, E) is Z/2Z-graded: 

(^,...^ b \P)EE(U) k , 

b 

k:=\(3\ + J2U 
i=i 

Q°(U,E) := E{U), 
Q(U,E) = ®ZoV b (U,E). 

Let P G tt b {U,E), a G Q a {U,E'), (., .)be the pairing of E and E' with 
values in F, then one defines Q a+b (U, F) in an usual way; for example, 
(., .) = Rom(E ® E', F) is an important case. 

Remark that if V C U is an open subset, one has a restriction map 

p uy :Q(U,E)^Q(V,E), 

such that if & G DerA(C/), /3 G Q b (U,E) then G is charac- 

terized by 

(Pu,v£i, ■ ■ ■ ,Pu,v£b\pu,vP) = Puyl&i, ■■■,Cb\/3). 

It is clear that the correspondence U \— > f2(£7, i?) defines the sheaf of differ- 
ential superforms with values in a projective (locally free) A-module sheaf 
E. 

Assume that dim (X, A) = (m, n). An open set U is called A-parallelizable 
if there exist rji G Der A(U), I — 1, . . . , m + n, such that rji G Der A(U)o, if 
I < m and rji G DerA(C/)i if I > m, and such that every £ G DerA(C/) can 
be uniquely decomposed as 

m+n 
J=l 

where /j G A(Z7). 

Remark that every A-coordinate neighborhood is parallelizable. 

Now, if the open U is A-parallelizable, one defines a\ G fi 1 (C/, i?) by the 
condition that 

if 

m+n 

£=£/j77ieDerA(l7). 

Thus 

= Ski-Idu- 

Put 

Pi = a t ,l <m 
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and 

7; = a l+m , 1 < I < n, 
then fa G n\U, A) and 7, G tt\U, A) 1 and 

A«i = — «iAj 

We introduce the usual multiindex notation ( see also ( |[Kos2|| , §4.2) ), 

we see that in the A-parallelizable open set U, Q(U, E) is a free A(?7)-module 
such that every differential superform uj can be written in form 

Now assume that U is an A-splitting coordinate neighborhood with an 
coordinate system {r i: Sj}, i — 1, . . . , m, j = 1, . . . , n. Then Der A(U) is a 
free A(U)-modvle with the corresponding basis {7^-, jj - }- We can choose 
just = {dri,dsj}. So we have 

dr^ds v G Q kM+M {U,A) ^ Q k ^ + ^(U,E) 

and every /3 G Q(U,E) can be written as 



/3 = 2j//, vdr^ds" f^, 



where G £([/). 

Recall that, as in the line super-bundle case, we can also construct the 
map 

a* : tt(Y,E') — ► ^(X,E), 
which is associated to the super-bundle sheaf morphism 

a : E — ► E'. 

Finally, by a super-bundle we means a projective ( locally free ) A- 
module sheaf E, such that there exists a covering by opens which are prin- 
cipal for E in the sense that: E(U) is a free A(U)-module with a basal 
system of even generators ti G E(U) , i = 1, . . . ,rankA(u)E(U) . 

Definition 4.7. Let E be a vector super-bundle over the super-manifold 
(X, A). By a connection V on E we mean a covariant super- derivation such 
that for any open set U C X and any vector super- field £ G DerA({7), one 
has a linear map 

V € : E(U) - £(f/), 
where |V^| = |£|, which is compatible with the restriction maps to smaller 
open sets and is such that 
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(1) V € (/f) = (U)t + (-1) I/M€I /V € (0 , for / G A(U) and f G E(U), 

and 



(2) the map 



is A(U)- linear. 



Der A(U) — ► End £([/), 



The complexification of Der A(C/) may be taken to be the complex Lie 
super-algebra Der A C (U) of super-fields of vectors. By linearity we may take 
£ and / in Der A C (U) and A C (U), respectively and £l c (U, E) will denote the 
complexification of Q(U, E). 

Now assume that (E, V) is a complexified vector super-bundle with 
connection, U C X is principal for and ij, i = 1, . . . , rfc^E 1 . Then 
for every £ G Der Ac (f/), there exists g = g(£) G End-Ec(^), such that 
= g(£)t. The correspondence £ i— > defines an Ac(U) -linear 

map Der Ac(U) — > End E(U). Therefore, there exists a unique element 
a(t) G Q c (C/,End£;) such that 

Vtt=^(£\a(t))t, 

for all £ G DerA c (C/) and |a(i)| = |a| = 0, i.e. \(£\a(t)}\ = Now if 
Sj G E(U)o, then clearly = 1, . . . ,rankA(u)E(U) is a basal system of 
generators iff s — tf for some / G Aut E{U). In this case we have 

Lemma 4.3. a{s) - fa^t' 1 = -^df.f- 1 . 

Proof. Because s = ft, we have by definition, 

V € a =&(Z\ a ( 8 ))8 = £Z(t\ a (ft))ft 

= v € (/o = e(/)* + (-i) l€ll/l /v € t 

= 4 I (el^T^+(-l) l5M/l /-4 I (el«(t))t 

= a ^«i^-/- 1 >/*+ a ^<ei/«(o>/- 1 -/*- 

From this the lemma is deduced. □ 

Notation. The classical formulas for the differential of a vector valued 
function holds also in the super-context. However we must be careful to 
use the right or the left A(?7)-module structure in Q l (U,E), for example if 
/ G E{U) is arbitrary, one has 

i=i 1 j=i 

So we have in an arbitrary open set U C X the map 

d : n°(U,E) -> tf^E) 
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has zero Z/2Z-graded degree. 

Remark that Q{U, E) is Z © Z/2Z-graded and EndQ(U, E) is also Z © 
Z/2Z-graded . Thus an element u G Endf2(w, E) is of bidegree (c, j) iff 

for any (6, i) G Z © Z/2Z. We will say about -u as a derivation of bidegree 
(cj) iff for each a G fi 6 (t/,£)i and /3 G Q V {U, E% and if £ and E' are 
paired with values in F, we have 

u(a(3) = u{a)(3 + (-l) 6c+ ^cm(/3). 

Remark that if a derivation is defined, it has also functorial property. 

Let us now denote by V the affine connection of our super-bundle E , 
and by a = a v its connection form. Let (3 G £l b (U,E), then we define the 
differential d\?, and the inner product and Lie derivative 0(0 for any 
vector super-field £ G Der A(U, E) by the following formulae 

(0 . . . ,0+ilM?) = ESl-i)^ 11 ^^, ••••6... . 

+ E fc(i (-i) dM (fe,6],6,... ! 4,...,6,...,6 + il/5), 

where 

fe=i 

(6, . . . , 0-iK0/3) = ELl 161 (0 6, • • • , 6-i 1/5), 

and finally we define 

0(0 = MO :=dv°*(0 + *(0°M 

It is easy to see that d\r, ?(0, and 9y are the derivations of degrees 
(1,0), (—1, |0), (0, |0), respectively. As in the ordinary case, we have the 
superb-racket relations 

(1) + (-1)1^x0 = mAv)} = o, 

(2) e(tXv) - (-i) m HvM) = imAv)} = *([0 v\), 

(3) - (-i) mvl o(v)o(0 = [0(0, %)] = 0([O i?]), 

and the relationship between contraction and Lie derivation 

00, • • • , 01/9) = Zti(-i) l€l Eril l&l (0, ...,[00],-.., 01/9) 
+(-i) l?IELlfel (0,-.. ,010(0/5). 

So we have a de Rham complex of global sections of E, 
n*(X,E): >cj b (X,E)^n b+1 (X,E) -> ... 
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if the connection V is flat, i.e. for all £,77 e DerA(U), 

Curv(V)(e,77) = [V € ,Vj-V K) „ ] = 0. 

Let p <E U C X, T P (X, A), the tangent super-space at p , be 
the linear super-space of all £'([/) -valued 6-linear forms z on T P (X, A) = 
T P (X) © T p (X, A)x such that 

(Ul, . . . . . . , U&l-Z) = (-l) 1+|, ' J ' l|t ' , ' +l| (ui, . . .,V j+1 ,Vj, . . -,v b \z). 

Note that Q E {p) is Z/2Z-graded such that if z is homogeneous, the expres- 
sion (vi, . . . , Vb\z) vanishes unless the case 

6 
i=l 

So -z|t p (x) is an E(U)q- valued form on T P (X) and 2;|t p (x,a)i is a symplectic 
Worm on T p (X, A) ± . We define 

n°M := S(C/)o, 

00 

Q E (p) :=0n*.(p). 

b=0 

We observe that the map A(U) — > C°°(C/); / 1— > / extends to a homomor- 
phism Q{U,E) -> n E (U);(3^ (3, 

(6,...,6I)9>~ = <fi,...,6l$. 

Now let fi E (X) -> Q Bo (X) = Hom(T p (X), J B(f/) ) be the restriction 
map from the complex fi^(X) to the ordinary E(U)q- valued de Rham com- 
plex, then we have a commutative diagram 

Q(X,E) — ft Eo (X) 
~ \ /"res 

Remark that 

fc : fi(X,£) — ► tt Eo (X) 

commute with rfy and suppose that the connection is flat, we have then 
really a commutative diagram of complexes and complex homomorphisms 

(n(x,E),d v ) (n Eo (x),d v ) 
\ / 

(Q E (X),dv) 
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Lemma 4.4 (Poincare Lemma). Suppose that f G E(U) = Q°(U,E). 
Then dyf = in the connected open set U iff f — X.lu, where X is a 
constant super-function with a single value in End E{jpt). If, in addition, U 
is contractible A-coordinate neighborhood and (3 G Q b (U,E), d^(3 = 0, then 
there exists uj G E) such that (3 = d\riv. 

Proof. By assumption, our connection is flat. Then locally we can 
consider its trivial form of connection. So, — d, 

i=i j=i j 

and because 

/ = fn s n 

for every scalar super-function the first assertion is trivial. 
Locally, the map 

(n(U,E),d v )^(Q Eo {X),d v ) 

is an complex isomorphism. So for a contractible open U, the acyclicity of 
the usual de Rham complex deduces the acyclicity of our graded de Rham 
complex, the lemma is therefore proved. □ 

THEOREM 4.2. There is a commutative diagram of complexes and their 
isomorphisms 

Coh(Q(X, E),d v ) Coh(fi Bo pr) )t 2 v ) 
= \ / ^ 

H(X;EndE(X) ). 

Proof. For the complex A), B. Kostant ([ [Kos2|| ,§4.7) has con- 
structed a flasque resolution of the constant sheaf. Our complex is its tensor 
product with End E(pt). Thus we have a flasque resolution by our complex 
for the constant sheaf. □ 

Definition 4.8. Let (E, V) be a vector super-bundle with connection 
form ^^-a = on super-manifold (X, A). Then there exists a unique 

differential 2-super-form u G Q 2 (X, End E), such that —u = d\ra, i.e. 

-(Z,v\<o) = (v\&) - - (M«>+ 

This 2-super-form is called the curvature form of the connection V. 
As in the classical case, it is easy to deduce the following result 
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Proposition 4.1. 

(^|Curv(£,V)> = [V e ,V„] - V K>)?] = -^(e,77k)- 

Definition 4.9. Let (2?,V) be a super-bundle with connection over 
(X, A) and {(£/», i E I, j — 1, . . . , rank^ E, is a local system for 
E. We denote U = (ta, . . . , £i, ra nk A .e) and c^- G End2?(£7) the transition 
functions defined by tjCij = tj, and we will then refer to the set (c^, ccj); 

-i _ g , -i 



as /oca/ datum for (22, V). 

If (cy, is an another local data of some vector super-bundle (E ; , V'), 
then (E, V) is equivalent to (E', V') if and only if there exist Aj G Iso(E, E') 
such that 

and ^_ 



Since every vector super-bundle with connection admits at least one lo- 
cal datum with respect to a contractible covering, it follows that the no- 
tion of curvature is an equivalence invariant and hence Curv[(22,V)] := 
[Curv(2?,V)] is well defined. Note that the set £ C (X,A) of all equiva- 
lent classes of vector super-bundles with connection has the structure of an 
Abelian group. 

[(E,V)] = [(E',V)] + [(E",V% 

iff 



Cij C^jC^j, 



cn = a[ + a", 

and 

Curv[(£, V)] = Curv[(£', V')] + Curv[(£", V")]- 
Now for any closed 2-super-form oo G Q 2 C (X, End E(U) ), let C W (X,A) 
be the set of all classes [(E, V)] G C C (X, A) such that u = Curv[(2?, V)], 

C C (X,A) = U U C U (X,A) 

is a disjoint union over the set of all closed 2-super-forms u G f2 2 (X, End E(U) ). 

Now given a closed 2-super-form uo G Q 2 (X, End E(U)) the question is 
to decide whether C U (X,A) is nonempty. Observe that one has the same 
answer as in the ungraded case. 

If Aut E(pt) is the automorphism group of fiber transformations. Then 
the cohomology group 2f 1 (X; Aut E(X) ) operates on C C (X, A). 
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Let {Ui} ieI be the contractible covering of X and assume that (E,V) 
is a vector super-bundle with connection over (X, A). Let (cij,ai) be the 
corresponding local datum for (E, V). Let % be the cocycle for the constant 
sheaf Aut E(pt) . 

LEMMA 4.5. The cohomology group H 1 ^, Aut E(X) ) operates as fol- 
lows: 

[z tJ }.[(E,V)] = [(E',V)}, 

where (£",V) has the local datum (c^, Zij, with respect to the covering 
{Ui} ieI , a- = z^a^ 1 . 

Proof. It is easy to see that (c^z^, z^a^ 1 ) is a local datum of some 
super-bundle with connection (£", V'). We must prove that Curv(£", V') = 
to. We see that (z^-, 0) is also a local datum, then there exists a flat super- 
bundle with connection (i? 2 ,Vo) such that (%,0) is its local datum. By 
the Abelian group structure on C C (X, A), we have 

Cmv(E', V) = Curv(£, V) + Curv(£ 2 , V ) 
= u + 

= UJ. 

□ 



Corollary 4.6. C U (X,A) = H 1 (X;AutE(X) ). 
Remark 4.2. Let us denote by exp the exponential map 
/ G End E(U) i-> exp(^^/) e Aut £([/), 



where as usually 



ra=0 

The exponential series converges absolutely on the operator norm topology, 
as usually. 

Remark that elements of the form I + End E 1 (U) , the unipotents, have 
the unique logarithms in End E 1 (U)q, hence there is an isomorphism 

EndE\U) = I V + EndE^f/V 

Let us denote by T the kernel of the exponential map, one has an exact 
sequence of group sheaves 

-> (End E)q—^ Aut E -> 1. 

So by the long exact cohomology sequence we have 
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Corollary 4.7. For a fixed super-manifold (X, A) there is a natural 
isomorphism 

C C (X,A) = H 2 (X;T). 

Remark 4.3. By the well-known Kuiper theorem, Aut E(U) is homo- 
topically trivial in the infinite-dimensional case. We are interesting in the 
multidimensional quantization theory, to the classification of all infinite- 
dimensional Hilbert super-bundles, associated with principal super-bundles 
with finite dimensional Lie super-groups as structural groups . 

Lemma 4.6. Let (X, A) be a super-manifold and let u G Q 2 BbbC (X, End E) 
be a closed 2-form. Then C UJ (X, A) is nonempty if and only if the cohomol- 
ogy class [u] belong to the cohomology group H 2 (X; T) <— >• H 2 (X, Aut E(X) ). 

Proof. Assume that the class [uj] is T-valued. Let {£/i}j e j is a con- 
tracture covering of X . By the Poincare lemma, there exists ccj G Q 1 (Ui, E) 
such that doti = uj\jj.. Hence in the intersection U fl Uj, d(a,i — (Xj) = 0. 
Thus there exists f\j G Aut E(Ui fl Uj) such that ai — ctj = df\j. Then , 
in the intersection Ui fl Uj fl Uk, d(fij + fjk — fik) = 0. So there is some 
Zij k G Aut E(X) such that 

fij + fjk — fik = ZijklduiDUjDUk- 

Because uj is T-valued, we can choose G T. So, 

Cij := exp (f i: j) G Aut E(U) . 

It is easy to see that (c^-, a«) is a local datum of some super-bundle with con- 
nection , say (E, V). Clearly, u = Curv(£', V). This means that C U (X,A) 
is nonempty. 

The inverse assertion is proved in the same way as in the classical case. 

□ 

4.2. Quantization super-operators. Notation Let (M,A;uS) be a 
symplectic super-manifold of dimension (m, n). recall from 4.4 the map 
k : (Q(X,E),dy) — > (Qe (X), dy)- Then (X,koS) is a symplectic mani- 
fold and the dimension m must be even, m = 2mo and there is at every 
point a Darboux coordinate system (j?i,qi) in coordinate neighborhood U. 
In other hand, because the restriction of u to the odd part of the tangent 
super-spaces is a non-degenerate symmetric form, there exists ( see also 
[Kos2],§5.3) a Morse canonical system of coordinates Sj,j = 1, . . . ,n. To- 



gether, there exists at every point a so called local A-Darboux coordinate sys- 
tem ({(pi, qi)}i=i,..., mo , {sj}j=i,..., n ), where p h ft G A(U) , and Sj G A(U) h 
and in which 



m 
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where Sj = ±1. 



It is easy to see that in this A-Darboux coordinate system, the Hamil- 
tonian vector super-field £/ corresponding to a super-function /; V = df 
now becomes 



mo df d df d . ^ df d 
=i 

In particular, we have 



dqi dpi dpi dqi' ' ~ J dsj dsj 



d d 



SPfc " %' S<?fe dp k > 

e - A 
^ Sj ~ £j d Sj - 

In such a A-Darboux coordinate system the Poisson brackets have the form 
f,g e A(U) » {f,g} = Z f (g) = = 

l^i=\ \ d qi dpi d Pl d qi I ^ *->j=l y L > 3 d Sj d Sj ■ 

In particular we have the Poisson brackets between the generators as the 
canonical super-commutator relations 

{Pi,Pk} = {qi,qi} = {sj,p k } = {sj,qi} = 0, 
Uk,Pi} = hilu, 

{Si,Sj} = EjSijlu. 

Now we consider the quantization problem. As in the classical case, by 
definition, a quantization procedure is a correspondence associating to each 
super- function / a super-symmetric super-operator /, which is anti-auto- 
adjoint super-operator if / is a real super- function, in some fixed Hilbert 
super-space, such that 

Id, 

where as usually h = is the normed Planck's constant. 

Definition 4.10. Let us denote by (E,W) a vector super-bundle with 
connection and Hilbert super-space fibers, such that the connection con- 
serves the Hilbert structure. This means that the corresponding parallel 
transpose conserves the scalar product. Let us denote also by ^^a(.) the 
connection super-form of V . Then the values of the super-form a are the 
anti-super-symmetric super-operators for any complex vector super-fields 
and are anti- auto-adjoint for real super- fields. 
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We define now for each super-function / e A(M) the corresponding 
quantized super- operator f, 

f = f + ^=Vfc = / + -^=% + a(|(fc)). 

The same as in the classical case, we have also the following quantization 
condition. 

THEOREM 4.3. The following three conditions are equivalent. 

(1) The super- operator-valued differential 2-super-form —u is the differ- 
ential of a with respect to dy, i.e. 

{t,fl\<ha) = {r,\ta) - (-l^l-I^M - ([£,*>+ 

= -(£,ri\uj)Id,Vt,ri e DerA(M). 

(2) The curvature o/V is symplectic, more precisely 



(£,?7|Curv(£,V)> := [V € , V„] - V K>I|] = -^(^ v \u). 

(3) The correspondence f \—> f is a quantization correspondence. 
Proof. (1) •<=>- (2). As in the classical case, we have 

V € = € + ^«l«> 

and therefore 

V„] - V K>)?] = [(9(0 + ^|a),0fa) + ^fa|a>] - 

-^?<[£,*> 

+(^) 2 [<£l«>, fa|a>] - - 4%>*> 

= %)] " *([^]) + ^{[0(0, (v\«)]- 

-(-l) m mv), «|a>] " ([£,*> + ^[<£H, fa|a>]}- 
In virtue of the relation 

P(fl,*fa)] = *(£,»?]) 

the rest of the proof of this part is □ 



Lemma 4.7. 



[0(0,fa|a>] = fal£«>- 
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PROOF. For any super-section / G E(U) we have 

[0(0: fa|«>]/ = *(0(fal«>/) + (-1)'^ N ^I«>^0/- 

-(-l)l€l-Mfa|a>6>(0/ 

= *(Ofal«>/- 

□ 

(2) •<=>- (3). We have directly from the definition 

= L/i> v fA ] + ^v €{/iiA} - ^ {fiM + [v^, / 2 ]+ 

It is easy to see that 

£{/i,/ 2 } = [£/i-£/ 2 ]- 

So the proof of the theorem shall be completed by proving the following 
Lemma 4.8. 

[/l, Vf /2 ] = [V $/i ,/ 2 ] = = -(-l^'^foX/l) = 

= = {/i.M- 

Proof. The multiplication by a super-function is super-commuting with 
the multiplication by any super-operator-valued super-function. So we have 

For every section s G E(U), one has 

LA, = - (-i) l/lM/ ^(0 2 )(/i«) 

= - (-i)^ M/ll ^(0 2 )/i)« - (-i) 2|€ *- |/ll /i(0(&)*) 

= -(-i) l€ * MAI (*(&.)/i)« 
= (Oi^/ 2 k) s - 

By analogy, we have also 

Fe fl ,f2]=e(Zf 1 )f2 = (Zf 1 ,Z h \u). 

□ 



Remark 4.4. Here we talk about a prequantization procedure, because 
as usually the covariant derivation V^,£ G Der A(U) operates as a ele- 
ment of End E(U) for every open U. Only with the help of some super- 
polarization, we can construct the corresponding Hilbert super-space of the 
quantum states of the system under consideration. We shall do this as 
super-polarization in what follows. 
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Remark 4.5. Remember that the expression 

ft 

dv/a = da H ; — a A a 

2^/^T 



is non linear with respect to a. Thus in the condition (1) of the theorem 
we have a nonlinear differential equation 

-(£,r]\d v a) = (£,7}\w)Id 

and in the condition (2) of the theorem, we have an equivalent nonlinear 
differential equation 

Curv(£, V) = (., \oo)id. 

n 

In the temporary physics there are some sorts of this equation, related with 
the curvature of some connections. An interesting example of this type is 
the well-known Yang-Mills equation 

* Curv(£, V) = ± Curv(£, V), 

where the star sign is the Hodge star. By Radon-Penrose transform this 
equation becomes the Cauchy-Riemann condition for the corresponding 
bundle in the space of light rays of the compactified Minkowski space. 



In the work ||D22|| it was posed the following 

Conjecture. Our quantization conditions could be also transformed 
by the Radon-Penrose transformation to some algebraic condition of the 
corresponding super-bundle. 



We discuss now about application of this (pre) quantization procedure 
to the representation theory of Lie super-groups. 

Notations Recall that if G is any group and K is a fixed ground field 
(R or C), the group algebra K(G) is a commutative Hopf algebra with 
ant ip ode over K, 

A:K(G)^K(G)®K(G), 

so that 

A(s) = g®g,s(g) = g-\l E (g) = l,Vg e G. 
Now assume that q is a Lie super-algebra and one has a representation 

II : G — ► Aut g. 

Then II extends uniquely to a representation of G by automorphisms of the 
universal enveloping super-algebra U(q) Now the smash product K(G)(§)U (g) 
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with respect to H, or simply smash product if IT is understood, is by defi- 
nition a co- commutative Hopf super-algebra with antipode such that: 

(1) as a vector super-space, it is the graded tensor product K(G)®U(g), 

(2) as an algebra K(G) and U(g) are sub-algebras with the relations 

gug~ l = U(g)u,Vg G G, Vw G U(g), 

(3) with respect to the diagonal map A the elements of G are group-like 
and the elements of g are primitive and finally 

(4) one has s(g) = g' 1 , s(X) = -X and l E (g) = 1, 1 E (X) = 0, Mg G G, 
VXGfl. 

Conversely, Let E be any commutative Hopf super-algebra with antipode 
over an algebraically closed field K of characteristic zero, G the group of 
all group-like elements in E and g be the Lie super-algebra of all primitive 
elements in E. Then there is a representation say U : G —>■ Aut g such that 

gXg- 1 = U(g)X,\/g G G,VX G U(g) 

and E is isomorphic to the smash product of these parts with respect to 
the representation II, E = K(G)®U(g). 

Notations Now assume that G is a group, g is a Lie super-algebra over 
the ground field K and E is the Hopf super-algebra with respect to some 
representation n : G — » Autg. Following B. Kostant ||Kos2|| ,§3.4, we will 



say that E has the structure of a Lie-Hopf super- algebra iff: 

(1) G has a structure of ( not necessarily connected ) Lie group, 

(2) g = 0g + gi is a finite dimensional Lie super-algebra such that gg = 
Lie G is the Lie algebra of G, 

(3) Ad s is defined on the identity component Go of G and n|c = Ad g . 
Denote in this case E := E(G, g) this Lie-Hopf super-algebra. 

If E(G, g) is a Lie-Hopf super-algebra, denote E(G, go) the Lie-Hopf 
algebra obtained by replacing g by its even part go- As Hopf algebras one 
knows that 

E(G,g )^C™(Gy, 

where C°°(G)* is the set of distributions with finite support. 
The Lie-Hopf algebras form a category in which a morphism 

E(G,g)^E(H,t)) 

is a morphism of Hopf super-algebras such that the restriction to the even 
parts is a Hopf algebra morphism 

E(G,ga)^E(H,t)- ), 

induced by a Lie group morphism G — ► H. 

Notations Let us consider a super-manifold (Y, B) with the sheaf B(Y) 
of super-functions on (Y,B). Consider the full dual B(Y)' of B(Y). One 
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has certainly an injection 

-> 5(F)' <g> 5(F)' -> (5(F) <g> 5(F))'. 
One has also the diagonal map 

A : 5(F)' — > (5(F) <g> 5(F))' 

defined by the relation 

v(f®g) = v(fg),Vf,geB(Y), 

and u G 5(F)'. 

We consider the subspace 5(F)* defined as the super-subspace of 5(F)' 
, consisting of all v G 5(F)', which vanishes on some ideal of finite co- 
dimension of 5(F). One knows that if v G B(Y)', Av G 5(F)* <g> B(Y)*, 
iff f G 5(F)*. So there is a natural morphism 

A : 5(F)* -> 5(F)* <g> 5(F)*, 

which induces on 5(F)* a co-commutative super-algebra structure. 
Recall that if 

A:C ^C®C 

is a super-algebra co-multiplication, an element 5 G C is called group-like 
iff it is non zero even element and 

A5 = 5 ® 5. 

An element v is called primitive with respect to a group-like element 5 iff 

Af = 5(8>t> + t>(g)5. 

Remark that 5(F)* is just the set of all distributions with finite support 
on(F,5). 

Recall also that a morphism 

r : 5(F)* — ► C(Z)* 

of super-co-algebras is said to be smooth iff it is an induced morphism 
r = a* for some morphism of super-manifolds 

a:(Y,B)^(Z,C). 

Now let (Gr, A) be a super-manifold of dimension (m,n), 

A : A(G)* ^ A(G)* ® A(G)* 

be the diagonal map with respect to which A(G)* is cocommmutative super- 
algebra. The co unit is given by the identity element 1q G A(G), 1g( v ) = 
v(l G )yve A{G)\ 

Recall that (G, A) has the structure of a Lie super-group if A(G) has 
also the structure of an algebra such that: 

(1) (A(G)*i 1g, A) is a Hopf super-algebra with antipode s, 
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(2) the map 

A(G)* <g> A(G)* — ► A(G)* 
given by the multiplication and the map 

s : A{G)* — > A{G)* 

given by the antipode are smooth. 



It is well-known ( see |[Kos2|| ,§3.5 ) that if (G,A) is a Lie group, then 
G is a Lie group with respect to the underlying manifold structure , with 
Lie algebra LieG = Qq, the even part of the Lie super-algebra of primitive 
elements of A(G)* and A{G)* = E(G, q) with respect to the representation 

II : G > Aut 0, 

n(g)x = gxg-\Vx E Q,Vg E G 
and n| Go = Ad fl , the restriction to the connected component of identity. 

Definition 4.11. Let (G,A) be a Lie super-group and let (Y, B) be 
a super-manifold. We will say that (G, A) acts on (Y, B) or (Y, B) is a 
(G, A)-space iff the following map is smooth 

A : A(G)* x B(Y)* -> B(Y)*, 

a(vw) = ^(-i)|^i-ki«>;®«>;, 

if 

i 

and 

for each u E A(G)* and w E B(Y)*. 

In this case B(Y)* becomes an 74(G)*-module. By duality, the commu- 
tative Lie super-algebra B(Y) becomes also some y4(G)*-module: 

(w,u.f) = (-l)^(s(u)wj). 

Observe that if /, g E B(Y) and 

i 

then 

u.(fg) = J2(-V lfllu 'H<-f)(u".g). 
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Recall that a Lie super-subgroup (if, B) in (G, A) will be called closed 
if if is a closed subgroup in G. Let 

p :G^H\G, 
9 ^Hg 

be the coset projection map. Put V = p _1 (i7) if U is some open subset in 
H\G. Then (V, A(V)) is some (if, i?)-super-space and the restriction map 

p : A(G) -> A(V) 

is some (if, f?)-module map. Now put 

(B\A)(U) = {fe A{V)-R v w f = = («;,1*>/}- 

It is easy to see that (B \ A)(U) is a commutative super-algebra containing 
in A(V) and the correspondence 



form a sheaf of commutative super-algebras. As it is pointed out in ( ||Kos2|| ,§3.9), 
the sheaf B \ A on H \ G together with the homomorphism 

(B\A)(U) -> C°°(U) 

defines a super-manifold structure (H\G, B\A) of dimension (m—mf, n—n'), 
if dim (G, A) = (m, n) and dim (H, B) = (wf, n'). Furthermore, we have also 
the local triviality of the projection map: For the sufficiently small open sets 
U, one has an isomorphism 

6 : (U x H,{B\A) x £)-=->(£, A). 

In other words, we have also a principal super-bundle associated with each 
closed Lie super- subgroup. 

It is not hard to show ( see also [|Kos2||,§3.10.3 ) that if (H,B) is a 



closed Lie super-subgroup of a Lie super-group (G,A), then with respect to 
the action of (G, A) on (H \G, B \ A), (H \G,B \ A) is a homogeneous 
(G , A) -super-space. Conversely , if(X',A') is a homogeneous (G, A) -super- 
space, then (X', A') = (H \G,B \A), where (H,B) is the stabilizer of a 
point ,say p G X' . 

Definition 4.12. Suppose that our Lie super-group (G,A) acts on a 
symplectic super-manifold (M,B;ou) by a representation 

II(.) : A(G)* ^EndE(M), 

such that its restriction to the Lie super-algebra q is a representation of the 
Lie super-algebra g by the canonical transformations 

X Ggw^ g Ham.B(M) C Der B(M). 
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Denote by L x the Lie derivation along the vector super- field £x, i-e. L x '■ = 

We have also a natural exact sequence of Lie super-algebras 

-» R1 M -> £(M) -> HamS(M) -> 0. 

Hence , for each X G g, there exists a super-function, the so called generating 
function , f x E B(M); 

+ dfr = 0. 

By the calculus on super-manifolds, we have also 
and 

L x f = {fxJ}- 

Now suppose that fx depends linearly on X, we have then a 2-cocycle 
of Lie super-algebra 

c(X,Y) = {fxJ Y }-f[x,Y]- 
By the quantization conditions, we have 

[A(X),A(F)] = A([X,F]) + c(X,F), 

where 

Hx):= ^±f x = ^± fx+Vix . 

Definition 4.13. We will say that the action of (G, A) by the canonical 
transformations on the symplectic super-manifold (M, B; u) is flat iff the 
2-cocycle c(., .) is zero. 

Remark that if the (G, A)-action on (M, B) is flat, the Lie super-algebra 
homomorphism 

g^Ham ioc (M,5);X^£ x 

can be lifted to a super-algebra homomorphism g — > B(Y). So we return 
to the Kirillov's notion of strictly Hamiltonian action in the Lie group 
situation. 

In this case, we have a Lie super-algebra representation 
Q^EndB(Y);X^{f x ,.}, 



which is an integrable Poisson representation in the Kostant's sense ( [[Kos2| ,§5. 

In the Lie super-group flat action case, we have a representation of our 
Lie super-algebra g by super-functions, the so called classical ( physical ) 
quantities , and some representation A(.) of our Lie super-algebra by the 
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quantum quantities fx, the antisymmetric super-operators. If the E. Nelson 
conditions are satisfied, we will have a Lie super-group representation 



Definition 4.14. By a mechanical system with super- symmetry we 
mean a symplectic super-manifold together with a flat homogeneous action 
of some Lie super-group ( say also, of symmetry ). 

So starting from a mechanical system with super-symmetry we can ob- 
tain some representations, i.e. the corresponding quantum systems, by using 
the quantization procedure also as in ungraded cases. 



4.3. Super-polarizations and induced representations. We see 

that to construct the quantum system, we must take in account a prequan- 
tization procedure and a Hilbert super-bundle with connection (E, V) G 
C W (M, B) for the quantum model, the sections of which are the quantum 
states ( with internal super-symmetry ). The question is: Whether this 
set is nonempty ? As usually, the integral condition guarantees a positive 
solution of this question. 

Definition 4.15. Let q be a finite dimensional real Lie super-algebra, 
(G, A) the corresponding simply connected Lie super-group, (M, B) an arbi- 
trary homogeneous (G, A)-super-space with a flat action of (G, A), m G M 
a fixed point and (G m , A m ) the isotropy subgroup at this point, and finally 
Q m := Lie(G m , A m ) C g the corresponding Lie super-algebra. The point m 
can be considered as a super-functional 8 m G A(G)* on g. Therefore we can 
define 



In the flat action case there is some character Xm of the connected compo- 
nent of identity ((G m )o,A») • Then as usually, The point m is said to be 
admissible ( resp., integral ) iff there is an extension of this super-character 
Xm from the connected component of identity ((G m )o, A m ) to an irreducible 
representation a (resp., to the same character ) of the whole stabilizer group 
(G m ,A m ). It is not hard to check an super-analogous result 

Proposition 4.2. If (M, B) is a homogeneous flat action (G, A)-super- 
space, then the following conditions are equivalent: 




of the universal covering group (G, A) of (G, A). 
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(1) Some point m e M is admissible ( resp., integral). 

(2) Every point of M is admissible ( resp., integral). 

(3) The set C U (M,B) is nonempty. 

Suppose now (M, B) is admissible, i.e. there exists a representation a 
of (G m , A m ) in some Hilbert super-space V. Taking a fixed connection on 
the principal super-bundle 

(G m , A m ) >— »• (C, A) -» (M, B) 

, we obtain some affine connection on the associated super-bundle. As in the 
classical cases the set of these possible quantum associated bundles can be 
parameterized by the first cohomology group H 1 (M; Ant(V) ). Therefore 
we have also in the super-case a result analogous to the same one in the 
classical ungraded case. 

Let us now consider a symplectic flat action (G, A)-manifold , (Q, C;un<E 
G(M,B) := (M,B;u)/(G,A) some (G, A)- orbit. It can be also proved an 
analogue of the classification theorem of homogeneous flat symplectic man- 
ifolds. So that locally we can consider our symplectic super-manifold as 
some Kirillov's co-adjoint orbit. Let us fix a point x in Q, its stabilizer 
(G X ,A X ), the connected component of identity ((G x ) , A x ), a fixed repre- 
sentation (a, V) of (G X ,A X ), etc.... 

Let T(Q, C) be the complexified tangent super-bundle of the orbit (Q, C; lvq). 
Consider some complex tangent distribution L C T(Q,C), which is (G,A)- 
invariant and integrable, i.e. there is some sub-super-bundle, the tangent 
bundle of which is just L. It is not hard also to prove an super- version of the 
Frobenius Theorem: The tangent distribution L is integrable iff the set of all 
global sections form a Lie super-algebra with respect to the superb-rackets of 
super-sections. It is also easy to check that The Lie super-algebra of in- 
variant global sections of an integrable invariant distribution is isomorphic 
to the quotient of some complex Lie super- subalgebra by the complexified Lie 
super- algebra of the stabilizer. It is therefore easy to construct the complex 
super-subalgebra pCg c such that L x = p/(fj x )c and 

L X ®L X = (p + p)/(flx)c- 
It is clear that the invariance guarantees the inclusion [fl x ,L x ] C L x . 

Definition 4.16. We will say that the distribution L is closed iff the 
connected super- subgroup (H ,F), (H ,I) corresponding to the Lie super- 
subalgebra f) := p D Q and m := (p+p)fl0, and the super-subgroup (H, F) := 
(G x , A x ) K (H , F), (M, /) := (G x , A x ) k (M , /) are closed. 

Definition 4.17. Fix a representation (a, V) of the stabilizer (G x , A x ), 
which is a multiple of Xx m restricting to the connected component ((G x ) , A x ) 
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of the admissible orbit (Q,C;uJn). We say that (L,p,a ) is a (Xx,&)- 
polarization and L is weakly Lagrangian iff: (a) a is an irreducible unitary 
representation of the super-group (H , F) in some Hilbert super-space V 
such that: 

(f) The restriction 

a O\(G x ,Ax)n(Ho,F) - multa \{G x ,A x )n{H a ,F)i 

(2) The point a is fixed under the contragradient action of the Lie super- 
group (G x , A x ) in the dual (H ,F), 

(b) p is a representation of the complex Lie super-algebra p in the Hilbert 
super-space V such that its restriction to the real part h is the Lie derivative 
of the representation a and the E. Nelson conditions are supposed to be 
satisfied. 

The notion of polarization can be also formulated in terms of Lie super- 
subalgebra. That is the so called (a, a;)-polarization. 

Definition 4.18. We say that (p,p,a ) is a (a, -polarization iff: 

(a) p is some complex Lie super-subalgebra of Qc, containing q x , 

(b) The super-subalgebra p is Ad 0c (G :r )-invariant , 

(c) The vector super-space p + p is the complexification of some real 
super-algebra m = (p + p) fl $j, 

(d) The super-subgroups (M ,I), (H ,F), (M,I), (H,F) are closed, 
where (Mo, I) (resp., (H ,F) ) is the connected super-subgroup of (G,A) 
with the Lie super-subalgebra m ( resp., f) = p fl g ) and (M, I) := (G x , A x ) x 
(Mo,I),(H,F):=(G x ,A x )k(Ho,F), 

(e) a is an irreducible unitary representation of the super-group (H , F) 
such that 

(1) The restriction (T \ {Gx! A x )n(H ,F) is a multiple of the restriction v\ {GxAx)n(HihF) , 
where by definition 

Xx(expX) = exp(^j^-(x,X)), 
and by the definition 

°\({G X ) ,A X ) = multXx 
and ^ 

(2) The point <x is fixed under (G x , A x )-action on the dual (H , F), 

(f ) p is some representation of the complex Lie super-algebra p in Hilbert 
super-space V such that its restriction to the real part h = p fl is equivalent 
to the derivative Da of the representation a . 



4. QUANTIZATION OF MECHANICAL SYSTEMS WITH SUPERSYMETRY 247 



Theorem 4.4. (L,p,a ) is a (Xx,&) -polarization iff (p, H, p,a ) is a 
(a, x) -polarization. 

Proof. If (L,p,a ) is a (x x , 5")-polarization, L is weakly Lagrangian, 
invariant, integrable tangent super-distribution of the tangent super-bundle 
T(Q, A x \A). In the notations before we have remarked that we could 
reconstruct the Lie super-subalgebra p form the distribution L, p = (q x )c k 
L x . It is easy to verify that we have in this case a (a, x)-polarization. 
Conversely, it is easy to reconstruct a (x x , (repolarization (L,p, o"o) from 
some (a, x) -polarization (p, H, p, a ). □ 

With the same reason as in the ordinary Lie group case, we can easily 
prove 

Corollary 4.8. Suppose that (^2,(7;^) is an admissible ( oder inte- 
gral ) orbit of a mechanical system with super-symmetry (M, B; G, A,u) , 
(L, p, o"o) a (xx,^) -polarization, where as above a is a representation of 
(G X ,A X ), the restriction of which to the connected component ((G x )q, A x ) is 
a multiple of the character Xx ■ Then 

(1) The homogeneous super-space Q admits the structure of a mixed 
manifold of type (k, I, m) in the sense of [D4| , |]D13| . 

(2) There exists a unique irreducible unitary representation o of the 
super- group (H, F) such that its restriction to the stable super- subgroup 
(G x , A x ) is a multiple of the representation a and its derivative is the re- 
striction of the representation p to the real part f) = p n Q. 

Construction ( see also ( |[Kos2|| , §6.1) for the line super-bundle case 
). Assume that (L,p,o~o) is a (x x , cx)-polarization of our orbit Q. From the 
preceding theorem, we can obtain some representation a of the polarization 
(closed) super-subgroup (H, F) in some Hilbert super-space V . Let us 
denote by r G the natural projection (G,A) -» (H\G,F\A). Let U C H\G 
be an open set and let V = Tq 1 {U) C G. one has therefore A(V)*B(H)* C 
A{V)*. 

Denote by A(V, a) the super-space of all V^-valued super-space / G 
E V {U) such that 

(wv, f) = a(w)(v, f),Wv G A(V)*,w G B(H)*. 

It is easy to see that (F\A)(U) can be embedded into A(V) as a sub-super- 
space of super-functions such that 

(wv,g) = (w,l H )(v,g),\/v G A(V)*, w G B{Hf. 

So, the correspondence 

UCH\G^ E V (U) = E v (tg\U), a) 
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is a sheaf on H \ G. Let a be the element of E v (t g 1 {U)) such that for any 
weB(H)*, 

(w,a) = a(w)t , 

and for a fixed t in E v {tq 1 {U)). Because the representation is irreducible, 
we see that the open U is principal for the sheaf Ey. Thus we have some 
sheaf. 

It is easy to see also that E v (G,A,a) is a closed sub-super-space of 
^-valued super-functions on (G, A) and it is stable under the action of our 
super-group (G, A) on the right. In particular, the elements of the Lie super- 
algebra g acts via the Hamiltonian super- fields on the right. Hence for each 
open set U in H \ G the super-subspace E v {tq 1 {U)^ <t, p) consisting of the 
sections the covariant derivative of which vanishes along the vector super- 
fields from p for the polarization p, form a sub-sheaf, which gives us also 
an invariant closed super-subspace of global sections of our quantum super- 
bundle £v,p,a- We refer to this invariant super-subspace of global sections 
as the induced representation Ind(G, A] p, H, p, ao). 

Corollary 4.9. The natural representation called partially invariant 
holomorphly induced representation and denoted by Ind(G, A; L, x, p, <r ) of 
the Lie super-group (G, A) in the super-space of so called partially invariant 
and partially holomorphic sections of the induced super-bundle £v,p,a is 
equivalent to the natural right regular representation by right translations 
on the super-space A(G, A; L, x, p, a ) of smooth super-functions on G with 
values in V such that 

(wv,f) = a(w)(v,f),Vw e B(H)*,\/v e A(V)*, 

V ?x / = o,VXep, 

where by definition, 

Vs x =6(Zx) + (X,p). 

Finally by the same computation as in the ordinary Lie group case, we 
can compute the Lie derivative of the introduced partially invariant and 
holomorphly induced representation. 

Theorem 4.5. The Lie derivative of the partially invariant and holo- 
morphly induced representation Ind(G, A; p, (if, F), p, (T ) is equivalent to 
the Lie super-algebra representation 

Lie(G, A) via the multidimensional quantization 



of the Lie super-algebra g = 
procedure. 
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CHAPTER 9 



Index of Type I C*-algebras 



As said in the introduction, the problem of description of irreducible 
unitary representations of groups is a preliminary step for using the general 
Gel'fand transform to study the structure of L l (G) and C*(G). In this 
chapter we introduce a general construction of indices of type I C*-algebras. 
we shall prove that if tc is an irreducible *-representation of a C*-algebra 
A of type I then an element a e A is transformed under 7r into a compact 
operator if and only if it belongs into the intersection of kernels of the 
irreducible unitary representations n' ^ it of A, which belong to the closure 
of the single point set {tc}. This result give us a possibility to construct 
canonical composition series with CCR quotients, by which we shall find 
out a complete system of invariants of C*-algebras of type I. At the last 
section we shall show some concrete applications to group C*-algebras. 



1. Compact Type Ideals in Type I C*- Algebras 

Let A to be a C*-algebra of type I with identity element, we shall add it 
formally if the algebra has no one, A its dual object with the usual Jacobson 
Dixmier-Glimme-Sakai topology, see A. KlRlLLOv[jK]|], J. DlXMlER[pi|. 



For simplicity we shall identify the equivalence classes of irreducible *- 
representations with their representatives. 

A C*-algebra A is of type I if and only if the image of A under any non- 
degenerate irreducible ^representations contains the ideal 1C(H) of compact 
operators in the separable Hilbert space Ti = H^, in which the representa- 
tion is realized. 

Definition 1.1. The preimage 

/C^ = 7r _1 (/CH) 

of the ideal JC(TC) in A is called an ideal of compact type, associated with 
the representation n. 

From this definition, we can deduce directly that the compact type ideals 
are always closed and two-sided in A, see J. DlXMlER |[Di| . 
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If the representation tt is not of CCR, following the definition, the ideal 
JC n can not coincided with the whole C*-algebra A. In other side, the C*- 
algebra A is of type I iff JC^ ^ 0. Hence, we have an proper ideal. One pose 
a natural question is how to describe these ideals in the general case. 

We recall a well-known result. 



Theorem 1.1 (Rosenberg ||Ros|| - J. M. G. Fell |Fel|| ). Irreducible 



* 



representation tt of C* -algebra of type I A is CCR if and only if the one-point 
set {tt} is closed in the topology of the dual object A cur a A. 

For a subset X in the dual object A of a C*-algebra A, we denote by X 
the closure of X. 

Theorem 1.2. Let a to be an element of A, tt an irreducible non- 
degenerate ^representation of A. Then the operator tt(o) id a compact 
operator if and only if n'(a) = for all tt' G {tt} and tt' ^ tt. 

Proof. As remarked above, JC n is a two-sided ideal of a type I, or in 
other words, GCR C*-algebra A. The restriction of tt on )C n is a nontrivial *- 
representation, because 7r(/C) = JC(H). Following J. Dixmier(^|, §3.2.1), 
tt\k; G K, is an irreducible CCR *-representation of /C. Following the theorem 
of A. Rosenberg - J. M. G. Fell, the one-point set {tc} is closed in the 
topology of /C, which is a closed set in A. 

Assume that n' ^ ti belongs to the closure {%} of the one-point set {n} 
in the topology of A. Following J. DiXMiER([D|,Prop.3.2.1), if 7t'\k ^ 0, 
then tt' G JC and tt' is a weak limit of tt. This is impossible, as said above . 
Thus, we have 7r'|jc = 0. In other words, if it {a) is a compact operator, i.e. 
it (a) G /C, then 7r'(a) = for all tt' G {tt} \ {tt}. 

Conversely, suppose that tt'(o) = for all tt' G {tt} \ {tt}. We must 
prove that it (a) is a compact operator. 

Suppose that 

B= p| Kervr'. 

7r'e{7r} 

7T ^7V 

Then B is an two-sided closed ideal in A. Thus, the dual object B of B is 
included in the dual object A of A as an open subset. More exactly, 



B = A\({tt}\{tt}). 



Really, 7rG{7r}\{7r} means that 

Ker7f D Ker7r'. 

7r'e{7r}\{i'} 
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Hence, tt\b = 0, W G {n} \ {n}. In other words, we have 

B= p| Kervr'. 

7r'e{7r}\{7r} 

Following J. Dlxmier(|D]|],§3.2.2), we have 

s = i\M\M- 

If ti\b = 0, then nothing is need to check. If 7t\b ^ 0, we have n G B, 
as above. Because B is dense in A, and following the definition of B, 
we conclude that {tc} is closed in 5. This means that it is a CCR *- 
representation of A, in other words, if pi' {a) = with every n' G {7r} \ {7r}, 
we have n(a) G K(7i). □ 

Corollary 1.1. TTie compact type ideal K.^ can be described as 
JC W = {a G A ; 7r» = 0, W G {vr} \ {vr}}. 

Remark 1.1. We have therefore a solution of our problem of description 
of compact type ideal. We also remark that the set {n} is closed if and only 
if {7r} \ {ti} is an empty set. Therefore, our theorem contain the Theorem 
of A. Rosenberg - J. M. G. Fell as a particular case. 

2. Canonical Composition Series 

We construct now canonical composition series for each "good" C*- 
algebra, which satisfy the following definition. 

Definition 2.1. We say that element tt g A is a boundary point of 
degree , if it belongs to the closure of no other point of A. We denote by 
X the set of all boundary points of degree 0. The point 7r G A \ X is said 
to have boundary degree 1, if it belongs to the closure of no other point of 
A \ X with the induced topology. We denote by X\ the set of all points 
of boundary degree 1. The point 7r G A is said to have boundary degree 2, 
if it belongs to the closure of no other point of A \ X U Xi with induced 
topology, etc.... 

We continue this procedure until infinity, if A \ (X U X\ U ...) is not 
empty. 

Suppose that p is the first transfinite cardinal number and we suppose 
that for all preceded cardinal, p < p, the sets Xp were already constructed. 
We pose X p = and consider the set A\[j- < Xp with the induced topology. 
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If this set is nonempty, we continue this procedure,.... We obtain thus a 
sequence of sets X , X±, X 2 , . . . , X a , where a is a fixed cardinal number 

A=[jX p . 

We say that a C*-algebra has boundary property iff Xp is a nonempty 
open set in A \ Up'<p^V m ever Y case when p is a non-limit cardinal, 
< p < a and 

A\ \JX P ,^0. 

p'<p 

We see that the set of GCR C*-algebras with boundary property is 
rather wide. The most of C*-algebras C*(G) of locally compact groups in 
our works and in other works of J. ROSENBERG have this property. We 
pose 

S p : = p| Kervr, 

where 

A p := A \ P| X p/ , withp > 0, and A := A. 

p'<p 

Theorem 2.1. Suppose that A is a GCR C*-algebra with boundary 
property. Then: 

a) All £ , £ i, . . . , £ a are two-sided closed ideals. 

b) For each cardinal p, < p < a, 

p<p 

c) We have a tower of ideals 

{0} C £ C S 1 C • • • C £ a = A. 

d) For each cardinal p, < p < a, the quotient C*-algebra £ p+ i/£ p is 
OCR. 

Hence for each C*-algebra A with boundary property, we have a canonical 
composition series. 

Before to prove the theorem, we prove the following preliminary lemma. 

Lemma 2.1. Let T be a topological space, U an open subset of T , F = 
T\U, O is an open set in the induced topology of F. Then, U\JO is an 
open set in T. 
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Proof. Really, let x to be an arbitrary point in U ]J O. Then either 
x G U, or x G O. In the first case, there exists a neighborhood U\ of x 
in the topology of T, such that U\ Q U Q U\\0. In the second case, 
there exists a neighborhood U\ of a; in the induced topology of F, such that 
0\ C O C £/]JO. Following definition of induced topology, there exists an 
open V in T, such that V<lF = O x . Then, F = VC\T = (V<lU) U( VnF ) = 
(V H C/) ]J Oi C [/ ]J O. Thus, in any case, we can always choose an open 
neighborhood of x in U ]J O. This means that U ]J O is open in T. □ 

Corollary 2.1. Let A to be a GCR C*-algebra with boundary property. 
Then each set A p = A \ U p , <p X' p is closed. 

Proof. Really, because A is a GCR C*-algebra with boundary prop- 
erty, the sets X p , < p < a are nonempty open sets, if p is not a limit 
cardinal number. Thus, A\ — A \ Xq is closed. Because X\ is open in A\, 
following the above lemma, X U X\ is open in A, and A 2 = A \ X U Xi is 
closed, etc.... 

For each finite number n G N, the set X U • • • U X n is open in A. For 
the first limit cardinals u, 

[J X p = X U • • • U X n U . . . 

P<U! 

is open in A, then 

is closed. Continue the procedure infinitely time,we see that all the sets A p 
are closed in A. □ 

Finally, we return to Proof of the theorem. 

(a) Because A is a GCR C*-algebra with boundary property then each 
set X p is open in the closed set 

A P =\JXp. 

p<p 

Following the corollary, all the set A p are closed. Thus, following definition, 
all the set 

£ p = P| Ker7r 

are closed two-sided ideals and £ = {0}, £ a = A. 

(b) Because UpXp is open in A, we have naturally 
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(c) Because A = A, 

A p = A\(Jx p: 

p<p 

we have a tower of inclusions 

A = A D A 1 D ■ ■ ■ D A a = 0. 

(d) Following definition, we have 

Finally, we need only to show that each irreducible ^representation 
7r G £ p+ i/£ p is CCR. Indeed, 

tt g (£^J£„) =X P CA P = X P \\A P+1 

and moreover 
Because 

£ P +i = p| Kervr', 

ir'£A p+1 

{7r} is closed in the induced topology of X p . Following the theorem of 
compact type ideals, the representation n is CCR. 

3. Index of type I C*- Algebras 

We construct now the canonical composition representation for GCR 
C*-algebras with boundary property. 

Let a to be a fixed cardinal number, Ci,C2, ■ ■ - C a a system of C*- 
algebras such that C p = {0}, if p is a limit cardinal number. We denote 

£xto(Ci, C2, . . . , C a ) the set of all increasing towers of C*-algebras of type 
I 

{0} C E) C E 1 C • • • C E a = A, 

such that 

a) all the C*-algebras E p are closed two-sided ideals in A, 

b) if p is a limit cardinal, E p coincided with the closure of the ideal 
Up <p EpinA, 

c) for each non-limit cardinal number E p+ i/E p = C p +i, < p < a. 
In the set f xto(Ci, C2, . . . , C a ) we define an equivalence relation. 
Definition 3.1. Two towers of ideals a 

(21) {0} C E c E x c • • • C E a = A 
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and 

(05) {0}F c Fx C ■ ■ • C F a = B 

are called equivalent if there exists an isomorphism 9 : A — > B inducing 
^isomorphisms between the corresponding ideals 

6i — 8\Ei '■ E{ — » Fi. 

We denote by £xt Q (Ci, C 2 , . . . , C a ) the set of all equivalent classes of tow- 
ers of ideals in C*-algebras of type I. The main problem is how to find out the 
invariants characterizing the equivalence classes from £xto(Ci, C2, ■ ■ ■ , C a ). 

First we recall a little bits about R. C. Busby invariant |[Bu|| . Let D 
to be an arbitrary C*-algebra, the pair (T',T") of two maps 

T',T" : D — > D 

satisfying the properties 

xT'(y) = T"{x)y,Vx,yeD 

is called a double multiplier. We denote by M(D) the set of all double mul- 
tipliers of D. Equip to M(D) natural operations and the norm of operators, 
M(D) become a C*-algebra, called the multiplier C*-algebra. Remark that 
M(D) contains D as an ideal and M(D) is the smallest C*-algebra, which 
contains D as a proper closed ideal. We denote 0(D) = M(D)/D the quo- 
tient C*-algebra and denote Homo(C, 0(D)) the set of all *-homomorphism 
from a C*-algebra C to 0(D). 

In the set Hom (C, 0(D)), we introduce an equivalence relation. Two 
elements 71,72 of Hom(C, 0(D)) are called equivalent if there exists *- 
isomorphisms lo : D —> D and a : C — ► C such that 

72 = cj7io- _1 , 

where following definition, u> : 0(D) — > 0(D) is *-isomorphism, associated 
with uj. We denote by Hom(C, 0(D)) the set of all these equivalence classes. 

Assume 7 G Hom (C, 0(D)) is a fixed *-homomorphism. We consider 
the fibered product 

£ 7 := {(m, c) e M(D) x C7 : 7r(m) = 7(c)}, 

where 7r is the canonical projection from M(D) onto the quotient C*-algebra 
0(D) = M(D)/D. Following R. C. Busby|5u|, £ 7 is a C*-algebra. As- 
sume fi : D M(D) is the natural inclusion. We denote E° the "univer- 
sal" extension 

E° ► £> — ^ M(Z?) — 0(D) > 
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We can complete the commutative diagram 

C 







D 



M(D) 



0(D) 







by the homomorphisms / : D — > E 1 following the formula f(d) := (fi(d), 0), Vd G 
D and g : — > C following the formula g(m,c) := c, Vd G D,m G M(D) 
in order to have the following commutative diagram 

/ 











Er, 



Id 



D 



M(D) 



The obtained extension of C*-algebras 







D 



C 



0(D) 



C 



-> 



-> 0. 







is denoted by and its equivalence class by [E®]. R. C. Busby |[Bu|1 has 
had proved the following result. 

Theorem 3.1 (R. C. Busby). The map 

[7] G Hom(C, 0(D)) ^ [E%] G fxt(D,C) 

is a bijection. 

We remark that R. C. Busby denoted our set £xt(D, C) as £xt(C, D). 
We consider now the set £ xt(Ci, C2, . . . , C Q ) of equivalence classes of 
towers of ideals of C*-algebras of type 

(21) {0} C £ C E l C ■ • • C E a = A 

We have naturally the extensions 

> E x £ Ci > E 2 > E 2 /Ei S C7 2 ► 0. 

There exists an element [71] G Hom(C 2 , O(Ci)), defining the equivalence 
class of this extension, i.e. the equivalence class of the tower 

{0} = E C E x = d C £ 2 . 

Thus up to equivalence, we can replace E 2 by E, 



Then following the extension 

> E^ = E 2 > E 3 



71 ' 



E3/ E 2 = C 3 



0. 



As above, there exists an element [72] G Hom(C 3 , 0(EfL)), defining the 
equivalence class of the extension and is defined uniquely the equivalence 
class of the tower 

{0} = E CE 1 CE 2 C E 3 , 
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etc.... 

If p is a limit cardinal, then following the conditions of the definition of 
boundary property. 

e p ={Je p 

p<p 

and E p is uniquely defined by the system of invariants {[7p]} p < p - 
Then the equivalence class of the tower of ideals 

{0} = E CE 1 CE 2 C ...E p C E p+1 

is uniquely defined by the invariant 

h P ]eEom(Cp +1 ,0{\jEj)). 

p<p 

We have proved that: With each increasing tower of ideals of C*-algebras 
of type 

(21) {0} = E C E 1 C E 2 C • • • C E a = A 

in the set £xto(Ci, C 2 , . . . , C a ), there exists an unique system of invariants, 
uniquely defining the equivalence class of the tower 21: 

[71] eHom(C 2 ,0(Ci)), 
[72] eRom(C 3 ,0(E°J), 

bp] GHom(CVi,0(U~-ED), 



Definition 3.2. Assume that the C*-algebra A can be decomposed 
into an increasing tower of ideals with length a, 

(21) {0} = E C E 1 C E 2 C • • • C E a = A. 

Then the system of invariants is called the index of C*-algebra A and is 
denoted by Ind a A. 

We have therefore proved the following results 

Theorem 3.2. The system of invariants lnd a A = {[7 P ]}o<p<a uniquely 
defines, up to equivalence the structure of GCR C*-algebra A, if it admits a 
composition series of ideals of type 21. 
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4. Compactness Criteria for Group C*- Algebras 

Applying the K-homology to studying the structure of C*-algebras, we 
introduced the method of topological invariants. In the previous chapter, 
this method was constructed in most general for the class of C*-algebras 
of type I with boundary property, including the C*-algebras of groups. In 
this theory the ideals of compact type plays a central role. We described 
theses ideals in the language of the topology of dual objects. This topology 
is just the Zariski topology for primitive ideals and in general is complicate 
to describe. In this last section of this chapter, we shall describe these 
ideals in a more geometrical language. For the representations induced from 
irreducible unitary representations of closed normal subgroups, we describe 
the compactness by sing the partial Fourier-Gel'fand transforms. 

4.1. Compactness Criteria. Let G be a countable at infinity locally 
compact group, G\ a closed normal subgroup of G, X — Gi\G the quotient 
group of G by Gi. Choose representatives of the coset classes from X = 
Gi\G in such a way that we have a Borel section s : X — > G corresponding to 
the right invariant Haar measure on G. We have a decomposition g = bs(a), 
where b = b(g) and a = a(g), for all g in G. As a set, G can be identify 
with G\ x X and the group multiplication la is defined by the formulae 

(b,a).(b' ,a') = (b[a(a)b']f3(a, a), ad), 

where the map a : X — > Aut G\ is defined by the formula 

a(a)(b,e) = (e, a)(b, e)(e, a)^ 1 , 

and the map (3 : X x X — > G± is defined by the formula c 

(e, a)(e, a') = (fl(a,a'),aa'). 

We can therefore choose the right (quasi-)invariant Haar measure dg, dgi, 
dx on G, Gi, X, resp. such that 

d r9 ■= dg = dg x dx, dig = (A G /A Gl )(g 1 )dig 1 dix : 

if g = gi.s(x). Then 

d{xg)/dx={A Gl /A G ){h), 

if 

gs(x)g = hs(x). 

Let T = Ind Gl £ be an irreducible unitary representation of G, induced 
in th sense of G. Mackey from a CCR presentation £ of a closed nor- 
mal subgroup Gi. Then it is realized in the Hilbert space L 2 (X,dx) of 



4. COMPACTNESS CRITERIA FOR GROUP C*-ALGEBRAS 



261 



square-integrable functions with values in the space of the representation £, 
following the formula 

T(b,a)f(x) = (A Gl /A G )^h)ah)f(xa), 

where h = [a(x)b]/3(a,x) and Aq 1 and A G are the modular functions of 
Haar measures on G\ and G, respectively. 

We denote by S the closure of the set S in the topology of the dual G 
of group G. We shall use the same letters to denote representations and 
their corresponding equivalence classes of C*-algebras. For example, we use 
notation 

T((p) — / / T(b, a)tp{b, a)dbda, 

Jx JGi 

for every (p G 

We define the partial Fourier - Gel'fand transform in variable b of func- 
tions ip(b, a) from dbda), by the formula 

<p{x,a)= [ mA Gl /A G )^)(a(x)b)cp(b,a)db. 

When x runs over the set X, the representations a*(x)C, run over an orbit 
O = a*(X)l; in the dual object G\ of Gi, where 

(a*(x)0(b) :=t(a(x)b). 
It is easy to see that the functions 1 1 </?(., a) || and 

|| J Cp{.,a){i{A G JA G )^((3{.,a))R{a)da\\ 

, where R(.) is the regular representation of the group X, are lower semi- 
continuous when the quasi-orbit O is separable at infinity and they vanish 
at this infinity of the quasi-orbit O. 

When a*(x)^ tend to the boundary of the quasi-orbit O or to the infinity 
of the quasi-orbit O, we have the restriction on dO U oo, which we shall 
denote by <p(., a)|aouoo, etc.... 

Let ( G dO and u = G.uj be the quasi-orbit of (, r an irreducible 
representation of the stabilizer G^, under the action of G, the restriction 
of which onto Gi is a multiple of (. We denote T U ' T = lnd G (t), which is 
irreducible following the Mackey theory of small subgroups. 

We suppose that the quasi-orbit O is separable. We denote by Tr the 
trace function. In particular, we have 

tnp(x,a)=tr / (£(A Gl /A G )*(a(x)b)<p(b, a)db. 
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Theorem 4.1. For every ip G the following conditions are equiv- 

alent: 

(1) T(ip) is a compact operator. 

i. 

= 0,VSgT andS^T. 

2. ^ 

T W ' T (</?) = 0, /or ewer?/ quasi-orbit uj C 90, 

and /or every representation r the restriction of which onto G\ is a 
multiple of(, r] Gl = mult C- 

3. (4)1n3&(<p) = 0,VCedO. 

4. f5,) a)|ao = 0, almost everywhere w.r.t.a. 

5. ^/ x ^(.,a)(e(A Gl /A G )5(^(,a))i2(a)da|8o = 0. 

6. (7j tr / A .^(.,a)(^(A Gl /A G )3(/3(.,a))i2(a)da| ao = 0, if the last trace 
exists and if is a positive function in L}(G). 



Corollary 4.1. The compactness criteria are independent from the 
functions a(.) and /3(., .) 

Proof of the Theorem (1) =^ (2) was proved in the previous 
chapter. 

(2) =>- (3) can b proved directly by using the Mackey theory of rep- 
resentations induced from small subgroups and the results of J. M. G. 
FELL [46] on continuity of the induction functor: we denote th property 
"weak containment" by "g". If ( G dO, ( is weak contained in {£}, and 
thus Ind^ £ is weak contained in Ind Gl £. Because r| Gl = mult £, we have 
r weak contain in Ind G J C and T U} ' T = Indg c r G Indg c Ind %\ ( = Ind Gl £. 
From this, we have 

G Indg 1 C G rndgj = {T}- 

(3) =>- (4). This assertion is clear, because Ind G ^ £| Gl = mult Hence, 

g f® 
lnd cl C = / Td(i(r), 

where the direct integral is taken over the set of all irreducible unitary 
representations of the restriction of which onto G\ is a multiple of (, 
and d/i(r) the fixed measure on it, and finally, 

Indg x C= /"V^(r). 
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(4) (5) is proved from the well-known properties of regular repre- 
sentations. In particular, there exists an approximative unity 

\\<Pfn-<p\\ ► 0, 

n— »oo 

where {/„} is a sequence of Dirac 5-like functions. 

(5) =>- (6) is clear. 

(6) <^ (7) is proved easily that: For positive operators, the trace is 
vanishing iff nd only the operator is zero. 

(6) ==>- (1) can be proved with the help of two lemmas what follow. 

Lemma 4.1 (Particular case). Assume ip(b, a) = x(b)^(a>), wherex £ 
LHG,), i\go = 0; £» := f G J(A Gl /A G )-2(a(x)b) X (b)db, i> e L\X) and 
\ L i 7^ 0. Then T((f>) is a compact operator. 



Proof. Because X is countable at infinity, we can choose a sequence 
of included one-in-another compact 

K n m K n+1 (£•■■<£ O, 

such that U n K n = O and continuous functions theta n such that < n (x) < 
1 and 

' 1 if x e K n 
if x £ K n+1 

Because X ( x ) * s continuous in x, and in virtue of hypothesis, 

Xiao = 0, 

the operator T((p) can be approximate by a sequence of operators A n , 
A n f(x) :=9 n (x)x(x) [ /M(e(A Gl /A G ) 1 / 2 (/3(x,a))^(a)rfa, 



n (x) 



which are compact. 
Indeed, we have 
(a) 

\\T(<p)-A n \\ = \\(l-9 n )xf x R(a)(t;(A Gl /A G y/ 2 (P(x : a))i;(a)da 
<\\(l-e n )x\\.\\J x R(a)(A G JA G )^(P(.,a)) 
ip(a)da\\, 

where (1 — 6 n )x is the operator of multiplication by a function. 

Because x\do = and (1 — 9 n )x\dO = 0, we can choose n big 
enough that 

||(1-0„)X||-|| / R(am^ Gl /A G )^ 2 (P(.,ama)da\\ 
Jx 

is small enough. 
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(b) Operator A n has an operator- valued kernel K n (x,a), 



A n f(x)= [ K n (x,t)f(t)dt, 
Jx 



with 

K n (x,a) = ^(x)x(x)(e(A Gl /A G ) 1 / 2 (/3(x,a))^( a ;- 1 a)A x (a:), 

where A x is the modular function of the Haar measure on X. Because 
the integral 

dx \\K n (x, a)\\da 
Jx Jx 

converges absolutely, following Fubini Theorem, the operators A n are 
all compact ones. 

The lemma is therefore proved. □ 

Lemma 4.2 (General case). Let tp be an element of L l (G) such that 
V 9 (-) a )|(90 — 0, Then the operator T '(ip) is compact. 

Proof. Because ip e L 1 {G\ x X), we can construct an approximative 
sequence 

\Wn ~ V^IU 1 > 0, 

n^oo 

where 

<Pn(b,a) = ^2xk(b)ipk(a) 
k=i 

and Xk e L\G X ), ip k e L 1 (X), \\^ k \W ^ °- Because 

^.,a)^(A Gl /A G ) 1 /\P(.,a))R(a)da\ d ouoo = 0, 



x 



we have 

EtiU-)IxMa)m G J^G) 1/2 (P(,a))R(a)da\\ aouoo 
= || J x <p n {., a)(e(A Gl /A G ) 1 / 2 (/?(., a))R{a)da- 
- f x 0(, a)(e(A Gl /A G ) 1 /2( /9 (., a))R(a)da\\ 

^ IxSg! \Vnip,a) -tp(b,a)\dbda. 



□ 



Following the previous Lemma, T({p n ) can be approximated by a se- 
quence of operators A nm , 

A nm f(x) = e m (x) [ ^(x,a)(aA Gl /A G ) 1 / 2 )((3(x,a))f(xa)da, 
Jx 

such that 

\\T(<p n ) - A nm \\ = 
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ll(l-U(0E£x(0/x^H(e(A G 7A G ) 1/2 )(/5(-,a))^)^ll °" 

m — »oo 

We have hence, 

\\T(<p) - A nm \\ < \\T((p) - T((p n )\\ + \\T(<p n ) - A nrn \\ > 0. 

n — *oo 
m — *oo 

Following the previous lemma, all the operators A nm are compact operators. 
Thus the operator T((p) is a compact operator and the proof of the theorem 
is achieved. 



5. Application to Lie Group Representations 

We apply now the compactness criteria to description of compact type 
ideals, associated with the representations, obtained from the multidimen- 
sional orbit method. 

5.1. The case of solvable Lie groups. For type I connected and 
simply connected solvable Lie groups, all the irreducible unitary represen- 
tations can be obtained from the orbit method, see L. Auslander - B. 
Kostant [[AK ]. 



Theorem 5.1. Every irreducible unitary representation of a type I con- 
nected and simply connected solvable or nilpotent Lie group can be obtained 
as a representation, induced from an irreducible unitary representation of a 
closed normal subgroup. And hence, the compactness criteria are applicable. 

Proof. Indeed, for type I connected and simply connected solvable 

or nilpotent Lie groups, every irreducible unitary representation can be 

obtained from the orbit method, i.e. can be expressed in the form T = 
rpn F , X F witn some p j n g*. 

T = T np ' XF = Ind(C7; p, H, p, a). 

Following the analysis of the structure of induced representations in the 
previous chapter, 

T = hid(G,p,H,p,<T)~Ind < iZ, 

where ^ = ^i®^2 ) A = M.N is a semi-direct product, where A is a normal 
subgroup in G, 

Z^TOfXf = lnd(N;p 1 ,p, X f), 
£ 2 = T Ql ' Xl 

= Ind(M;p 2 ,p, xi) 
= (6)+ ° 7T 

~ Ind(M+; (p 2 )+, p + , X i + ) o n 
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are irreducible unitary representations of the nilpotent Lie groups N, M + . 
Thus, £ = £1 ® £2 is a CCR representation of the closed normal subgroup 
A = M.N. □ 



5.2. Generic Representations of Reductive Lie Groups. We re- 
call now the detailedR. L. LlPSMANanalysis for irreducible representations 
of semi-simple and reductive Lie groups. We shall show that all the generic 
irreducible presentations can be obtained as representations, repeatedly 
induced from irreducible representation of some appropriate normal sub- 
groups, and therefore the compactness criteria can be repeated applicable 
on each induction steps, see |[D7| 



Let ($, r) G B be a Duflo data, i.e. <3> G g* is admissible in the sense 
of Duflo, integral and well-polarizable and r an irreducible unitary repre- 
sentation of two-fold covering of G$, such that its restriction to G$ is a 
multiple of x<s>- We denote the corresponding representation, obtained by 
using the orbit method, by 7t($,t). Let N be the unipotent radical of G, 
n = LieN is its Lie algebra 9 = $| n is the restriction of $ onto n. We 
denote G 1 = Gg.N, q 1 = LieG 1 , and $ 1 = $| i. It is easy to see that 
$ 1 G AV(G l ), and there exists a representation r 1 G Af^i($ 1 ) uniquely 
defined by r such that 7r($, r) = Ind^i itg 1 ^ 1 , t 1 ). 

Repeat the procedure with ($ 1 ,r 1 ) G B^G 1 ), suppose that iV 1 is the 
unipotent radical of G 1 ,..., we have a finite sequence, say r steps, 

G r = {G r )er.N r , (<F, r r ) G B(G r ). 

Following the rule of step induction, we have 

($, r) = Indgj Indg ... Ind^"' 7r G ,-(<F, r r ) 
= Indg r 7r G ,.($ r ,T r ). 

Suppose that 7 = 7iGr(9 r ) is the representation of nilpotent Lie group, 
defined by A. Kirillov. We choose the reductive factor S following the Levi 
decomposition of G r , in (G"*V. We have a semi-direct product G r = S.N r . 
Because the action of S fix 8 r , then 7 can be canonically extended into a 
projective representation a of S in the space of the representation 7. It is 
well-known that there exists an irreducible unitary representation (can be 
projective), uniquely defined by ui of S such that 

7r G r($' r , t t ) = (w x 7) x 7. 

Passing to the two-fold-covering, we Cain always consider u as a unitary 
representation of S. If ( = Q\ s= LieS then there exists a v G Xs{Q, uniquely 
defined by r such that uj = ns((,, v). 
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Theorem 5.2. Every generic irreducible unitary representation of a re- 
ductive or semi-simple Lie group can be obtained as a representation, re- 
peatedly induced from irreducible representations of closed normal subgroups. 
And hence in each induction step, we can apply the compactness criteria. 

Proof. From the construction, as analyzed above, it is easy to see that 
G l are closed normal subgroup in G l ~ l . 

R. L. LlPSMAN| [Li2|| has had seen that one can restrict to consider 
only the square-integrable tts(£,v) In this case 7TGr(^ r ,r r ) is CCR, then 
following the Gel'fand - Piateskij-Schapiro theorem on CCR-property, on 
each induction step, we can apply the compactness criteria. □ 

6. Bibliographical Remarks 



The main idea of this chapter appeared in [ pi|| and ||D2|| . The author 
started from a concrete example of the affme transformation group and then 
generalized into the main situation of C*-algebras of type I, which admit 
some boundary properties, guaranting existence of a canonical composition 
series. For the group C*-algebras, the author funded out some geometric 
criteria. This results were published in |[D7||. 



INDEX OF TYPE I C*-ALGEBRAS 



CHAPTER 10 



Invariant Index of Group C*-Algebras 

This chapter is devoted to studying harmonic /^-analysis on Lie groups. 
It is more complicate than the problem of studying harmonic L 2 -analysis 
exposed in the previous section. We must consider the so called the Fourier 
- Gel'fand transformation for functions in place of the well-defined Fourier 
transformation. We shall see that there are some analytical difficulties which 
require introducing K-theory in order to find topological invariants for func- 
tion algebras. Below, we introduce the problem, define the construction of 
indices of group C*-algebras and illustrate the construction with examples. 

1. The Structure of Group C*-Algebras 

Let G be a locally compact group and dg the right- ( left- ) invariant 
Haar measure. In the previous section it was shown that the constructed ir- 
reducible representations are enough to decompose the ( right ) regular rep- 
resentation of G in L 2 (G, dg) into a sum of the so called discrete series part 
and the continuous series part J , L 2 (G, dg) = J^ ffi • • • © J ... d/j,(.). 
It is more complicate to study the class L 1 function algebra L l {G, dg) with 
the well - known convolution product ip * ip, 

((p*ij))(x) := / ip(y)ij(y~ 1 x)dy 
Jg 

and with involution ip i— > ip*, 

<p*(x) := <p(x- v ) . 
Remember that with the L 1 -norm || . 

II ¥ IU i: = / \f(x)\dx 
Jg 

L^iG^dg) is a Banach ( involutive ) algebra. But its norm || . \\ L i is not 
regular ; in general, 

II a * * a lU 1 ^!! a llii 

We try to introduce therefore some regular norm. Recall the well - known 
Fourier - Gel'fand transformation 

(p G L 1 i— > (p;(p(n) = 7r(<p) := / 7r(x)(p(x)dx,Vir G G. 

Jg 
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We define the new C*-norm || . \\c*(G) by 

II <p \\c*(gY-= sup || tt(v?) ||. 

TreG 

This norm is regular , i.e. 

II V?* * ¥ lie* (C) = II <P \\c*(G) ■ 

The group C*-algebra C*(G) is defined as the completion of L l (G, dg) with 
respect to this regular norm || . ||c*(G)- 

If G is commutative, it returns to the Fourier -Gel'fand transform and 
C*(G) = C(G). With the Plancherel theorem is related the well - known 
Pontrijagin duality . If G is compact but possibly non-commutative, 

oo 

C*(G9-JlMat ni (C). 

i=i 

In particular, C*(S 1 ) = Co(Z), what is just the Fourier analysis theory of 
class L 1 functions. The Plancherel type theorem on this class is the so called 
Tanaka - Krein duality 

The situation is rather complicate in cases, where G is non-compact 
and noncommutative. Some spectacular results were obtained in 1962 by J. 
M. G. Fell for l7*(SL 2 (C)) and some times later by others for C*(SL 2 (R)), 

C*(SL 2 (R)),.... by the same method of analytic description of the ( non- 
commutative ) Fourier - Gel'fand transforms. 

The question about the structure of the group C*-algebra C*(G) was 
open for example for the simplest non-trivial solvable Lie group of affine 
transformations of the real straight line R, 

Aff R := {g = (a, 6) : R -> R;x ^ ax + b^x eR;a ^ 0;a,b eR} 

For G = ASR it was well - known a detailed description of the dual 
object G already in 1945 by I. M. Gel'fand and M. A. Naimark: G consists of 
one infinite dimensional representation T, which is itself dense in the whole 
G. All the other representations are the one-dimensional representations ( 
more precisely, the characters ) U{, e — 0, 1, A e M, 

U{{a,b) :=(sgn(a)r.\a\^~ lx . 

The irreducible unitary representation T can be realized in the space L 2 (M*, ^j), 
where R* := R \ (0) , by the formula 

(T(a,b)f)(x) = exp(V^lbx)f(ax). 

Now if we consider the connected component of identity 

G := (AffR)o := {(a, b) 6MK;o> 0}, 
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there are two infinite dimensional representations, the closure of them con- 
tains one-parameter family U\, A G R of one-dimensional representations ( 
more precisely, the characters ), 

U x (a,b)=a^~ lx . 

These representations T±,U\;\ G R exhaust the dual object G and are in 
a one-to-one correspondence with the co- adjoint orbits 

g*/G = {Q±,b* GR}. 

However, the structure ofthe group C*-algebra C*(AffR) and C*((AffR) ) 
was unknown until 1975, when the BDF-K-functor £xt* was used to calcu- 
late the topological invariant IndexC* (G) for these groups. This topological 
invariant IndexC* (G) defines the topological equivalence class of C* (G) up 
to some isomorphisms. So it was computed that 

IndexC* (ASM) = (1, 1) G £xt(^ V S 1 ) ^ Z © Z, 
IndexC* (( Aff R) ) = (1,1) G fari^S 1 ), K © /C) = Z©Z . 

2. Construction of IndexC* (G) 

Let us denote by G a connected and simply connected Lie group, Q = 
LieG its Lie algebra, g* = Homing, M) the dual vector space, O = 0(G) 
the space of all the co-adjoint orbits of G in g*. This space is a disjoint 
union of subspaces of co-adjoint orbits of fixed dimension, i.e. 

2n<dim G 

2n := {Q G C;dimfi = 2n}. 

We define 

Vln '■= Udi m n=2n^- 

Then it is easy to see that V 2n is the set of points of a fixed rank of the 
Poisson structure bilinear function 

{X,Y}(F) = (F,[X,Y]), 
hence it is a foliation, at least for V2 n , 2n = max. 

Proposition 2.1. The foliation V 2n can be obtained by the associated 
action ofM. 2n on V 2n via 2n times repeated action o/R. 

Proof. Indeed, fixing any basis Xi, X 2 , . . . ,X 2n of the tangent space 
q/qf of fl at the point F G f2, we can define an action M 2n rx V 2n as 

(Ra(Ra (. . . R rx V 2n ))) 

by 

(h, t 2 , . . . , t 2n ) i — > exp(tiXi) . . . exp(t 2n X 2n )F. 
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Thus we have the Hamiltonian vector fields 

£ fc := ^\t=oexp(t k X k )F, k = 1,2,..., 2n 
and the linear span 

F 2n — £2, • • • , ^2n} 

provides a tangent distribution. The proposition is proved. □ 

Theorem 2.1. (V 2n ,F 2n ) is a measurable foliation in the sense of A. 
Connes. 

Proof. Let us denote by f k the generating function of the Hamiltonian 
vector field i.e. 

dfk + i{£k)uF = 0, 

where ojf is the symplectic structure on co-adjoint orbit Q.p. It is well- 
known that in every symplectic manifold fk is uniquely ( up to an additive 
constant ) defined by its Hamiltonian vector field We have 

dfi A df 2 A • • • A df 2n = {-l) 2n i{^)u; F A • • • A i{t 2n )uj F 

= (Pfaff uj f ) 2 x Volume element ^ 

The theorem is proved. □ 

Corollary 2.1. The Connes C*-algebra C*(V 2n , F 2n ), < 2n < dimG 
are well defined. 

Now we assume that the orbit method gives us a complete list of irre- 
ducible representations of G, 

7in F!(7 = Ind(G, Q F , a, p), a e X G (F), 

the finite set of Duflo's data. 
Suppose that 

o = duo** 

is the decomposition of the orbit space on a stratification of orbits of di- 
mensions 2ni, where ri\ > n 2 ■ ■ ■ > n k > 

We include C*(V 2ni , F 2ni ) into C*(G). It is well known that the Connes 
C*-algebra of foliation can be included in the algebra of pseudo-differential 
operators of degree as an ideal. This algebra of pseudo-differential oper- 
ators of degree is included in C*(G). 

We define 

Ji= p| Ker7TQ Fi(7 , 
n F eO(G)\o 2ni 

and 

A 1 = C*(G)/Ji. 
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Then 

C*(G)/C*(V 2ni ,F 2ni ) = A 1 

and we have 

-> Jx -> C*(G) -> Ai -> 

I I Id i 

0^ C*(y 2ni ,F 2m )^ C*(G)^ C*(G)/C*(V 2ni ,F 2ni )^0 

Hence J\ ~ C*(V2 ni , i*2m) and we have 

o - C*(y 2ni ,F 2ni ) - C*(G) - ^ - 0. 

Repeating the procedure in replacing 

C*(G), C*(V 2ni ,F 2ni ), A l ,J 1 % A,C*(y 2ni ,F 2ni ),A 2 ,J 2 , 

we have 

o^c*(y 2n2 ,F 2 „ 2 )^ a^a 2 ^o 

etc.... 

So it is proved the following result. 

Theorem 2.2. The group C*-algebra C*(G) can be included in a finite 
sequence of extensions 

(71) : - C*(V 2ni ,F 2ni ) - C*(G) - A 1 - 

(72) : - C*(F 2n2 , F 2n2 ) ^A l ^A 2 ^0 



( 7fc ) : - C*(F 2 „ fc , F 2n J - A fe _! - A fe - 
where A k ~ Char(G) 

Corollary 2.2. IndexC*(G) is reduced to the system IndexC*(V 2ni , F 2jli ),i 
1,2, ... ,k by the invariants 

[ 7i ] e c*(y 2ni , F 2n j), i = 1, 2, . . . , k. 

Ideally, all these invariants [7*] couZg? fre computed step-by-step from [7^] 
to [71]. 
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3. Reduction of the Indices 

Let us consider C*(V 2ni , F 2ni ) for a fixed i. We introduce the following 
assumptions which were considered by Kasparov in nilpotent cases: 
Assumption (AJ There exists fceZ,0<K 2n; such that 

V gen :=V 2ni \{UeT) ± 

has its C*- algebra 

C*(V gen ,F\ Vgen ) = C(0; en )®IC(H), 

where 

r := R k ^ R 2n * ^ G, 
LieT = R k g/ 0Fi , (Li e r) x c g* n V^. 

Example 3.1. If V^ en is a principal bundle, or the space O gen = V gen /G 
is a Hausdorff space, then C*(Vg en , F\ Vgen ) ~ C((9~ en ) <g> /C(#) 

It is easy to see that if the condition (Ai) holds ,C*(V2 ni , F 2n .) is an ex- 
tension of C*(V 2ni \V gen , F 2ni \) by C(0~ er >/C(#) ,where 0~ en = {ir^y, V F e 
O gen , o e X G (F). If k = 2n t , (R 2 ^) 1 = {O}, V 2rH = V gen , we have 

C\V 2ni ,F 2ni )~C{0 2ni ®K,{H). 

If k — ki < 2rii, then R 2n i- k ^ acts on V 2rii \ V gen and we suppose that a 
similar assumption (A 2 ) holds 

(A 2 ) There exists k 2 , < k 2 < 2n { — k\ such that 

(V 2rii \ V gen ) gen := (V 2rii \ V gen ) \ (R k2 ) ± 

has its C*-algebra 

C*((V 2ni \ V gen )gen, F 2ni \.) ~ C((0 2ni \ 3e „) 3e „)~ ® /C(#). 

As above, if fc 2 = 2^ -A*, C*(\/ 2n AK, en , F 2n J.) ~ C(((9 2n .\(9 fl e„)~J(8)/C(^). 
In other case we repeat the procedure and go to assumption (-A3), etc.... 

The procedure must be finished after a finite number of steps, say in 
m-th step, 

C*((. . . (V 2ni \V gen )\(V 2ni \V gen ) gen \. . . , F 2n J.) ~ C((. . . (0 2ni \O gen )\. . . )~)®/C(ff)- 

Thus we have the following result. 

Theorem 3.1. If all the arising assumptions (Ai), (A 2 ), . . . hold, the 
C*-algebra C*(V 2rH , F 2n .)can be included in a finite sequence of extensions 

- C(0; en ) ® /C(tf) - C*(F 2ni ,F 2ni ) - C*(V 2ni \ V gen ,F 2ni \.) -> 

- L7((G 2ni \ O^)-) ® £(if ) - c*(y 2nj \ V gen , F 2ni ) - C*(. . . ) - 



- C((. . . (0 2 „A^en)\(0 2 „A^en)) S en ■ ■ ■ ~)®/C(if ) - C*(. . . ) - C*(. . . )®/C(if ) 
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4. General Remarks on Computation of Indices 

We see that the general computation procedure of Index C*(G) is re- 
duced to the case of short exact sequences of type 

(7) : -f C(Y) ® K{H) -> S -> C(X) ® -> 

[7] = Jndex^ G KK(X,Y). 

The group KK^X, Y) can be mapped onto 

© ieZ/(2) Hom z (^'(X),K^(F)) 

with kernel 

© J6Z/(2) ^x4(^(x),K^ +1 (r)) 

by the well known cap-product , see [K2]. So [7] = (So, 81) 

8 G Hom z (K°(X), K\Y)) = Sxt (X) A ^(y) 

s 1 g HomzCA- 1 ^), #°(y)) = sxt^x) a ^o(y). 

Suppose ei, e^, ■ ■ ■ , e n G tt 1 ^) to be generators and 0i, 02, • • • , 0n G £ the 
corresponding Fredholm operators, T\,T2, ■ ■ ■ ,T n the Fredholm operators, 
representing the generators of K l {Y) = Index [Y, Fred]. We have therefore 

[8q] = ^^Qj IndexTj,where 

j 

80 = [Cij) G Mat rankft :o(X)xrankX 1 (y)(^)- 

In the same way 81 can be computed. 

5. Bibliographical Remarks 

This general ideas are due to the author of this book. It was firstly 



appeared in [D29]; then published in |D11 
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